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ABSTRACT 

Information about available instructional aids, 
suggestions for selecting and evaluating these materials, and 
guidance in using them are provided in this yearbook* Chapters cover 
the use of instructional space; textboods and other printed 
materials; programed instruction and teaching machines; calculating 
devices and computers; projection devices; manipulative aids; 
projects, exhibits, games, puzzles, and contests; and the teacher's 
role. The chapters on computers, manipulative devices, and projects 
include extensive bibliographies. The appendix lists names and 
addresses of producers and distributors of instructional aids. 
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The developineiu and use of instructional aids in the teachino; and learnino of 
niatiieniatics have expanded tremendously in the past quarter century. Ushering 
in that era of change was a 1945 report to the Board of Directors of the National 
Council of Teachers of Mathematics by the Conniiittee on Multi-Sensory Aids. 
The Council published this report as its Eighteenth Yearbook under the title 
Multi-Sensory Aids in the Teaching of Mathematics. The introduction to the 
Eighteenth Yearbook contains a prophetic statement anticipating the expansion 
that h recorded in the present volume: ''It is hoped that the report will be followed in a 
few \ -ars by one showing* improvements and changes which have kept pace with the progress 
of .such aids in the world about us.*' 

Since World War II the school mathematics curriculum has been completely 
overhauled. Increased activity in mathematical research, advances in automation, and 
invention of the electronic computer had caused a revolution in mathematics, creating 
pressme for curriculum reform. 

EfTorts to incorporate new materials into the mainstream of school mathematics 
precipitated the writing of "new mathematics'^ textbooks and pamphlets containing changed 
content and new pedagogical strategies. Production of supporting films, filmstrips, overhead 
visuals, models, manipulative devices, and pertinent professional publications .soon followed. 

Beginning aroimd the mid-fifties, a speedup occurred in the trend to 
individualize instruction in the schools. This evolvement prompted significant new advances 
in instructional aids in all subject fields, mathematics included. 

The combined effects of compulsory attendance laws and the post-World War 
II population boom had brought about burgeoning .school enrollments that included a 
large subpopulation of students for whom the established pattern was inadequate. The new 
population of students presented a wider range of ability than fonnerly and a greater 
variety of personal and socioeconomic backgrounds. 

Coupled with the swelling enrollments and changing traits of school youth 
was society's deepening concern for the individual-a concern that looked to the 
.schools for expression. 

To stimulate planning to improve the quality of education for all students- 
the bright, the average, and the slow-J. Lloyd Trump published the pamphlet 
Images of the Futxire. 

Trujnp proposed that schools be organized around three kinds of activity- 
large group instruction, individual study, and small group discussion. He believed this 
scheme would result in improved instruction and make more effective provision for 
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individual dillcrciRCs. Wliilc 'rniinps proposal was dircclcd |)rinunily ai the sccondar) 
level, ihe ellecLs ol his recoinniendaiioji were also lelt at ihe elementary level. 

'rriiinp's reeonnnendation served as a caialysi ihai sjjurrcd ardiiiecis lo 
design buildings ihai ineluded groiij) Sj)aees ol various sizes, and encouraged flexible 
scheduling, team leaching, and ihe use of a varieiy ol insiruciional aids. 

Skinner's and Crowders work wiili teaching machines and programed instruction 
marked anoiber stej) lorward in the enlivened move to individuali/.e instruction. Hiese 
two men devi.sed conc rete ways of adaj)ting instruction to the individual learner. Hie \ast 
potential of the computer was also felt as a j)ositive lorce. Conijjuter-hased teaching 
machines have the caj)al)ility of conijDietely individuali/Jng instruction. To date, however, 
this j)arti<:iilar use of comj)uters has been j)rohibiiively exj)ensive. Presently the most 
popular use ol conij)uters in the .schools is as a tool in jMoblein .soKing and flexible scheduling. 

Ciovernnient suj)j)(n t also helj)ed extend the development and use ol instructional 
aids in mathematics, linactment by Congress of the National Delen.se Kducation Act in 
h)r)8 and the Elementary and Secondary Education Act in \%n increased the financial 
ability of schools to j)rocure instructional aids, thereby |)lacing them in the hands ol a 
great many teachers and students who had not j)revi<)U.sly used them. 

Rusincss and industry .saw federal aid lo education as an Oj)j)orttmity to expand 
their euterjnises into the education market. Passage of the 1958 and laws was followed 
by a rajDid j)roliferalion in the design and Imiction of instructional aids in mathematics 
and a buildup of the inventories of stich aids. 

The events and trends identified above, because of their .synergetic nattn'e, will 
undoubtedly induce continuing exj)ansion of both the de\elo|)ment of insti uctional aids 
aud their use. Thi.s makes it imj)oss!ble for today's teachers of mathematics to keej) track 
ol new develojMiients, make appraisals with confidence, and incorjXHate new materials 
in their teach ini^ without reliable, oroanized assistance. 

To hclj) teachers cojdc wit!i this j)erj)lexing .situation, the National Cotmcil of 
Teachers ol Mathematics challenged a grouj) ol aiithors to jModuce a yearbook coulaining 
inlbrinatiou about the growing SjDectnnn ol available instructional aids, suggestions lor 
selecting and evaluating these materials, and guidance in using them. iMom their diver.se 
backgromids— rej)resenting exj)erience in the .schooLs, imiver.sities, business, and industry— 
the authors who accepted the Coimcirs challenge attempted to prcduce a y<*arl)ook that 
can stand the test ol time and change. That some instructional aids will be ob.s<)lete as this 
yearbook goes to press is inevitable; that others will be developed and perhaj)S al.so j)ass 
into ob-solescence is not j)ecidiar to mathematics instruction alone. But t!\e reader of 
this yearbook will not go imarmed, 

Emil J. Berger 
Editor 
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1. PERSPECTIVE, PURPOSE, AND PROFILE 



THE DIHEDRAL KALEIDOSCOPE is an instruaional aid that is remark, 
able (or its simplicity and for the sophistication of the mathematical idea it 
depicts. It consists of two plane mirrors joined to lorni a dihedral angle ol 180^ ;/ 
for // ~ I, 2. . . . , and physically exhil)its a dihedral j»roupoI ()rder 2//. The 
mirrors in the picture are inclined at an angle of (iO^. exhibiting a gronp ol 
order 0. The key between the minors yields (i visible images, inclnding the key 
itself. 




CHAPTER 1 



PERSPECTIVE, 
PURPOSE, AND 
PROFILE 

by 

Emil J. Berger 
Saint Paui Public Schools, Saint Paul, Minnesota 



The opening chapter serves as an introduction lo the Thirty- 
fourth Yearbook. The significance o£ the title ''Instructional Aids 
in Mathematics'' is illuminated with a capsulation of two 
affinitive ideas— learning in mathematics and instructional 
functions related lo instruction in mathematics. The working 
definition of instructional aids in mathematics thai was used 
to give direction and organization lo ihis yearbook accents 
specifically the ''things'' that can be used to promote learning. 
The chapter elaborates on the four major objectives of this book 
and presents a summary of the chapler-to-chapter themes. 



1 PERSPIiCTlVE. PURPOSE, AND PROFILE 



Lcarnino amoni* hiimaii bcinos manifests iLscll 
:ks changes in the behavior of in(li\ i(hials. 

"When I Inunv something nciv about the 
world. Fin (lifferent. When I hnoiv some^ 
thing new about myself, the world is 
difjerent."^ 

Some c-hange.s in behavior considered indica- 
tive of learning in mathematics are an increased 
facility in recognizing and nsing mathematical^ 
terminology, performance indicative of a grow- 
ing comprehension of concepts, and an expanded 
versatility in applying mathematical principles. 
Other changes in behavior regarded as learning 
in mathematics inclnde a stepped-up proficiency 
in solving problems, an increased resourcefulness 
in analyzing relationships, and an advance in 
the level of creative ideas jrenerated. 

o 

The educational process is characterized by 
an instructional activity that is designed to meet 
the recpiirements of getting students to learn. 
What instrnction means can be clarified by ex- 
amining some of its functions. Among the func- 
tions that pertain to mathematics instruction 
aie the following: 

1. Motivating the student to begin learning 

2. Presenting a secpience of stimuli that is 
structured to keep the student engaged in 
learning 

3. Giving the student directions to do some- 
thing, look at something, or start some 
activity 

'1. Describing or portraying the kind of per- 
formance expected of the student when 
the learning period ends 

5. Guiding the student in discovery learn- 
"^8" S^^'^^g appropriate prompts 

I. Ailrihnicd to Ilelcn Linden in I'lP: A Guidebook 
for Volunteers hi Participation, Office of Tcacheraidc and 
Volnnicer Services Publication no. 352 (St. Paul, Minn.: 
St. Paul Public Schools, 1970). 



(). Connmmicating the .^tructme o( the Mib- 
ject (ix\. relating concepts delinition^. 
assumptions, and theorems) 

7. Immediately leinforcing learning 

8. Providing opportunities for practice 

9. Presenting variations ol previously learned 
ideas 

10. Presenting problems in application 

1 1. .Monitoring the student's progress 

12. Evaluating terminal behavior in accord- 
ance with accepted criteria. 

To some degree, the teacher can perform all 
these functions through oral connmmication. At 
appropriate times die teacher's performance can 
be supported and the learner's experiences en- 
larged with the aid of textbooks, teaching ma- 
chines, ^^rojection devices, computers, models, 
manipuiative de\'ices, television, and suitably 
designed instructional spaces. 

With diis much introduction, the working 
definition u.sed to <>;ive direction and oriraniza- 
tion to the production of diis yearbook is 
presented: 



An instructional aid in viathcinalics is 
viewed as any object, piece of equipment, 
model, device, instrument, publication, 
picture, chart, or any facility that serves 
the purpose of enhancing or effecting the 
learning of mathematics^. 



This definition refers specifically to the set of 
"things" that can be used to promote the learn- 
ing of mathematics. It refers to everything in 
the learner's environment that is external to die 
learner, exclusive of the teacher. The teacher is 
the human side of the learner's resources and is 
responsible for helping the learner regulate his 
environment. 



CIIAI^ri-R ONI- 



PURPOSIi OF THIS BOOK 

The prodnctioii of tin's volinnc was inspired by 
ilic |)rcniisc iliat ihc ihonglufnl nsc of insinic- 
lional aids by icachcrs of niaihcniaiics will serve 
lo improve niaihemaiies edueation now and in 
ilie fnune. Speeifically, this yearbook was planned 
10 meet the folio win^i» objectives: 

1. To give teaehers reliable organized infor- 
mation regarding the ra.nge of possibilities 
of aapiisition and ntili/ation of instrnc- 
tional aids in mathematics 

2. To provide teachers with a )>asis for evaln- 
ating the (piality and utility of instrnc- 
tional aids 

To provide teaehers with suggestions for 
making ellective nse of instructional aids 

•I. To stinudate teachers to create instruc- 
tional aids. 

To meet the [irst objective, this book has been 
organized according to the classification scheme 
suggested by the chapter titles that follow. This 
.scheme is intended to help the reader internalize 
a feeling of organisation for the variety of static, 
graphic, mechanical, electronic, and environ- 
mental phenouiena considered to be instructional 
aids in mathematics. The examples included in 
the dillerent chapters slum Id serve to inform the 
reader regarding the many kinds of instruc- 
tional aids that can be ac(|uired and their mani- 
fold uses. 

The second objective deals with the problem 
of evaluation. The examples of instructional aids 
|)resentcd in the dillerent chapters embody ac- 
ceptable standards of (piality and utility. By 
giving thoughtful consideration to these exam- 
ples, the reader should gain a sen.se of discrimi- 
nation in selecting instructional aids suited to 
In's purposes. 

The third objective is related to the second. 
The examples of instructional aids included in 
the various chapters were chosen to illustrate 
particular instructional functions and tech- 
ni(pie.s of nse, Theie are suggestions for teaching 
modern concepts with age-old symbols of crafts- 



manship, as well a.s >uggesii<>ns lor teaching 
classical concepts wiih devices thai are I)rancl 
new. * 

The fouith objective has l>een met by incor- 
porating* illustrations of original teacher- and 
studeiit-made devices that invite imitation. The 
authors of the various chapters are aware that 
creativity in teaching really comes to (lower in 
the area of instructional aids. 

ORGANIZATION OF THIS BOOK 

In keeping with the broad point of view re- 
garding the nature of instructional aids that 
forms the l)asis of this yearbook. Chapter 2 directs 
attention to the setting in which instruf(ion in 
mathematics takes place in today's schools. The 
chapter seeks to indicate how diil'eient kinds of 
instructional .spaces can ellect or enhance the 
learning of mathematics. It is proper lo think of 
space as an :;is;ructional aid l)ec;iuse the kind of 
spac;es that are available dictate to some extent 
the kinds of instructional functions that are pc)s* 
sible. In the organizational strategj of Chapter 
2, diUerent in.structional arrangements are fir.st 
described, and then suitable spaces for each are 
identified. 

Chapter 3 concentrates on tlie mo.st revered of 
all instructional aids, the textbook. 'Fhe main 
concern of the chapter is with the problem of 
.selection. The .scheme proposed for .selecting 
textbooks involves decision-making* that is ba.sed 
on behavioral objectives. 

In the not-toodi.stant past the niathematics 
textbook for a particular subject or grade tended 
to I)e the curriculum, but this is not as true as it 
used to be. Today there are available a large 
niunber of monographs on special topics, charts, 
workbooks, drill and practice kits, pamphlets, 
pictmes, newsletters, periodicals, mathematics 
library books, and books that are referred to as 
supplementary references. All these are dis- 
ciLssed in Chapter -I imder the title "Other 
Printed Materials." 

Chapter "> contains a brief accoinu of the his- 
tory and development of programed instruction 



and ic.i(liiii<^ ni.K hino. diiidclincs loi sclcdiii,^ 
.111(1 cNaliLitino |)i()<i>Minc(l insii lu lion ni.iicii.il^ 
.lie skcidicd. Also iiuhidcd is ;i frank diM ussion 
oi the iisc^ :iii(! nlxiNCs ol |)ioi*r:nncd inNiniciion 
ni:Mcri:ilN. 

(ili:i|)lci () is (OIK CI nod with ( .ilcul.i(in<> (lc> 
vices :ni(l ( oinpnicrs. iiKlndcd arc :i hisioricil 
icsunR' lii^i>hli]i*hiing inajoi dcNclopincnis in (oin- 
putcr mIciuc and descriptions of calcnlaiini> 
dcvi(cs .'itid (oni|)ii(cis thai can he used as in- 
.siriinional aids in niailieinati(s. A major pan ol 
(lie (liapter is devoted to a discussion ol current 
|)ia(ti(Cs .111(1 |)i()l).d>lc liitine uses oi coiii|>iitc'i.s 
and ( oiiipuiational (lc\iccs in the schools. 

(Ihapier 7 j;ivcs an overview of the various 
kinds ol piojcctioii (lc\'i('cs that li.'ivc |)ro\'C(l their 
cllectivciicss over the vears. as well as those in- 
novations that teachers of niatlieinatics have 
bei^nn nsiiii; onl\ lecentlv. S|>ecifi( iiistrueiioiial 
aids treated iiK hide films, (ilnistrips. slides. o\er> 
head and o|>a(|ne projectors, and lelevisioii. 

(!lia|)ier S deals with ilie use of iiiodels. The 
( ha pier develops theory associated with the kinds 
of instructional aids to wlii( li much of the Conn- 
( ils Kii»lit ceil til \'eail)()ok is devoted, j^ives :i i!e- 
Mriptioii ol the major types of models, presents 
an illustiated discussion of various usCS of models, 
idcntiiics plolnisin^ practi(es. and contains an 
extensive listiiii; of models that are available 
from coimiiercial sources. 

Cilia ptcr i) fociises on the suhjeci of manipula- 
tive devices. The treatment prcsCaited cojsccrns 
the kinds of (levi(Cs that are u\t'ful in hclpinj; 
elememar) school students learn ahoui the na- 
ture of iiuiii!)ei\ count iiii". sy.stems of numeration, 
properties of operations with iKimbcrs, fraccions, 
and spatial relationships. Coiisider.abic space is 
devoted to a discussion of the use of manipula- 
tive devices as concrete rcferems in promoting, 
discovery of concepts and improvinjj computa- 
tional skills. 

Chapter 10 is devoted to projects, exhibits, 
faii.s. <;amcs, pu/zlcs, and contests. Usually these 
aspects of .school niathcmaiics arc thought of as 
individual or group activities. However, since 
these activities normally involve the use or pro- 



(lu( tion ol in.itei i.ils tli.it h.i\c the n.iiiic atti ibutCN 
.IS iiisti u( lion.'il aids, .i ( h.iptei dc .iliiig \\ iili these 
.ispects of sdiool iiiatlieiiiati(.s is included in this 
yearbook. 

The general availability and wide variety of 
instructional .lids discussed in Chapiers 2 through 
10 ha\'e enlarged the teacher's role in selecting 
.111(1 utilizing iiistru( tion.il .lids. I'lie last ch.ip> 
tcr— that is. Chapter 11—gives an iii-depth dis- 
cussion of the CNpaiidcd role ol the tea( her as 
manager of an iiistriK tional system containing 
mail) components that ( out* ibitte to student 
IcMining. The teinis in.stimhounl swstcm.sy.stcm.s 
oj)l>roa(h to in.stnntion, .^ystnn^ thinhhiir, and 
so on. all describe an orderly process for making 
(le(isi()us concerning what is to be taught, u) 
whom, and using which materials. The chapter 
iti( hides .111 e.\pl:ni.ition of the s\stciiis appi(:a( h 
to instriK tioii .iiid .m .ui.ah.sis of v.iiious iustru( 
kional aids as components of an overall system, 
c'lieie is :i detailed description of the teacher's 
role as systems manager as well as coniments on 
pcssible (Contributions of computers to the dis- 
charge of iiian.i^t'ement functions. Finally, the 
( hapter contains an extensive example of the 
application of .systems thinking to the determi- 
nation of objecti\es .iiid the selection of mate- 
rials of instriKtion for .a popular topic in 
mathematics. 

Since Chapter 1 1 piescnts a plan for the 
orderly selection of instructional aids, it is as 
close as one can come to a summary of the 
diverse (ontents of d^e preceding chapiers. In :i 
scn.se it is both a summary chapter, which pro- 
\i(les a stnuture for the information .ac(]uire(l 
in the first reading of previous chapters, and an 
introductory chapter for a second, in-depth, 
reading of tlie.se chapier.s. 



To quickly locate topics that are of 
immediate interest or concern, the 
reader is referred to the table of con- 
tents on fmges xi-xvi. This table in- 
eludes both the l)rimary and secon- 
dary subheads for each chaf)tcr. 



CHAPTER 2 



INSTRUCTIONAL 
SPACES 



/;>• 

Em IK J. Hkrckr 
Saim Paul Pul)Ii(; .School.s. Saini Paul, .NJinnosoia 




Chapter 2 ircais ihc kinds of insiructional arrangcincMUs currcnily 
being used for mathematics instniciion and the types of spaces 
needed to acconnnodaie these arrangements. The chapter begins 
with a look ai the origins and major sources of inlhience thai 
helped shape the various instructional arrangements and then 
describes in detail each of six diirereni arrangements: the 
self-con la ined classroom, large group instruction, small group 
insiniciion. the mathematics laboratory, independent study, 
and luLorial, The open space school is viewed as a school building 
design concept thai encomages llexible grouping patterns 
and individualization of instruction. 
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2. IXSTRUC/noXAl. SPACKS 



liisu IK n'oii.ii >|);i( cs serve :is iiisti ik lioii.il aids 
1)\ amMiiiiKKhiniii; oihcr aMiipoiiciiis of iiistiiu- 
(loii. is. Miuknis. icadicis, liiiir. icNtI)()()ks, 
icadiiii;^ mac liiiics. (()iii|>U(cr>. |)i'()jc( toi.s. nuxlcls. 
and iiiain'|)iilau\(' iiiairrial.s. 

riic purpose oi iliis cliaplci* is to iiidiraic liow 
(lilleieiK kinds ol iiisiriuiioiial spates (an cii- 
liaiuc and clkri ilic learning of inailiciiiatirs. 
Il ai times the disriis.si(Mi .seems to lia\e a moie 
<*c'neial lefereiite than jiisi to mathemaii(.s. it is 
I)C(anse iiistiiiriioiial .spares have not usually 
heeii designed spa ilically to :u((Mmiu>daie (he 
leadnng and learning ol mat hematic s. 

Si.^ dillerent arraiigemeius (kf instructional 
(omponents aie r('(o;^ni/ed: sell-contained rla.S'i- 
room, laige gioiip. small grcmp. lal>orat(»i'\. in* 
dependent sind\. and tinorial. These arraiige- 
nicntsarenot nintiialK exdnsivc: and it isnatinal 
that they overlap. Tor the la.st live— large group, 
small gronp. lahoratory. independent stiid). and 
iittorial<-enierge(l ihrongh separaiicm. aeeeinna* 
lion, and expansion of iiistrneiional fnnctions 
originally perlbiined in the sell'contained class* 
lOom. This diU'ereiitiation of instrnctional fnnc- 
tions and provision lor spaces to hon.se them 
came ahont throngh American society's continn- 
:illy enlaiging demands for more and better cdn- 
cation of its yonth. 

'['he hisiorital lesnmc that follows recounts 
.some of the major inlinences that helped shape 
the different instrnciional arrangeineins. 'I*he 
next section treats the self-tontained da.ssroom. 
and the ensuing^ section treats tiie other live 
iiisirnc tional arrangenieins. Then there are two 
sections that deal respectively with team teach- 
ing and scheduling. The Tinal section contains 
illustrations of efforts to individualize instruc- 
tion hy coordinating fo!in and function. In- 
iliuled IS an extensive discussion of open space 
schools. 



()KlC;i.\S A.\J) .MAJOR INM-LIM-NCKS 

rmiUpiiie recenih. the most pervasive influence 

ill the design and use ol iiisti net ional spaces has 

been the (eMiiiries>old belief that the way to 

teadi is lor one teacher io get together with 

twent}*live or .so students. The student'te;u her 

ratio ol twent\-live to one (an l)e traced back 

at least as lar :ts the fourth century in the 

I lebrew Ihibxlnnitnt Tahtni*!: 

'I'lie niimbei ol pupils to be assigned to 
each teacher is twenty-live, li there are 
hitv. v\'e appoint two te.-iclieis. [liaba 
Uathra 21a*2ll)] 

The one*room .schoolhoiise of tliecoloni.d and 
earlv nation.-d periods of America was based on 
this credo. The.se schools were built to accom- 
modate from lilteeii to iweiny*rtve stiideuis rang- 
ing in age from six to sixteen, and they were 
largely ungraded. 'The teacher dealt with each 
student individually. The usual procedure was 
for students to come up to the teacher's desk, 
one by one. to I'ecite whatever tliey had been 
a.ssigned :o memorize. The exchange between 
te.'icher and student was largely a media ical 
one. involvHig almost no tedmicpie on the > 
of the teachvr. I lis time was taken up by heau..^ 
lessons, a.ssigning new tasks, setting copies, mak- 
ing (pii!i pens, and dictating sums. 

The opening of the Qnincy School in Boston 
in IS17 inaugurated a new kind of .school orga- 
nizatioit and a new kind of .school building, both 
of which were to become standard in America 
until the last few decades. This was the first 
school in .America in which pupils were divided 
according to age into groups that would stay 
together for a year s work. Kach grade met with a 
single teacher in a separate loom and vvas given 
assignments ticcmetl appropriate to that age. To 
accommodate this new scheme of organ i/at ion 
the one-room schoolhoiise was multiplied under 
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one lool and sia<kf;! n)> tt;.i; < nur lashion. The 
Ihfsttm Almuiuit hi iSl!) ofit*c<l iliis <k'M iipiion 
ol ilu- l)n(!ii[n<»: 

l'hi> mIkioI lionsc\ heinj;^ ilic l:is( ck<Iv<I 
hi ihc <li\. (oiualtis inosi <>1 Hu* in<><l<*iii 
iniprovcnicnis. . . . li Is four .sioiirs hi'^h. 
and (oiuaiti.N nwlvc x hool rooms. <'a< li 
ofu'hiih a< coininodaK's .v liolar.s. and 
a hall. hn niMicd wiih Ncntr.s, \vln< li will 
MMi 700 |)ii|)llv h also Ikin sinaJl iv<na 
noil I'oonis. lis i;rcaU'.>t iiii|)iovriiiciii> 
(Oiim'ni in liavin*^ a .scparaic room lor 
eurli tcachciv and a separate <lcsk for 
oarli .scholar. [.H7» |). 72] 



l;\cr)diiii<; ^n|>|>osc<l lo happen in sin's 
skiikI.ikI iiisii n< h'oiial <c'li -<oineni pusciiMiioiis. 
sindrm ii\ il:u!on^. sni<l<!m-icaclia <<nik"i rn< cs. 
in<U*pc>i<K'iii suuh (nsn.dly <loini» .i>sii>iiin<'nis), 
and lakiiij; and < oi ic< liiii; u-Ms. IUh .nisc onr 
(f:i<hcr and one j;ronp ol sUuk'niN pcifoimal all 
ihcsc run<:ioii> in one iooiik ihis jrrant;v'nKMii 
( aiiK* u> h<* known as ilie M-lhc oina!nc<l < l:isNi<toiii. 

riuil ahnosi IIIKL sdiool l)nil<lin<;s \v<»u' <on* 
siMUK'd nioie or le.ss on ilie plan of ilu- Oninry 
S< h<»ol. Willi ie<iaii<*nlar < lasMOoin hoNv's wx* 
raiij»c<l on ciilii:r>idc of (orr!(lor.s» The aivhiicci 
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\Villi:int Caiidill dcscrihcb ihc coniplcic :i(.cc|)* 

ciiuc of iliis rla.sM'ooin box: 

At the turn ol the cciinuy nearly every 
.slate ill the Uiiiied Siaie.s parsed lawb 
u'liicli .s|)e( ified u liai liiis box .should look 
like. Laws stated the si/e, .shape, leiiebira- 
lion, and even the orieinalion. It uasn't 
lon<«^ beloie the elassiooiii box and its 
2r)-iO'()ne |)M|)il-ieaclier raiio beraiiie a 
•*SACRK1) COW " lo edueatoi.s and arclii- 
tect.s all over tlii.s nation and the West- 
ern World. [IG, p. 8] 

Aher Worhl Wai 11 ilie cou.strneiion oI seliool 
l)uildin<>.s w'lis iiillueiieed by the residential 
rambler and pic tMre-uiiidow fad that aeeoni- 
pan led the da.sli to the subin bs. The re.sult was 
.sprawling sehoolhou.ses with laiger tia.ssrooiiis 
and laige areas of window spaee. Hut in spile of 
ilii.s subtle iiillueiicc for opeiiiie.ss, these .spiawl- 
ing schools lunctioiied like the eggcratc schools. 
The idea ol ilie .self-con i a iiied cla.ssrooni con- 
linncd lo dici.iie insii ueiionnl funeiion.s, Klenicn- 
lary students leniained in the .same box widi the 
.same leaeher for a year, and secondary siudeni.s 
changed boxes and teadiei.s evei) hour. The b(:.\ 
maintained iis legal .siatu.s, rigidity, and indc- 
sirnciibilii), and the halo on ilie Sacied Cow 
teniained nniariii.slied, 

OnK during ilie Da.si iwo decades have edu- 
cators and .ULliitcds become noiiceablv sen.siti\e 
lo I he idea iliai .school buildings and facilities 
should be designed to .ULoimnodaie and encour- 
age cle.siiable insnueiional function.s. '^Hiis has 
led lo innovaiions in ilic design of new build- 
ings and facilities and inodincaiioiis in ilie u.sc 
of older ones. What has motivated iliese iunova- 
lion.s? In I he ca.se of iiiatliemaiics, .some of ilie 
iiiipein.s has come fioni the drive lo impro\e 
.school iiiailiemaiiLS that started after Woilcl War 
IK Changes allcLiing cducaiioii generally have 
come Irom .i sieacliK gumiiig zeal for the goal 
of inclivicluali/ing in.siruciion in all subject 
areas. The iwo influences have iioi been inde- 
pendent, and they are uoi yet liisiory. 

The drive lo improve .school inailieniaiics iliai 
was launched in 1952 and vva.s given a booM bv 
Sputnik in 11)57 icsuhed in a compleie overhaul 
of I he .school mailiemaiics curricjum and led 
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ftttifi .SnirlN and llir Kiliinuiii); TiiHi'Ns 

almost inuiiecliaicl) to .several kinds of changes 
in (he u.sc and design of .spaces for matlicniatics 
iiisiruclion. 

In the high school one change took the direc- 
lioii of .speciali/iiig existing stanclarcl'si/ed class- 
rooms as "maiheniaiics classrooms" In moving in 
sj)ecial luiiiishing.s and bringing in a variety of 
in.stinctional aids for mathematics. Such spe- 
ciali/aiiou was followecl b\ reconiiiii.sNioiiiiiii: of 
small unused .spaces as adjunct spaces (e.g.. 
iiiaihenialics libraries and iiia thematic^ labora- 
toiie.s). In new c oii.struction some of the special 
lui nishings weie buili in as fi.Muie.s, and adjunct 
.spaces and siaiidaid-si/ed cla.sMooiiis were put 
ne.\i to each other lo loriii matlieiiiaiics "suites." 
In (he eleniemary sclic^ol a inodest trend de- 
veloped lowarcl seniidcp.u imeiKali/.itioii (e.g.. 
mailiemaiics and science) and related speciali/a- 
(ioii of .sianclaicl-.si/ecl da.ssrooms. However, all 
(hcsc changes .;c knowledge cl ilie accepted .siatus 
and cou.siiaiiiis of ihc .self-contained cla.s.sroom 
arrangcineni. 

The main iiiipciiis for arcliiiectuial change 
came from a (liflereni clireciion. In 1959 J. Moycl 
rrunip opined iha( (he (halleiigc for cpiantii) 
in American ecliicaiion had largely been iiie( (7!^). 
To siimuhuc |)Lnniing to improve the (pialil) of 
education he proposed that .schools be organi/cil 
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auniiid ilii't-c: kituK ot ;i(jl\illc.s: l:ir<;c i^ioiip in- 
.NliiinioiK itidividual >ni(l\. atul mikiII i;i(>n|) div 
ciiNsioiK 'rM!tu|>\s ;iNMiincd lc:iin ic:i(hiiii; 

niul implied flexible M'hcdiilitii;. lie !>clie\cd lUis 
.scliciuc would ic.Mdi in improved iiiNiiiiciioii 
and in.ikc more cllcdivc pMAision lor individnal 
(liircicnccN. While I'lnmp's piopoN.il was iliiccicd 
piitnai ily ;ii improvin*^ ihc (jualiiy of cdn( alioii 
ai llic >c(ondaiy level, dii; clicd.N ol" liis rcconl- 
nicndaiion wcic also fell :ii ihc clcincniai) level. 

Willi llic dcvclopincni of in.strnciioual ai'raii<;c:- 
nicm.s based on rrnmp's proposal ilicic rose a 
nml foi moic flexible .spares. .Some .srhool.s tried 
in ineei iliis need by varyini; ihe locations of 
pciinaneiii pai tit ion walls— that is. lemoving 
walls between rooms and hallways to (aeatc hngc 
group .spaces and building- new walls within 
looms to create small group spares. An alternate 
approach was to put up ami lake down detnoiint- 
ablc walls to make available dillerent si/cd .spaces 
as needed, l^nfortmiaiely. the con tinning fi.xaiion 
over the ncce.ssity of having separate enclo.scd 
spaces alwa\s invoked coinpromi.scs, and cliang- 
ing partitions often delayed changes in teaching 
and learning rather than accoinmodaiing them. 
Operable and folding walls came ne.xi and pto- 
vided a partial .solniion. lint now the demand 
lurned to instant flexibility, and .someone got the 
idea of leaving out inieiior walls eniiiely. The 
re.sidt was the open space .school. A forernnner 
of this concept in school honsing design was an 
elementary .school in (^ar.son City. Michigan. In 
\9:)7> the school planners in that city wanted a 
nongiadecb team-tanght elemeiuary .school and 
gained nationwide attention by fusing fonr sian- 
dard-si/ed da.ssrooms into a jninbo-.si/eil reeian- 
gular bo.x by leaving ont interior partition walls. 

A!n>ther major influence on the use and design 
of instructional .spaces, and the one thai will 
mulonbtedly have the greatest iutpaci in the 
future, is the e\olniionar\ trend to indi\ iduali/e 
instruction. 

This trend involves two ideologies. One fol- 
lows the belief (hat the way to individualize in* 
sirucMon is to make effective provision for indi- 
vidual differences by grouping together students 



with .similar instiiii lioual ncedN or aiiiix I his 
notion ol individuali/atiott of instinct ion has 
had a long histdry in tlii.s country and has 
many adherents. 

The oigaiiiyatioit of the Qiiincy ScliooL in 
wliidi .students were di\ideil a<coid!iig to age. 
was leall) an attempt to iiidividiiali/e instiuctioii 
b) appKing the a.ssiitnptioii that grouping stu* 
dents according to age would inciease the pro.s- 
pcct of itidividualiyiiig teaching and learning 
widiiii gionps. 

The advent of coiiipiil.sory echicatioii in the 
high .school following the turn of the ceiiimy re- 
sulted in burgeoning eiirolliiieiits. 'This, coupled 
with popiilari/atioii of educational testing after 
World War I. le.sulted in .students being gioiiped 
in one of tliiee cnrriciila according to their voca- 
tional and ediKntioital plaii.s— iiiaiinal training, 
coiiiiiieicial. or colle;:;e preparatory. 

The !!MOs marked the beginning of homo- 
geiieoiis abilii) grouping in the high schools with 
accelerated cla.s.ses for the bright and remedial 
classes lor the less able. This was lollowed in the 
\[)TA)s with ability gioiiping by subjects (M). In 
the \%ih the .secondary .schools .switched to 
grouping patterns ba.scd on instructional func- 
tions to l>e pel foinied. that is. large group* .small 
group, and .so forth, 'i'liis is basically the IViiiiip 
plan and has already been discii.ssed. Recent 
ell oris to i II div iduali/e iii.stiiictioii at the elemen- 
tary level have taken the direction of perfor- 
iiiaiicc level gtonpiiig. noiigradiiig. and .semi- 
deparinsetitali/aiioii in the laiger .schools. 

Noiigradiiig and the latest reniieiiieiits in 
grouping psaciices. especially perfoiiiiaiice level 
grouping in dilferciit subjects, point to the .sec- 
ond view of individiiali/aiioii of iiislriiciioii. a 
view espoii.sed by .\Iityel. lie iiiierpiets iiidivid- 
nali/atioii of insirnction to mean "tailoring sni)- 
jeci iiKiiier preset nations to fit the special re- 
(piircmeiils and capabilities of each learner** 
p. d.S(i). This conception of iiidividualiyaiioii of 
iiisiructioii is usually refeiied to as adaptive 
education. According to Mit/els view, the learn- 
er .should be allowed to proceed ihroiigli coiiietii 
at a .self-deierniined rate to begin studying a 
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siibjcci (or lopic) ;ii a point appropriate to his 
past pcrroriiiaiicc. and to have a variety of iu- 
.stnictioiial aids at his disposal. 

An early fonii of iiichvidiialiyed instruction 
tliai leans towarci the view held by Mit/el was 
developed I)y Search aroinid 1891. .Search insti- 
tnied an individiiali/ed high school program in 
which the student was placed as an individual, 
in which he worked as an indi\idnal. progressed 
as nil individiiaU and grachiated as an individual 
(nr). p. 151). 

Beiween 191! and 1920 Helen Parkhur.u de- 
vised an individuali/ed self-paced laboratory-type 
plan (called the Dakon Plan) in which the 
teacher and .student formed a contract with the 
student agreeing to undertake assignments for 
several weeks duration in his various subjects. 
The student was cpiite free to work at his own 
rate, except that he could receive no new con- 
nect inuil he finished the one on hand (p9). 

The work of Skinner and Crowd er with teach- 
ing machines and programed instruction in the 
niid-l950s and early 1900s also gave impetus to 
I ho adaptive point of view of individual i/atioii 
of instruction (69). 

Still more recently, a technique called "indi- 
vidually prescribed instruction" or IPI has been 
developed in five elementary school .subjects out 
of the work of the Learning Research and De- 
velopment Center at the University of Pittsburgh 
(.^S: f)H). This technique consists of prescribing 
for each .student n program of studies tailored to 
his learning needs. The cnrricnlnm for each 
subject area is specified by a carefully sequenced 
set of behavioral objective.s, and students .nc 
placed in the program at various levels in accor- 
dance with their performance on pretests. The 
mathematics curriciiliiiii is based on more than 
four hundicd specific objectives. Students work 
individually on a preci.scly ordered set of mate- 
rials bnili on the.se objectives (().S). 

The two views of individualization of instruc- 
tion that have been described converge on as- 
smnptious .such as the following: 

1. .Students of diirerent abilitie.s. backgroimd.s. 
or competence levels .should have curricula 



appiopriate to their needs and purposes. 
2. Instructional strategies should be based on 
well-defined behavioral objectives. 
Perforiuance grouping and periodic le- 
grouping .should be based on diagnostic 
and achievement testing. 
•I. Small gionps should be orgaiii/ed to meet 

particular iu.structioual purposes. 
.'). Students should have opporiiiuiiies to study 

independently, 
f). Students should have acce.ss to a variety of 

iu.striictional aids. 
7. A.ssignmeuts .should be varied to meet in- 
dividual students* needs and interest.s. 
S. F.very student needs dialogue with a teach- 
er— this includes tutoring. 
Both views of individuali/ation of insiuiciion 
have had an impact on the use and design of 
instructional space.s. Up until now the innueuce 
of I he grouping doctrine has been paramount. 
This is reflected in the choice of content and the 
oigani/.atiou given this chapter. At the same 
time, the influence .stemming from the adaptive 
theory has not been neglected. 

SELF-CONTAINED CLASSROOM 
ARRANGEMENT 

Unlike much of today's writing about die self- 
contained classroom, the ti-eatment given here is 
one of reipect. The dominant position of the 
.self-contahied cla.ssroom as an instructional ar- 
rangement is recognized. While its limitations 
are acknowledged, its po.s.sibilities for enhancing 
the teaching and learning of mathematics are 
emphasized. Even though a variety of innovative 
instructional .space designs has been incorpo- 
rated in new construction in recent year.s, the 
economics of .schoolhoiise financing are .such that 
the .self-contained cIa.s.sroom arrangement will not 
.soon be al)aiuIoned. histriictioual h met ions per- 
formed niuler this arrangement developed with- 
in constraints imposed by the size of the room 
and by the accompanying .school organization. 

In the elementary .school this means having 
one teacher meet with twenty-five to thirty-five 



siiulciiLs ill one loom, six lo seven hours per clay, 
five clays per week. Groupin|j is usually by age, 
and this is also ilie basis for regulating student 
progress. Mathematics is taught from thirty to 
lorty-five minutes each clay hy the same teacher 
who learhes all subjects except perhaps the fine 
ai'Ls, industrial arts, and physical education. 

"I'he .secondaiy .school oigani/ation in which 
one teacher teaches one subject to one group of 
twenty-five to thiity-five students in one room, 
for one fifty-live minute period, four or five times 
j)er week is a variant of the self-contained class- 
loom oigani/ation of the elementary school. 
Grouping is usually by ability level, by subject, 
or both, and promotion depends on whethei* or 
not the student does the minimum amount and 
(jufility of work iccjiu'ied for nedit. 

The instruciional .space a.ssociated with the 
self-contained classroom arrangement is usually 
refened to as a stanclaid-si/.ed classroom. 

.A t\pical uiisophi.sticnted standard-si/ed class- 
looin lias h'om 700 to 1000 scjuare feet of flooi* 
space and is lectangular in shape» with window 
openings along one side wall and chalkl)oarcl 
mounted along the h'ont wall and perhaps also 
along the other side wall. The back wall may 
have a bulletin boaul panel. Finnituie for stu- 
dents consists of in(li\ichial deskchairs that are 
arranged in lows parallel to the side walls. 

The teacher usually has an executive desk and 
a large chair mounted on a swivel. In addition, 
theie is usually a modest sized bookcase, a stor- 
age cabinet, a filing cabinet, a shelf or table for 
models, and a closet for the teacher's belongings. 

At the elementary level the space facility de- 
scril)ecl may have some specialized features for 
different .subjects, although usually not many. 
In the high school this room, when used for 
mathematics iu.sti uction, may be ecpiipped with 
a demon.stration slide rule and a graph chart. 
In small coinmuniiies the looms u.sed 1)} clemen- 
lary school students and secondary .school sni- 
dents .ne often of the same design, loc.uecl mider 
the same roof, and a casual observer could not 
di.stinguish one from the other except for the 
size of studeni.s' deskchair.s. 



In an instrucuonal space sue h as the one de- 
.Miibed the leadicr performs most ol the instruc- 
tional tunctions listed below: 

1 . Motivating students to learn new topics 
and concepts 

2. Presenting basic content using the chalk- 
board, overhead projector, charts, and 
demonstration models 

(Ilarifying staiemems in .student.s' textbooks 
I. Stimulating* discussion among students by 
diiecting cpiestious to the whole class or to 
individual membeis 

Assigning practice work (by handing out 
worksheets or a.ssigning problems hom a 
textbook) chosen to give students of dif- 
ferent abilities opportunities to siucly 
independently 
(). .Supei vising .seatwork (practice work or 
j)roI)lem soKing). gi\ing students in need 
of help brief (.sometimes momentary) 
amounts of tutorial assistance 
7. Admini.steriiig and collecting test.s. and le- 
teacliing content with which theie is wide- 
.spread difficulty. 
This list of instructional functioii.s is. of 
course, not delimiting and will vary with the 
individual teacher. In addition the teacher pei- 
forms main insti uctional backup functions be- 
fore and after school and at other times when he 
has the room to himself. He reads, studies, 
plans the curriculum, prepares presentations, 
duplicates worksheets and laboratory guides, 
writes test.s, plans assignments, evaluates text- 
books and other instructional aids, evaluates 
student performance, kee|)S records, and holds 
parent conferences. 

What students do is for the most part gen- 
erated by what the teacher cloe.s. Students listen 
to and Watch lecture demonstrations in which 
the teacher u.ses the chalk boaul. overhead pro- 
jector, and demonstration models and devices. 
Students take notes, ask and answer cpiestions. 
do a.ssignmeiits, take tests, and gi\e demonstra- 
tions on the chalkboard or overhead projector 
when asked to do .so. 
Various efforts have been made to specialize 
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(he b(aiulanl-bi/c(l ciassiooin loi mat hematics in> 
sluiciion (Imi»uic 2..S). In .some in.siaiues ihi.s has 
been a((omj)hslje(l by imuuhirino a variety of 
iusinu lional aids sudi as models, chan.s. inanip- 
iihuivc devices, measurint^ and drawiiio inMui- 
nicnl.s. .sn|)j)l('ineniai \ te.xtbooks. .student jom- 
nais. and tcachini; machines: h\ movin(> in a 
i;lass-en( losed (h.splay case to .stoie vahiable 
models and instiinnents: I)y pioviding an open 
display case to display students' projects and 
exhibits: and l)\ stipplying a magazine rack, 
book disj)la\ stand, and book tiaick to displa\ 
and make printed m.uerials ea.sily accessible. In 
addition, a dcmonstiation table with sink and 
drain has beei* installed (or a denionstraiion 
can moved in), ^as and water have been made 
available, electiical outlets and shelves to sup* 
port 'I'V leceiveis have been ptit in, and a per- 
manent scieen foi piojecting films and filnistrips 



has been mounted tisiui; wall oi (eilini» biackets. 

li the room is lar<>e. lower loom divideis have 
been j)la(ed to j)aitition oil a corner of about 
100 .scpiare feet lor a mathemaii(s librar\ and a 
.separate sjxtce of liom 100 to 'M){) s(juaie ieei 
lor a mathematics laboiator). I'he room dividers 
are e(|uij)ped with bulletin boards on one side 
and .shelves on the other, or they may consist of 
hinged jjanels ol chalkboaul. Sometimes tall 
movable !)ookcases are u.sed instead of lower 
room di\iders. Individual deskdiair units aie 
replaced b\ two-chaii tables in oulei to enc orn- 
ate joint exploration of mathematicaJ ic)j)ics b\ 
two Ol more students and to make po.ssible scat- 
int; arrangements foi* small groups. 

Spetiali/ino the stanclarcl-si/cci classioom loi 
mathematics instiuction b) moving in furnituie 
and ecjuipmcnt and installing aj)j)roj)riate fix- 
tures encoinagcd tlie exjxnision of instructional 



Fi(;URK 2.:5. // slaudanhsized rlasswoni spcnalizcd fo) maihemalics instruction by use of two- 
chair tables, a mobile demonstration work center, bookcases, display cases, stoiagc cabinets, 
overhead projector, and viexving screen. 
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(uiKiions wiih one icachcr in ch.'ugc. nnd con- 
(oniitantl) scucd lo in)|)io\c ihc (|iialii\ o( 
nKiilu in:iti(s ainciiion ])()ssii)lc nnclcr one teach- 
er. The desire lo expand instrnciional funciions 
in the slanclard-si/cd classroom bv sciiin<^ aside 
portions o( it for hbraiy and hihoratoiy spaces 
lec! to incorporation of adjinict .spaces for such 
purposes in new building dcsii^ns and to the 
n cation of such spaces throui;h reniodehno in 
older hm'Idini^s. 

Attempts to individuali/e in.sfrnction in the 
self-contained classiooni ai i ani^enient have taken 
the path ol making pro\ isioii lor individual dif- 
ferences by varying levels of procedme, l)y vary- 
ing assignments, by grouping .siudcnts within the 
rhissrooni accoiding to their performance, by 
pioviding opportmiities for stiulcnts to attack a 
topic in a variety of ways, and by conducting a 
limited style of tutoring, 

To \aiy levels of procediue the tcaclicr nsnalh 
works witli »hc entire group. For example, to 
introduce the topic of carrying in addition, the 
teacher (an explain nieihod.s appiopriate for 
different ability levels by using concrete objects 
and coimting. by using ten as the key. b) using 
a ninnber line, and by using the computation 
algorithm. 

Strategics for varving assignments include mak* 
ing open-ended assignments that challenge the 
able but do not discomage the less able, specinli/.- 
ing assignments for individual suidcnts, and 
making two-|)ait assigmncnts followin^g a pre- 
sentation. The fust p.nt of .1 tuo-pait assigmncnt 
may deal directly with the basic contcni of a 
lesson and will be identical for all students. The 
second part can be varied dc|)ending on slu- 
dents' needs and abilities, assigning challenging 
pr(>!)icms to the bcttci students .nul novel prac- 
tice e.xercises for the less able. 

Regrouping students into subgroups is a third 
way of providing for individual differences in a 
self-contained dassioom. Such legrouping ideally 
is tentative and is based on a diagnosis of 
stiengths and clifTicultics to determine who has 
mastered a skill or conc:ept and who has not. 
Write-in textbooks should I)C availal)lc for stu- 



dents who need extra help, and rapid learners 
shoidd be encouraged to .stait special piojecls bv 
perusing a file ol suggestions loi projects that is 
available for this pinpose. 

Sometimes the teacher can follow a strategy of 
intei relating total grotip iustrtiction with small 
gioup instrticiion. For example, a teacher niav 
piesent the basic part ol :i new unit to the entire 
class, give a test, and ionn small giotips based on 
the restdts. Then lie can ttitoi* the slow learners 
and let rapid learners enlarge on the basic 'Jea 
bv doing pioblems in supplemental) textb(A)ks. 
riie total class is ieasseml)led for tiie next tniit. 

As another strategy, the teacher can present 
ba.sic content to the tot.d group, set sttulents to 
work individually, and mentally tabtdate the 
membership of three grou|)s— the most pi ogres- 
si ve. the slowest, and the grotip that is holding 
its own. Members of the |)iogressive group can 
.serve as ttuois for menil)ers of the slowest group. 
As the teacher spots widespread diffictilties, he 
brings the group back togethci". 

Observations of instructional jmKcdures car- 
ried on in the self-contained classroom indi- 
cate that effective indiv iduali/ation of iiistiuction 
micler this arrangement is difricult. Teaciieis 
who attempt to inclividuali/e instruction in a 
self-contained classiooni end up by dealing with 
individuals, not as individuals, but as meinbeis 
of a group. One teacher cannot work individu- 
ally with eacli of twenty- five to tliirtyTive stu- 
dents often enough to make the encounter worth- 
while. Neglecting students of iiigli ability because 
the needs of low ability students are greater is 
not a .satisfactory form of individuali/ation. Ev. 
ery student has a right to dialogue. Small group 
disc ussion, although manageable, is generally 
confined to biief exchanges between the teacher 
and a small fraction of the total group. Labora- 
tory work is possible only foi a small range of 
concepts, and learning by discovery is usually 
leseived foi the few .students who make discov- 
eries initially. Independent study does occur but 
is limited because of the close pro.xiniity of stu- 
dents to each other and a lack of the variety of 
instructional aids needed to encourage it. 
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\'ARIKD-SI/.KD GROUP 
ARRANGEMKNTS 

This .section coiiccmratcs on Uic five inshuc- 
lioiial anani>cnicnts— Iaii»c i^ioup. Mnall i»iouj), 
I:il)<)r:U()iy. independent suidy. and UuoriaL 
C'hai'acieri.sti( insiriK lional fiinriions lor each are 
deMiihed. and ap|>U)|)riaie spaces for each are 
idenn'fied. When ii.scd in conibinanon. ihese ar- 
ranocniem.s ofler die possibility of providing in- 
divi(hiali/,ed iiisiruction for every student. Tliis 
does not mean providing one teacher for every 
.student. Ii means ( ii.sionii/Jnt> a proi>rani for ev- 
ery Mudent, that is, i»iving each student an op- 
portunity to jxirticipate in the niixtine of ar- 
ranoenienis considered optimal for hinu Some 
.schools include the standard-si/ed classroom as a 
niediuni-si/ed i^roup space in this medley of 
arrangeincnts. In .such instances Uierc arc .six 
different varicd-si/ed i>roup arrangements. 

Suggestions pre.sciued in this .section are in- 
tended to be provocative but realistic. No im- 
peratives arc SCI down. Instead, the exposition 
inclines towaid options that the teacher can use 
to meet particular objective.s. using the instruc- 
tional .spaces that are available to him. 

Large Group Inslruciion 

The goal ol custoini/ing iu.struction for every 
.student ha.s tinned into a (jue.st for ways of pro- 
viding appropriate spaces and time for small 
group meetings, independent study, laboratory 
work, and tutoring. To .save teacher time .so that 
instruction (an be provided for groups smaller 
than niedium-si/ed and for individual students, 
it is necessary to balance such instruction with 
large group instruction. 

Since it has been estimated that about onc- 
thiid of all instruction that might be given to a 
niediuuKsi/ed group is typically one-way, large 
gioup instruction saves teacher time by reducing 
ciuplication. It is an efficient arrangement for 
reaching at one time all students who are study- 
ing the .same subject. Besides this rather obvious 
practical consideration, large group instruction 
can be employed to effect specific instructional 



functions. Experienced teachers of uiatlieinutics 
report success with the following: 

1. Motivating a new topic by presenting hi.s- 
torical backgroimd 

2. .Motivating a new topic by presenting 
practi(al probleni.s iiuolving applications 

:5. .Motivating a new topic by relating it to 

topi(.s .studied pieviously 
A. Introducing a new topic l)\ presenting lest 

items .similar to those that will be used to 

evaluate achievement 
5. Developing proof.s of key theoienis 
(i. Demonstrating techni(pies for problem 

.solving 

7. Presenting demonstrations involving large 
dynamic devices and mathematical models 

8. Giving presentations recpiiring the use of 
scarce or expensive ecpiipment (showing a 
sine curve with an oscilloscope) 

9. Presenting a fdm or fdmstrip and a sum- 
marizing conmien tary 

10. Pie.senting information not available 
through other soiu'ce.s— for example, notes 
from conventions, trips, field trips, or rela- 
tively inaccessible periodicals or iDooks 

1 1. Piesenting enrichment materials by detail- 
ing the contents of books and pamphlets 
in order to interest students in reading 
them— for example, w^orking a pioblem 
from Mathematical Challenges (18) 

12. Presenting information on professional 
and vocational opportunities in mathe- 
matics 

18. Kngaging students in recreational activi- 
tics such as "mathematical bingo" 

bl. Developing a concept, proving a theorem, 
or outlining the solution of a problem 
with which there is widespread difficulty 

1 5. Sunnnari/ing a unit by developing a topical 
outline and posing sample test qiie.stions 

16. Administering a test 

17. Returning a test and correcting errors 
made by students 

18. Making assigmneius 

19. Familiari/ing students with materials and 
resources available to them 
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20. I'lc-scMiino live iclc|)h(uic (oiiIcicikcs wiih 
i»ic'ai li\in,i» m:i(hcni;i(i( inns usino n spc 
rial |)h<)nc hookiij) with smdcnis being 
able lo ask (nicsiion.s 

21. .ModcTaiing a panel cli.scnbsion. 

Ik-sides bein» lypicdiy one-way. Iari»e i'U)ii|) 
insiruriion is leaclier ceiuered. The leacher lee- 
nnes (talks), uses (he overhead projector, wriies 
on ihe ( halkboard. shows lihn.s and slides. <»ives 
denionsiraiioii.s. and play.s tapes and records. 
Sonieiiines ilie leacher is a oncsi Icrnner. or ihe 
le.sson is presented over lelevision. Jn (he la((ei' 
insiance ihe '1art>c .i;roup" can be decenirali/ed. 
I hai is. siiidenis (an leceive iiisirnciion in .sni:dl 
rooms viewin^r television receiver, or in inde- 
pendent smdy carrels nsinj^* small .scieen receivers. 

Ihe smtlem's role in lar^e <;roi»p insirnciion 
is usually rcsiricied lo viewing visuals, observing 
denu>us(raiions. lisicning. and taking noics. Oc- 
casionally (he leacher may ask an individual 
siudeiu lo pieseni a paper he has prepared, give 
a .soluiion lo a problem, develop a proof, or 
lake pan in a sociodrama ihai is planned lo 
nioiivaie some facei of maihcmah'cal in<piir\. 
IFowever. such direct involvemeni by a siudeiu 
is ai ihe discreiion of ihe leacher who is in 
chaige ol ihe large group, and. in general, ihe 
siudcnrs role is one ol giving aiieniion and being 
receptive raiher ihan pariicipaiing aciivelv. 

Preparing for a large group insirudion session 
demands moie creaiiviiy and nigenuiiy ihan does 
preparing for smaller groups, where ihc give and 
lake of discussion can hold icachcr and Mudeniv' 
together. 

In a laige group presentation the teacher 
shoidd rely on broad effccis using simple, pene- 
trating e.viplanaiions: easy, ollbcai e.xamples: 
drawings, pictines, and <artoons; and thought- 
provoking (picstions (perhaps iniroduced as 
potential lest cpiestions) shown on prepared 
visuals and handouts. The opening and critical 
parts of handoius should be displayed wiih 
visuals. 

A laige group prcscntaiion should have a 
readily di.sccrnibic structure, because the student 
will gain much of his stimulation from his com- 



piehension ol ihis strudtnc. Teachers .should 
make a (arelul esiimate ol what studenis can be 
expected to gra.sp in a huge gioup piesentaiion 
and should lesisi the temptation to cover a topic 
(oinpletely. A huge group is better used to siinni- 
late interest in a topic or to explain a .small poi- 
tion of it than U) give it e.xhausiive treatment. 
The moeiing of the large group .should lernii. 
nate with an open-ended assignment, olfering 
sttidents a sen.se of direction for further study. 

l5elow are several principles to observe in pre- 
paring for a huge group presentation. 

1. More materials should be prepared than 
aie c'.xpected to be u.sed. in case the piesen- 
tatioM takes less time than is aiuicipated. 

2. The mnnbcr of major ideas shotdd be 
liniiied. perhaps to as few as one or two. 
Astibstimie pi esentation shoidd be readied 
to be available in case ol emeiuencv. 

I. .Several illustiative e.vamples .should be col- 
le<ied lor each idea to be developed. Prob- 
lem .solutions should be handled fiom 
several points of view. 1: is a rare pioblem 
that cannot bo looked at or done in .several 
dilferent ways, 
following a large group session sutdenis 
should be given opporttnn'ty to rec.viunine new 
niatejial in small gioups and to confront the 
subtleties, (pialifications, and exemplilications of 
the new material in independent study. 

The optimal length of a large group .session 
is unknown, but in any case should last no longer 
than mental alertness lasts. That time will vary, 
but forty nn"nutes is a good average length. 

What is thejna.xinnim munl)er of students that 
<an be instructed elleetively in a large group? 
This depends partly on the age and mamriiy ol 
the students. At the secondary level 150 to 200 
students is the largest grotip advisable, but at the 
elementary level not more than 100 .should be 
given instruction at one time. l*hc actual number 
making np any large group will depend ulti- 
mately on the nnmbcr of students who aie ready 
for the experience and also on the size of the 
space that is available; students will learn best 
if they arc comfortable and uncrowded. 




FicuKK 2.-J. Lorjrc iryonj) spocc iiscd fov mathe- 
matics insiruciion in White Bear Senior /•//>// 
School, White Bear Lake, Minnesota. This 
space is cquil)l)ed 'with an ol)crahle xvall that 
can he nsed to form two medium-sized grouj) 
spaces hy extendinir the operable wall to the 
front of the room (see inset). 
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The success of :i laigc .^ioii|) nicciiiii* cicpciuls 
not only on the carcfnl choice and arrangement 
of conieni. hnt also on elficicnt management. 
It is essential tliai meetini»s of lari»e nnmbcrs of 
stndent.s I)e vuw smoothly. To leave the teacher 
free to concentrate on the presentation itscif, 
assistants should take care of clerical and me- 
chanical tasks such as takini» attendance, collect- 
ing papers, distribntino handouts, moving dem- 
onstration tarts, adjnsii!:^ projection screens, 
room darkening, operating film projectors, ad- 
justing sound amplifiers, and the like. 

All e<pM"pment and mechanical devices must 
I>e in good working oidcr and in the right place. 
The intended ellect of a carcfidly prepared slide 
presentation can be spoiled l)y awkward pauses 



taken b) the teac her while he gropes for a phi<r.in 
or removes from the piojector slides shown up- 
side down or in the wrong order. 

A large group instruction space should he 
arranged so that every student can sit comfort- 
al)ly. bear well, see well, and have a smooth 
writing- surface. Rows of deskchairs or two-chair 
formica-topped tal)les fastened down on terraced 
platforms with the rear rows elevated is an nr- 
rangcmeiu that meets most of these recpn' rem cuts. 
.-V space equipped as described is especially suited 
to instruction of large groups in mathematics 
(Figme 2.^1). Another possibility is a school audi> 
torimn with the floor sloping downward to the 
from and theater-style .seating with each scat 
equipped witii a retractable tablet arm writing 



cn.Ap ri-R TWO 



sni(;i(C". A l;n|;c *»n)ii|) space iikv Uiis is oficn 
Used l)\ iciK hers of viiriouN Mil)jc( i.s. \ nic.nis 
.s|)C( i:ili'/c<! fciiurcs needed for insii uc n'on 
of l:iri*e ^^ronps in ina t hem. i lies may he lackiiii*. 
I.art;c ^^lonp spaces .should \)c air-conditioned 
and u'indowless. and soniid ainplific aiion should 
I)e designed so thai cver\ Ntudeni can heai*. A 
<;enei:d puipose i;\inn:isiiun-audii(>riuni is uoi 
suii:d)le. 

because projecior.s of (h'lleieni lypcs are used 
lre(|uen(l\ in hu|*e ,i;roup iiisiru( lion, the elle(- 
uveness of differeni projectors as leaching lools 
shouhl be .u( uraiely assessed. An in(hspensal)lc 
ie(pnrenieni for t»o()d viewing; is a hir<^e screen 
suspended Ironi the ceilini^. Kach lype of pro- 
jector should i>e locaK.'d in :i handy place, and 
iheie should he a Nudicieni nunil>er of easily 
a((essi!)le elecirical onilets. Motion picture and 
slide projectors shoidd be placed at the back of 
the room to niiniini/e distiac tion. Snice the over* 
head projector is prol>aI>ly ihc most tised of all 
projectors, it should I)0 positioned so as to be 
imniediateb available to the teacher without 
obstiuctinj; stndein viewing. 

Sotnul anipliliers shotdd be part of the s( hool'.s 
total atidio .s\stein. and theie slu/uld be pio\ision 
for receiving television pi'oj»rams. 'l*o be opti- 
niall) ftnu tional. a lai<;e .s^ioup space shoidd have 
.1 media tiansmission center where a microphone 
and overhead projector arc located, along with 



I emote contiols for raising a km I lowenng the 
\ie\viiig Mieeii: staitiiig (dm piojcMors. tape 
playeis. and clis< pla\ers: and tuiuing <m) tele- 
vision leceivers. 

Teachers oi mathematics usualb make libeial 
tisc ol c halki)oaicl>. m» tlic amount oi c h.dkboaid 
spac e nnist be adecpiate ;nicl appropriately placed. 
One clesiiable arrangement is to ha\e at least two 
huge panels nuMnued and cotmterbalanccHi so 
that the\ can he raised or loweied at linger 
totich. .Mtdtiple panels can :dsc) I)e momned to 
be nic)\ecl sidewa\s (Kiguie 12.")). Kither arrange 
nient increases the total amotun of chalkI)oa)cl 
space available for teac'her use. 

Small Group hislrucliou 

Small grotip iusiruc t ion alloicis stticlents cer- 
tain tuiicpie opportunities for learin'ng mathe- 
matics that aie not present in other instrtic tional 
arrangemems. I'lie most acbantageous of these is 
that the sjrticiure of a small grotip encourages 
students to become actively involved in the learn- 
ing process throtigh interaction with each other 
and with the teacher. 

Idealb. a small grotip shotild have Iron) seven 
to fifteen inend)ers. A group of this si/e will gi\c 
each student a chance to piesein and defend his 
Ideas, ask and answer cpiestions, lellect on atui 
criticize the staieniems of others, check InuKhes. 
and form conclusions. Increasing the group be- 



FlCtJKK 2.5 

Muliiplr-lJOiirlrd rludhhoitrd witli 
each paiirl rasiin;^ on a .sriutrair 
liorizontal hack 
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\(>n<l fillccii will (Icpiivc nicinhciN ol »ulc(|ii;nc 
n|)|)(>i uiniu lo uikc |):til in (Km iissioiiv Rcdiu - 
iii^t; ihc i>r()ii|) Ik'Iow >cvcii will icdiKC Uic fiic 
(ion and Miinid:iii(Hi needed lo ,t;cner.n( diMns^ 
siou. A ,i;i(>M|) oi iwclvc IS |)H>l):il)ly the o|)MMi:d 
.si/c. A> Manl()\e and nr<;«;.s .miv;i»c'nI, 'MV^Ila|)^ 
I here In .^ood lea.soii uli\ no luow ihan iwclvc 
aic (Ml a jni y and wlij dicrc wcic onix iwclvc 
apoNiles" ( 12. |>. 2 I). 

A^ a I'fiifral puncdnic Misall groups >li()nl(l 
noi have a fixed ici;iMraii()n hni .slionld he 
(»i«»ani/cd i<> nicci pauirnlar j)ni|)()NCN. 'I'lii> 
iiieaiiN ihai il a nIikiII ;^i'(>n|> >ei'\eN ii> |>ni|)()>e. 
incini>ci.slii|> in ii v. ill keep i:lian<;i:ii> as indi- 
\i(lnal needs ariH- and aie iiiei. Al an\ v»iven lime 
iiK'ini)erNhi|> in a Miinll i;M)n|) will he ha^e(l on 
>()!nL' insii iK (ional need. |)io<;n ss lc\el. (onnnoii 
inieresi. or assij^ned ia.sk. 

Small ,i>r(>n|) ince(ini>s iiia\ he (oiueiied in 
U's|)oMse lo re(|ne.sis U\ siiidcnis: ihcy (an he 
(ondnded on :i ;d:(r hasis in conjniK (ion wiili 
l;ni»c ,t;ion|) insnndion: oriliey (an l)e oij*aiii/e(l 
M any lime lo handle panimlar insiriieiional 
needs peixcimi h\ iljc lendiei when nioniioiinjr 
indepeiKieni .sind\ (c.<(.. lo reieadi an :dj;oiidiiii 
lo a small j»roM|) of .sni(leni> who arc haviiij; 
diflirnliy). 



•Small i;i()ii|).s can he oi^aiii/ed lor ihe |Hn|)o.se 
ol leadiiiij^ l)aM( (oncepis and >kill,s. For in- 
.siaiKc. in ilie prinian grades a .small i»ron|) in 
nialhemaii^.s ( an ser\e mudi ilie >aiiie |)nr|)oseas 
llie laniiliar readinj; j^roniK iliai is. u> j;i\e ea( h 
sliidem sn[li(iem o|>|>oi iniiiix lo le.nii basic skills 
ilironj^li diied |)arii( i|;aiion. Sndi pariicipaiion 
(an he eiuomaj^ed h\ means ol (()m|)e'iin\e skill- 
l)ase(l •»ames and ilie nse ol drill and |)racn(e 
(ards. 11 die .sindeni is learnin;^ eoiuepLs. his 
|)aniei|)anon (an he eiuonra^^ed hy means of a 
j;nided discovery approaeh ihai relies on ilie use 
ol inaiiipnhnive niau'rials. (Ii.s|)la\ elian.s. and 
( lialkhoard demonsi rations. 

A relaied purpose loi oi j;ani/in<r a sinall monp 
is lo icinforce toiiccpis and skills wiih iho aid of 
audio drill lapes. Sliidcms lisien lo and wiiie 
responses lo preiccoi ded eNcrci.ses and ilien cor- 
rcci each oihcr's work. (Wiih (cnain (onnner- 
eial!\ prepaied lapes sindenis can corrcci ilieir 
own work.) ..Mier iliis. sindenis |)air oM' and 
assi.si cadi oMiei wiih cxcuiscs ilie\ wore not 
ahle lo compk'ie alone. The ninnher of .sindeni.s 
who (an work ioi>eihei nndei iliis .inani»emeni 
is limiicd h\ ihe nninher of headseis a(<onnno- 
daicd hy ihc e(pnpment ihat is used. Usually ih'.' 
maximum nnml)cr is cii;ht. 




CIIAP TKR TWO 



A in;ij()r piiiposo (or holdin** small .i>i<)ii|) >cv 
sioiis i*^ as .1 l()ll()\v-ii|) for l:ir«»c j^ionp insinu- 
lioiK "Dk* ifu iinu (ioiiN ol micIi Ninall i*ion|) 
sessions ;iic' lo aiuplify. <l:irlf\. :in<l give ;i<l<li- 
lioiial iiisniiciioii on ('oiitciu prcNcnicd in huge 
gioiip sessions. Sutdcni.s c:ni ask ;ni<l ;inswcr <|ncs' 
lions and .sli:nc inicrpiccnions. Tlicy (.ni also. 
(Inougli giouj) discnssion and ^nggc.s(i()n.s fioni 
ihc sinall gionp icaclici'. gain in.sighi inio their 
own individual learning |)ro(CNscs. TliiN (an help 
(hcni l>c'(onic more racptivc lo the inTormation 
i»i\ cn in the laigc group presentation. The 
teacher should poini up (on(('ptN :nul (onect 
errors o! lact in thinking Irom the .sidelines, il 
poNsihie. rather than from the chalkhoard. Uy 
lisieuing to students' (piestioiis and hearing theii 
reactions to ihe large group pieseutation. the 
(earlier (an (»I>taiu feedhack to pass along to (he 
large group presenaM* and ideiuify .students who 
need spedfu tutorial assistance in order to make 
pi ogress. 

A small group ran he organized to Dieet hefore 
as well as alter a large group session. When a 
new* topic is to he developed in a large group 
session the .sin.dl gioup nia\ he divided into .sub^ 
groups, with each suhgioup asked to take carelul 
notes on one aspec t ol the large group presenta- 
liou. Kach subgroup tlien prepares an in*deptli 
re|Jon and presents it to the small group— one 
perhaps on the proofs or technicpies develo])ed 
in the huge group session, one on applications 
of the mathematical principles presented, and 
one relating the new ideas to pieviousK learned 
material. 

Following a large group session, a small gioup 
may gather spontaneously and ask the teacher 
to hold a pio!)lem solving session. Through col- 
laboration in Working problems students can 
gain the (oufidencc needed to Hud solutions. 
Problem solving sessions ha\e panic niaily high 
motivational value just before <pii//es or tests. 
The cpii//es and tests can be administered orally 
to the small group: students often fnid the 
competition stinndating and learn a great deal 
liom each other. 

In the case of a particularly puzzling piob- 



lem. a brainsunnn'ng session may be in oiclei lo 
obtain suggestions loi atiac king the problem. 
lh.«insioini!ug can lead to iu\cutivc\ innox.uive 
solutions thai uo .student would h.ixe thonglst ol 
l)\ hiniNclf. IWaiustorr.sing is also valuable to 
gather ideas for applications ol skills, concepts, 
.nicl technicpies attcl to lottttttlate gc netali/ation.s. 
(aiticisnt attcl c\.dtt.uic»u h\ eitliet the teacher ot 
studettt.s ;nc' otn of pl.ice in sessions like the.se. 
rile put pose is to generate a cpiautit\ ol ideas 
iuc luditig all maimer of variations, combiitit 
ticm.s. and tecoiiibinaiioUs. 

In a similar way a small gtotip oi students 
with a common inietest in a topic, related lo bin 
not pari of the regular cittriculutn may be 
brought together to wcnk on ptojects. 

Still another purpo.se lor orgaui/ing small 
giouj)s is to bring together .students who wish 
to cany out an experiment, plan a field trip, 
prepare .1 mathematics eNhi!)it. or get teady foi 
a mathematics contest. 

Final I v. at near I v everv level there are small 
gtoups of slow' learuets who need to be bnmgitt 
tc)<jetlter to <»c) over more slowK attcl deliberateb 
tnateri.il that was ptesented e*ulier itt latge group 
.sessions. 

The role of the teacher who has tespottsi- 
hility lor a small gtoup will var\ with tlie 
ability and ntatinity of the group and the objec* 
tives for which ibc group is organized. 'Flie 
teacher can be in chatge: he can participate as 
an active member of the group; he ran be an 
observer; he can work with half the gtoup and 
let students itt the other half direct themselves: 
or he can serve as a consult :ittt. With younger 
.students the teacher will usually need to give 
fotttt to the work inidei taken by the gioup by 
providing |)artially completed m:iterials, select- 
ittg attcl ttt:ikittg available ntanipulative devices, 
and :i.skittg cptestions tlt:it stintitlate thinking. 
Sotttetintes the te;icher and a few good .students 
c;itt serve as tutors for members of :i small group. 
And sontetimes the teacher .serves :i .stttall group 
best by beittg iib.settt. With no :tutltoriiy piesettt 
to settle differences students :ite forced to rely 
on themselves in checking solutions to problems. 



l()iimil:nin)L» ,i»aKM:ili/:nions. (Icicnnininj* ihc 
of p^o()l^. and so on. 
riic fic(|ncn<\ Willi wWuU ;i Miiall yt^ump 
sluMiId mccs will vary with the ahilil\ and maun- 
il\ ii\ Mndrnis and wiili ilic pnrpoNc for which 
ihc .i-WMip i.N ()ri»ani/('d. In die priniary «;radc>. 
Mnall <»ioii|)s oi<>aiii/cd lo learn coiucpis and 



skills may need ineei evei\ day for iwcniv 
niiniKev In die hii>li MlKud each Mndciii .should 
ha\e die oppouiini'^x w prniiripaie in a Mnall 
Uioup alxnu iwi<e cadi week in sessions laMin.u 
ai leasi Uu {\ iiiiniiu%s. 

A:\ elloii .should he made lo (onvene Mri.ill 
.i^ionps in appropriaie .spares. .Some possible 



hici'Ki' 2.7. Shajfcs o/ Mth U *^r(n:f) ^jnuo and MUttiiio t (fnlt^^nraiions 
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;iic:iN .lie icikIrt.s' olHccs (when noi in a 
w'Uh (Iwiiis in ;i (cnicM* of the i.^fcicii:! or 
on :i {>:iiio. ;in alcove in :i standaid-si/cd ( Ia>v 
loom or lihiaiy. clasMooni adjniii't .spaces, (or- 
lidor benches, or .small areas nieaiu for lelasa- 
(ion. Students slionid l>e able to sit la('in<; one 
anothc). in order to eidiance inierartioii and ex* 
rhan<;e oi ideas. Ideally, of (oui.se. small j^ionp 
spaces shoidd he in pioNiniity to the mathematics 
le.soiirce centei' .so that stndent.s can have easy 
access to teNll>ooks and other printed materials, 
fihns. tapes, and mochds. A specialized small 
(^ronp space should he furnisiied with tables, a 
mol>ile mathematics unit or cau. and enoiii^h 
(hairs lor twelve to fifteen students, the teacher, 
and possil)ly a .i»ue.st or two. 'IMieie slioidd hi' 
plenty of chalkboard space, viilior portable or 
fiNed. .Small i>roup spaces shoidd me.'tsiu'e aI>oui 
200 to 250 scpiare feci and slum Id be r<'aMmahly 
soimd proofed, well lij;hted. and ventilated for 
.stu(fent comfort. A stancLud-si/ed chi.ssiooni can 
l)e re( ounnissioned to acconnuodate two or duee 
sma'd groups by installint; slidinj^f or foldint; 
partitions. 

Malhe.uiatics Laboratory 

The mathemati(s Iaboraior\ devcdoped as a 
.separate instnu tional arrangement throui>h dif- 
fereiuiation of instructional fiuK tions oriirinally 
performed in the self-contained cla.s.srooni. and 
these specialized Laboratory fnnction.s have since 
pioh'ferated so that it is no lon<;er possible to 
:icc(>imnod:ue iheni all in a single space. In view 
of this situation, several types of mathematics 
laboratory arrangements are described, along 
with appropriate .spaces for each type. 

The Kngli.sli NiifTicId Project siresseji labora- 
tory learning in the primary grades through 
infoinial exploration .51). Listed below 

are some of the specific investigative procedures 
that characterize the project. Engaging in these 
can help the yoimg student develop an interest 
in and an awareness of mathematicql concepts. 

1. .Sorting and grouping objects 

2. Pairing off the members of two sets of 
objects to determine if the sets inatcii 



.S. C'.liecking the fosuness of fom. the li\encss 

(»f fi\e. and .so on 
>I. Putting puzzles togethei 
f). Measuring all sort.s of objects 
(5. |-illing spaces, pouring water or sand fiom 

a cup imo various containcis 
7. Oideiing (oniaineis a(((»idirig to <ap.i<itv 
.S. Oidering cliildien accoiding to height oi 

weight 

9. Using a balance made of a coat hanger 
and two little pails to compare weights 

10. Making graphs with i)lo(ks. buttons, chips, 
or pi(tme repetitions to .show < onipari.sons 

11. Kxperintenting with objects to deteiniine 
relations such as which objects in a set aie 
laiger than, .smaller than, or the .same .size 
as a given oi)je< i 

12. V'sing lelations to establisli sei.s of ordered 
pails 

For example, the reh^'tion "will float on'* 
delernunes the oide:ed pairs (ball, water) 
and (block, water), but for pairs like (nail, 
water) the relation is "will not float on." 
I:{. KNamining the properties of a relation 

Does it work if you .say it backwards? 
This can lead to di.scussions of reflcNive, 
syinmetrie. and transitive i>roperties of 
relations. 

11. Cond>ining and partitioning .sets of objects 
and relating tfiese actions to addition and 
sul>traction 

IT). Tiling a .surface or making floor patterns 
using .scj'.iarcs, rectangles, pirniominoes, or 
other shapes 

HI. .Measuring distances with a ruler or trun- 
dle wheel 

17. Finding ureas of surfaces by covering them 
with .small l)locks or tiles 

18. Creating or discovering symmetry by fold- 
ing napkin.s, paper, leaves, and .so on 

10. Plfcying mathematical games. 
.'Ml these explorations are intended to l)e 
imstructuretl. and informal and to l)e carried on 
in an atmosphere that is reasonably free of direc- 
tion. As students advance to the intermediate 
grades laboratory learning should be encourage;! 



INSTRUCnONAL SPACI-S 



lo {ollow illis NC(|iiciii(': (.iiryiiii* oui iti\cMi<;a* 
lions with tiiodcLs ntid (luiaiiii( devices. ioniiiil.K- 
li\|)()ilic>C's Ii.ised on ()I)sei \.iii()iis oi nie;i.surcd 
d.iia. ic.stiii.i; (lie li\|)odie.se> 1)\ (Otiiplcnntr addi- 
(ioiial (rials, and (oninuini(.((inf> (he ics(d(.v l>e- 
raiisc (lic.Ne learn in ex|)erien(es aie of (en liij»li- 
li.i*li(ed \)\ e.\Li(ini; diMu.ssions anion|i» .s(ndeMU 
and tcadier.s. (he\ .should he (allied on in Miiall 
«»ron|)s. 

The fauliiies for a ina(lienia(i(.s c.\|>loia(ion 
lal>oia((>i\ should iiulnde ade(|iia(c cupboard 
and shelf >|>:$(e to s(oic an ahiuidaiit .sn|>|)!\ of 
various!) colored ol)jec(s of many shapes and 
si/.es. models and manipida(i\e dc\i(es. simple 
nieasnrini* iiisd uiueni.s. boxes, (on(ainei.N, "aiiics. 



and puzzles. All these nia(crials should be leadily 
a(((ssil)le when needed and ou( of die way 
when n(i(. There should be siiik.s uidi ueaibv 
lable .spa(e. floor areas where (he s(nden(s (an 
f;a(liei in .small <;i()iips, a puzzle and <»ame (en(ci. 
and an area for ciu (in.!* and p:is(iiitr. 

A (eaclier a( a nii(lwc.s(ern nniveisi(y 1 a bora- 
loiy .school wan(c*d lii^li s( liool .s(U(leii(s to lia\e 
:in oppor(uni(y (o desii^n and make nia(liema(iral 
models, make and .solve niadieiiKUica! |)uz/.Ie.N. 
organize c(>!ie((ions of lealia. prepare demon- 
.N(ia(i(>ns for pre.Nen(a(ion before lai.»e and 
iiiedi II nisi zed j; roups, prepaie exliibi(s for 
nia(licnia(i(.s fair.s. and do indepeiideiK re.Near(li 
proje( (s. The (ca( her de.si.i^ned .1 separa(e fa( ili(y 
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iIkiI iiu Uidcd .1 ( i:ilLMii:tii\s workhciich: kiunI- 
uoik (oiiiilci.s uiili \\:iicr, j;:!.^. :ni(l clcciri- 
cil milk'i.s: c Mipciilcrs' iii:u'liiiiiNLs' 
lool.s :iiicl :i cihiucl lo Nlorc iliciu: :i hii«»c 
|):t])ci ( iilKM. M'lic ioi:il Moor N|):i(c(>i llii.s Ijciliu 
is :il)(>iu li:iir llic .si/c ol :i NUiiuhird-.si/al chiNs- 
room :iiicl will :ic(oiiiiiio(hilL' lioui ncvcii lo icii 
suiilcnis :ii one lime. The hiciliiy Ikis the :i|>- 
|)e:ii:iiice ol :iris :iii(l lkiTis n1io|) and (oidd he 
(oiiveried into one I)y :iddiii(; iiiei:d :iiid wood 
hilhe.s. :i M>lder-:iii(ht>hie heiu'lu :iud :i piiiiil 
liood. 

A diiid kind ol iii:iilieiii:iii(.s l.u >r:uory is 
one in whidi .siiideni.s le:irn lo n.se nie:i.snring 
and dniu'in!; in.sinnneiil.s. !.:ihor:iiorie.s ol llii^ 
kind involve in.sli nclional Innclions :n'e 
(oniinon lu hoih ni:idieni:uies :nid indn.slii:il 
aits. .Some of ihe .specific .skills a .sUident can 
learn in a inea.sm'inir and drawinir lahoraiorv 
aie li.sied helow: 

L Mea.snrini* di.siaine.s widi a Rolaiape. car- 
peniei'.s ink\ and en«^ineer'.s lape 

2. Reading e led lie. waien and gas meieis 
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l'.sini> veniier (.dipei.s lo olxain inside and 
om.side inea.snreiueni.s 

Measiii ing llie diii kne.sN ol wiie u iili a 
inid'onieier and uiih a uiie i^ani^e 
.Mea.sining ueigliK using .sprinj^ .stales and 
halance .scale.s 

KNlini;iling weigln.N. volnnicN. and di.siantes 
iLsing an appiopriaie iniii 
MeaNining angle.s widi iiansiis. se.Manis. 
and proiiaeioi.s 

Clalcnlaling aiea.s. vohnne.s. inac(e.ssil>le dis> 
laine.N. and piodnclion cobis ha.sed on ac- 
iiial meabinemeiiis 

l'lnhn<^in*; a drawing nsiiig a pantograph. 
:i piopoilion:U divider, or primer's propor- 
tion blide iide or l>y the method of radia- 
lion 

Ubing a pel cell lage proiiaeior lo u.ake 
circle graph.s 

Finding die aieas of irre<^uhir .shapes hy 
(oniiliiig .s(]naies 

Cailling paper slock, hniiher. and fahric lo 
>'ei the maxinumi ubat^e 
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13. Using a scale ruler lo make charis, ij;ra|)li.s. 
diagrams^ floor plans, and nomographs 

I I. Usini^ uy stpiares. miier squares, and .slid- 
ini» T l)c\cls u> lay oui an<;lcs. 

The si/e of a nieasniing and drawing labora- 
tory depends on die number of snidenis lo be 
aaoniniodaied. A siandard-si/ed classroom is 
large enough lo enable iwcniy siudcnts to learn 
and lo praciicc ihc skills indicaicd. The fmiiish- 
ings of I he rocmj should include floor-io eciling 
sU)rage c;d)iueis (apabic of holding all nccess.iry 
instruments and field e(piipnieut. huge iai)le.s 
for making drauing.s. a uaist-higli counter aloni^ 
one side uall for measuring and calculating, and 
a chalkboard along the length of another \\*all. 

In recent ycais another kind of mathematics 
lai)oratory lias appeared in some schools. Gen- 
craL remedial, consumer, business, and sh.op 



mathematics ctnrictda in the secondary scliools 
and the tipper elementary grades have been re- 
structured to incltide iustrtictional objectives 
involving the tise of ten-key electric calculators. 
In this type of laboratory the students niake 
[low charts .showing steps in addition. sid> trac- 
tion, multiplication, and division algorithms. 
They learn to calculate uith decimals tising 
calculatois. and they check papei' and pencil 
solutions to problems using the calculators. A 
calculator laboratory can be housed in a .stand- 
ard -sized cla.ssioom or ecpu'valent space. Kiu)ugh 
calculators should be available so that each stu- 
dent, or evei\ two students, can have immediate 
access to a calculatc»\ One version of a mathe- 
matics laboratory of this type is shown in Figure 
2.10, Occa.sionally calculator laboratories are 
combined with measining and drawing labora- 
tories. 
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Pcrh:!|)b [he nu)M prc^iigious and cxciiiiij* 
maihcmaiits lahoraiory is ihc school (ompntcr 
(Cmcr. Hinphasis is placed on havinjj suidciu.s 
.solve- problems ami on reinforcini,^ concepts 
learned earlier, iisin.i,^ ihe compnicr. In addition 
ihe conipiiifr (an he nsed lor drill and practice: 
.sinndaiion of .social, economic, and political 
s\.siems: and j»anies of .stratej»\. Compntcr-facili- 
lated in.strnction is treated in detail in Cihaptci 
(k The .school computer center i.s iisnally a 
separate enclosed .space .set a.side to lioii.se one 
or nioie icmoic computer terminal.s and periph- 
eral ecjin'pmcni. Some school computer ceiuci.s 
also include de.sk-top (ompiuer.s. 'I he .si/c of the 
space that is needed for a computer center de- 
pends on ilie number of terminals to he hoii.scd. 
In most .scho(;ls a .space lari>e enough to 
aeconnnodaic a small !;ronp is adecpiate. 



This section on mathematics iahoi atories 
wotdd not he complete withont an e.\cni»sn.s on 
a combination mathenialicv.science laboiator\, 
win'cii .some advocate foi botij elementar\ and 
.secondaiy .schools. * It i.s .n.mied that the Integra- 
lion of nKitiieniatics with .science contributes to 
integration wiihin tiie .sinch of mathematics it- 
.sell and that learning mathematics through iis 
lelationship to natmal phenomena inlfill.s the 
lu'o-fold edncational need of most .sindenis to 
know mathematics and to know the leal world. 
It is fin ihei aigned that since ihe.siiuh of .science 
depends on nieasmemeni and the iheor\ of 
nieasincmcnt is essentially mathematical, teach- 
ers of mathematics .siioidd not conline the sindy 

I. The lationalf ;ui<I dociipiioii of I he- iuaihcinatits aiui 
>ciencc laboraioiy ptocnicd in this .sctiion aic adapted 
fioin an ailicic l)y Kngcnc K, IVckiuan ((*()). 



l-icnu. LML Mailicinaiicwsdrmr lahoiainry in Uw Coldrn Valley Middle School, (k)ldcu 
Valley. Miuu(:so(a. This laboralory /\n plaiincd for u.sr by fifth- and .sixth-grade students. 
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ol HR'aMncinciii lo .space and liinc and ilic conni- 
in<* ol nionc) Inn .should extend it to ihc 
nu'aMHcnicni ol inc(haui(al. thermal. elcvtri<al. 
and chemical energy. iMuihennore. lornuda.s 
funn science shonicl noi sim{)ly he hioni^hi in 
.IS lac ts to he jni>j»led. Instead opporuniiiies lor 
deallni* with (piantit) in science shoidcl lollow* 
this |)ath— oi)sei \atic)n. measininj»; (and count- 
int;). manipnlatint^. reason in<5. <^enerali/ini;, and 
(mail) c.\piessin<5 a lelaiionslup i)\ a lornuda. 
When this occms the mathemaiics lahorator) 
and the .science lahorator) are one. Accoiding 
lo this point ol view exjjen'eiues with science 
eni>c*nclc'r ideas; ideas arc next xerhali/ed and 
hnalh expressed as fonmda.s. The iollowins^ list 
suj^i^esis some ol die steps suidents in a inathe- 
maiics-science lahorator) niii^hl pursue as j)art 
ol this proi^iession: 

1. Ohtaininir data b\ conntiui^and nicasurint* 

2. Oroani/int» data in a s\sicnialic \va\ 
Formulaun<5 hypoUieses ba.sed on recorded 
daia 

1. Tesiinj; h\j)olhe.ses 1>\ peituimini> actual 
lahoraiory lesis (e.g., do ilie forces balance; 
docs the metal expand as hypotliosi/cdr) 

:"). Maki ng graphs lo solve problems thai can- 
not be .solved experimentally (e.t».. com- 
poskion and resolution of loices and veloci- 
ties) 

(i. Observing and making measuremenis of 
phenomena involving growth functions 

7. Kx pressing i-elationshii)s among physical 
phenomena by lonnulas. 

Any standard -si /eel classroom is large enough 
loi a mathematic.s-.science lahoraton and so are 
spaces hall thissi/e. A room used lor this purpose 
should have work-top spaces, each caj)able of 
accommodating irom one to fnc students work- 
ing on a pioject, adecpiate storage for all ccjuip- 
ment and apparatus that may be used, chalk- 
board, a large demonstration table for experi- 
mems involving large material.s. bulletin board, 
cabinets U) stoic unnnished projects, a map rail 
to hang chaits. glass clispla) cases foi mc^clcls. aud 
.secm'iiy cabinets for expensive instruments and 
tools. All work"to|) spaces should l)C ec|ui|)pccl 
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s)nall i^toiijj of rlcittrjilai) .school sludc.nls diLslovd iu 
a itKUhcffiatirS'M'icncc lahoraiory 

with electrical outlets, gas and water, sink, and 
disposal for lel'use. 

Independent Study 

It is imj)c)rtant that a suident of mathematics 
lia\e opj)oruinities to study independently— to 
work by himself, at his own pace, in his own 
way. Mathematics is not a spectator sport. To 
leain it, one must play the game. In independent 
stud) the student has an opportiniii) to .seauh 
lor alternate ways of solving a j)rol)lein and to 
check his solutions, tin disturbed by the kibit/ing 
of others. He has an opportunity to digest ideas 
piesented to huge grouj^s or to pin sue the nuni- 
fi cat ions of concepts, problems, and proofs clis- 
caissecl in a small group. Me has a chance to 
imestigate a topic in which he has a paiticulai 
interest or to uiicleitake a creative pioject that 
will last over an extended period of time. In 
independent study he has die opportunity to do 
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ihc (lclvini>. iniuoinino, imillino. inniiiing. and 
.micssing thai he alone can do for hini^ell. Some- 
limes it will frusiraie liini. More often it will 
<^ive him satisfaction. Occasionall) it will exhilar- 
ate him. 

The student can study independently in a 
inmil)er of ways. He might read a te.Ktbook, 
pamphlet, or .student journal. He might u.se 
audio cassette drill tapes, (hill and practice fihn- 
stjips and film loop.s, drill and practice kit.s, and 
programs presented on electronic computer ter- 
minals to leinforce concepts learned eailier and 
to master computational skills. He can puisue 
a programed unit, either in a printed te.xthook 
oi on a learning- machine, or use an individual 
filnistrip viewer to learn new concepts or to 
work ahead of other students. He can u.se 
modcLs, manipulative materials, and drawing 
and measuring instruments to do experiment.s, 
to determine lelationships and to sul)stanti«ue 
pioof.s. He can write a reseaich paper, prepare a 
report on a great mathematician, or make a 
matiiematical model or display. 

For most .students, independent study time 
should be incorporated in their individual pro- 
grams. Howe\er, it should also be possible to 
ariange extia time loi students who jecpiest it 
or who have been a.ssignecl a project recpiiring 
it. 'J he amount of time that a student s!k)u1cI 
cle\ote to independent stud\ will vary with his 
needs and interests. The elementary school stu- 
dent in need of drill and practice should proba- 
!)1\ not spend more than twenty minutes a clay 
at independent study. On the otiier hand, a 
!)right student may find it profitable to spend 
fiom one-thiicl to one-half of the time he devotes 
to mathematics stiidving by him.self. Successful 
students at all levels can be e.vpected to spend 
progressively more time studying on their own 
as tlu'y matiue. .\ few student.s. particularly slow 
learners, ma) ne\ei be al)lc to study mathematics 
on their own; insisting that they do can cau.se 
them to develop a dislike for the subject. 

What is the role of the teacher in independent 
study? This depends upon the ability and matur- 
ii\ cjf students. Young students will usually need 



consicleia!)le super\ision to keep them engaged 
in le«trning because ol theii tenclcnc\ to be dis- 
tracted easilv. Slow learners shotdd have just 
enough «issistance to help them keep up with 
the other students and gain self-confidence* For 
older and more mature students the teacher 
should be availal)le to give advice and a.ssistance 
but siiould not supervise too c losci), The purpose 
ol independent stucK should be to help students 
become increasingly .scil-ieliant and self-directed. 

The kinds of .spaces in which a student can 
undertake independent stuck in mathematics will 
van with the way in which he intends to stucl\. 
using his own choice of instructional aids. He 
needs cpiiet spaces where he can concentrate* He 
needs spaces where he can view films and fihn- 
.strips and listen to rcToiclings. Iclealh. these 
types of sp«ues should be combined in a mathe- 
matics lesouice center. The student al.so needs 
to have access to the ecpiipment and mateiials in 
the vaiious mathematics laboiatories descril)ed 
earlier. To be useful for inclej)enclent study, the 
lal)oratories should be enclosed and in near 
pio.ximity to the resource center. 

l*\picall\. the cpiiet aiea of a resource center 
.should contain study carrels in which students 
can think, read, write, listen to tape recordings 
(using earphones), view film cartridges, and 
consult briefly with lei low students. Some ol 
the carrels should be ecpiippecl with listening 
«uul viewing devices. Carpeting is a must in the 
cjuiet aiea. and it is advi.sable in other areas. 
There should be shelving, book trucks and dis- 
play ecpiipment to acconnnodate and display 
books and pamphlets on .supi)lementary and 
enrichment topics, piogianied le.vibooks. inde- 
pendent .study packages, and periodicals. There 
.should be materials foi students needing leteach- 
ing. lor acceleiatecl .students working on ad- 
vanced topics and project.s. and for students 
engaged in exploring ideas (l)iowsing). Small 
collections of materials on special topics should 
l)e on .separate .shelves. The use of the materials 
desciibed can be encouraged by displays of 
new purchases, bulletin board notices, and ex- 
hibits of special collections. If books and other 
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maicriiiK arc in siglu and available, .siiidciiis 
will be inclined lo use iheni or ai least peruse 
tlieni. 

Besides ihe qiiiei area, ihe maiheniaiics re- 
Mnme cemer should have an area devoied lo 
andfo visual resomces. There should be projeci- 
(«-.s lor lihns. fihnslrips. and .shde.s, videotape 
phiycrs, and disc phiyers. Sindenis using sound 
e(jiiipniem .should use earphones so as noi lo 
disinrb .students engaged in other pursuits. This 
setiion of the resource center is not an area in 
which h'brary silence shoidd be expected. How- 
ever, if functions normal to this area are to be 
carried on, talking and other sound nuist be 
subdued. 

Speciah/ed mathematics resoiu'ce centers of 
the kind described are nioie common in secon- 
dary schools than elementary schools; however, 
there are elemental y .schools that do have spaces 
of this kind. In elementary schools the mathe- 
matics rcsoinxe tenter i.s usually part of one 
huge resomce center (sometimes called a learn- 
ing center) that serves two or more or even all 
subject areas. 

Quiet spaces for independent study can also 
be improvised outside the mathematics resource 
center. These should be individual niches away 
from traffic lanes, such as a small alcove, a 
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AdafHcd ftom (hawhii^s itj TIu- .Scliool Library: fniutal 
by fwrmhyuyu of the pnblhhn, FJucational FacUit'us 
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FiGLiRK 2.1-5. Three arrangements of study car- 
rels and bookcases in independent study areas 



ClIAnT.R TWO 



y iccnccl-()(l (orncr of ;i si.inclarcl-sr/ccl classroom 
or adjunct space, or even an cinpiy biooin closci. 
][ deserves nicmion ihai today's conccpi of indc- 
|)cndciu smdy spaces originaicd ai Melbourne 
IFioh School CFlorida) in 19r)7. where the fir.sL 
independent study space was a custodian's hrooni 
closei (S, p. r>!5), 'I'hi.N .space acconnnodated .six 
.students j)er da\. one student du rini> each of six 
periods. Where such .spaces do not exist and 
cannot he improvised, study carrels should he 
j>i()vided to ensure privacy. 'J'hese can l)e placed 
in corridors, in lol)I>ie.s, in the cafeteria, or in 
.special rooms set aside lor them (Figure 2.11). 
.Students usin<^ these cjuiei spaces .should have 
access to a.s many re.source materials as possible, 
citlier by proximity to the re.source center or 
ihroui»ii dialing acce.ss to materials located cl.se- 
where in the .school !)uilclin<; or even oiuside 
the builclinq^. Resource materials can also be 
stored and displayed on book trucks or rollinj^ 
resource centers. 




Ti(lori})g 

Tutorhii* [ocuses on the indi\idual. As tutor, 
the teacher en<>ages indirect face-to-lac e dialogue 
with a single student. Tutoring* may involve a 
lengthy onc'io'one instruction session, or it can 
be a student s cpiestioniug look answered by a 
teachers con(irming nocL U.sually it is something 
in between. 

Tmoring may grow oiu of the teacher's super- 
visory role in independent study, T\ni$ the 
teacher can cliagno.se cliiricidties in the .setting 
and at the point at wiiich they occm*. lead the 
student om ol mi.sconceptions. redirect him. and 
fnially .spin* him on to try again to work by 
himself. 

Another tutorial finiction is to test a student 
individually, and perhaps orally. Oral testing is 
especially helpful if tlie .student has written a 
'1)ad" test, for the teacher can adjust tlie cpicv 
tions so that he can tell what the student actually 
can do. Doing this can also help to reestablish the 
student's .self-confidence; he may fear that .since 
most of his test answers \\'cvc wrong, he knows 
nothing. 



FiGt-RK 2.M. A cluster of four study rands 
(lasi*j!^}iC(l for use in a cafeteria. At Itntrlitimc 
the xfisital harriers (an be loweied into the 
tal)leiolj. 
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The her m:i\ (ind it nc<c'sN:n\ to ictciidi 
lIic 5tti(lc!U c()iicc|>ts :ni(l .skills that he has 
learned cailic) and loigottcn or thai he ^h()nld 
liavc learned earlier htit failed to (oinpi ehend. 
Mtuli tnt()rin*» does involve .stuh leteachini^, hni 
luiorini* .shotdd nevei he allowed to degenerate 
into nioMotonoiis' diill. Sometimes the teacher 
will need to help a studem leaiii or lelearn the 
siep.s oi an ali^orithm i)y parsimonions prompt- 
ini». OI help him analyze a .statement to he 
proved by a.skiM<» prohini^ (jiiestions oi* gi\'ini.» 
hints to .stimulate the production ofluinche.s. Ar. 
inj^enioiis tiitoi will sponianeoiLsly generate the 
(lialot;n(' needed to hrini; the tntee to the "I .se<*I" 
^laJ^c. I'ollowiiio are some techni(pie.s thai have 
been irsed by snc( e.sslnl uitors: 

1. X'aryint; instniction so that the .student 
doe.s not t;et icstless: bieakino tip the 
actio!) 

2. Ilx plaining things .several times instead of 
jusi once, and explaining \u several dilFer- 
ent way.s: providing jnst the riglu amount 
of repetition 

:)» Pla)ing game.s with the student (suggested 
games: (ai(K board, and ^pinner games; 
baiileship: dominoes; sinudaliiig a .shop- 
ping tour) 

I. Making np games with problem cards 
5. IMaying "coriect the tutor" 

The tutor should make the same mistake 
^e\eia! lime.s in a row. so that the student 
gets the idea. 
(>. Asking the suideni cpiestioiis about himself 
tliat iinolve numbers 

7. Having the student try to gness the an- 
swers to problems before .solving 

8. Woiking problems with the student: laking^ 
tnins doing sncee.ssivc steps 

9. Making up prol)lems. ii.sing a menu or 
sales advertisement 

10. Writing answers to the problems that the 
student makes np 

11. Reading problems to the student and 
having the sindeiu lead problems to the 
tutor 



12. Having ihe .student lead directions and 
then checking to >ee ihat he can follow 
them 

\\\. Helping the student to (ut down die si/e 
ol a pioblem. to get started on it i,itionail\ 
rather than being overwhelmed by it. 
The student will learn more if the tiitorinir 
sessions aie pleasant, meaningful, and elli< ient. 
There are se\eral wa\s the teacher can arrange 
this. If a .series of .sessions is necessary, he mav 
wish to prepare a folder containing a ie<ord of 
the student's progress and also .some notes pcr- 
lainiiig to his inteiest.s. lie .should begin by 
working on the student's most important prob- 
lenis. without wearing him out In trying to lind 
every weakne.ss. He should be attentive to what 
the student .sa\s and coimnent on his successful 
elfoits. Finall\. to help the .student leave the 
.session with a good feeling, the last ta.sk should 
be .something that is eas\ for him. 

Tutoring is not just for the student who is 
having trouble wiih basic <ontent. It (an also 
beiielii the advanced student who is studvinjr 
independently. Such a tutoring session can de- 
velop into a joint attempt by teacher and student 
to produce a proof with both contributing and 
weighing one another's arguments. More often, 
the tutoring session for the advanced student is a 
time din ing which he can obtain advice. He may 
need sugge.stions for .sources of information or 
possible ways of resolving* dillicu it ies he has en- 
counteied. He may have Ijecome so engrossed in 
the nanow aspects of a lopic that he has lost 
sight of important lelationships that he must 
consider in order to progie.ss; the teacher can 
help him broaden his approach. He may need, 
linally. nothing more than eiu ouragemeiit from 
his tutor. Tutoring can provide the opportunity 
for guidance necessary to keep independent 
study from becoming aimless or bogged down. 
The dialogue can be a source of inspiration to 
the .student as well as an aid in teaching him 
to evaluate his own work. 

Tiie role of tutor is not limited to certified 
teachers. Other.s, such as college .students, par- 
ents, and comnuinity adults can serve as tutors. 
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Dnrinj; cvicli period ol ihc (la\ A and U-r 
dcni.s (an l)c a\ailal)lc in ihc independent siiuly 
area to piovidc liel|). .Stndenis sin(hin,i> the same 
conicni (an also mior each oUier. i'hcrc arc 
.studies to indicate that tntorin*; of one .student 
I)) anoiher .Ntndcnt often improves ilicadiicxc- 
nicnt oi botlh 

The ainonni of tntorino :\ student need.s will 
vary with ihc individual, but it .should never 
l)C allowed to heconie the steady in.structional 
diet of any student. The teacher shoidd aim ai 
makin<; the student (onlidcni and self-rclianj. 
capable ol study! iii; by himself ;uul .solving prob- 
lems on hi.s own. 

The kinds of .spaces needed for tutoring' 
are as varied as students" need.s for tutorini;-. 
Tntorinj.' can lake p^t(e at eiiher ihe teachcr'.s 
or siudcnf.s desk, at the .students work space 
in a .separaie mathematics laboratory, or at a 
computer terminal. Occa.sionally a corner {>r a 
.space dcsioned for small j^ronp mectino.s will 
do. For example, a leacher may lind that one 
or two .students ol the i»ronp need individual 
help, so he may .spend .some time wiih thcni in 
a corner while the other members of the *»roup 
continue nearby, working singly or cooperative- 
ly. Usually some space more private thaii these 
works better, perhaps the teachers olfice or a 
small conference room. Since many of a student s 
needs for tutoring occur during independent 
study, a special place close to a duster of study 
(arrels where the student and teacher can confer 
is desirable. B. Frank Hrown describes a 
''stretched*' carrel, which he has found ii.seful: 
'Fhe best description of the .stretched 
carrel is a .student carrel which has been 
lengthened, widened, deepened, and 
heightened. The desk top dimensions 
mca.sure six feet in length and two feet 
in width. This provides ample work .space 
for the activities in which the indepen- 
(lent study preceptor engages. Located 
above the desk top .space is a consider- 
able (piantity of .shelf space that provides 
.storage for leaching aids and books. Half 
sized filing cabinets (two drawcr.s) fit 
neatly under each end of the enlarged 
desk top, alTording convenient fding 
space. A swuvcl chair completes tJic ar- 
rangement. [8, pp. 121-122] 



Tlic.Ne blowuMip can els weie originalb designed 
foi stall membci.N at .Melboiune High .School, a 
s( h(>(»l that pionceicd in the idc.i of independent 

5tU(l\. 

TK.AM TK.ACHIXC; 

The tc'chnicpjc ol team teadiing is iisclul in 
( arrying out a strategy of individualizing in- 
struction by cusiomizing a combination of ar- 
rangements lor each stiulein. In its simplest form 
team teaching is a tcchnicpie wherel)y two or 
nioie teachers use their respective competencies 
to plan instruction and to teach and evaluate 
the c(piivaleni ol two or more mcdiunisiz.ed 
groups. 

The rationale underlying team teaching is 
that makiug each teacher's .special competencies 
available to as many students as possible im- 
proves the overall (juality of instruction and 
iucre:ises individualization. 

'Fhus. each teacher on a team is encouraged 
to do 'his thing"— teach subject matter in which 
he has his greatest competence and to project 
hiniself in the role (large group presenter, inde- 
pendent study supervisor, laboratory consultant, 
small group discussion catalyst, or tutor) lor 
which he has his greatest aptitude. 

It is argued that team teaching residts in 
inj proved instruction because it incrca.ses input 
in lesson developmem: eliminates (onlusion and 
boredom that stem from repetition of presenta- 
tions to several mc;lium-sized groups ("Have I 
told you thi.s?"*); !)rings about spontaneous com- 
bining of the team member.s* accunndations of 
supplementary textbooks, programed units, 
models, manipulative devices, and so on; and 
piovides a base for focusing attention on critical 
in.structional problems. 

Individuali/aiion is increased because teachers 
on a team can make up combinations of large 
group, small giotip, independent study, labora- 
tory, and tutorial arrangements; use to advantage 
the .specialized tutorial skills of the team: incica.sc 
availability of team mend)ers for giving individ- 
ual assistance; and use total evaluation tech- 
in'cpics. 
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Tlic >ini>k' Miosi iiDporcini fiuioi* in ihe suc- 
cess o\ .in\ ic:in) (c.'i(liii)^ arr:ini>cii)ci)( is (he 
K'(()<»niii(>n o\ c\uh ickIuts .s|K'(i.il lalciil.s i)\ 
icadioi's on the icaii). I'loin time to time 
leathers assume (lillerc'iii rolcs. 

The sutec.ss ol a leain leadnni*- airaiii^eineiu 
iseiihaiued l>\ (he axailahiliiy of assistance honi 
|)U)IVssi()nal and para-prolessional peisonneK 
Needed lioni lime lo lime is ihe cooperation ol 
librarians, (omiselors. and andiovisnal and tele- 
vision supervisors* Resomcc personnel such as 
coIIei»e pio lessors, representatives from the 
luicrnal Ke\cnnc .Ser\i(e. archiiects. aciuaiics, 
and consultants liom the computer industry can 
make (onirihuiions throu<;h occasional leciuu's. 

Teacher interns, student teachers, student 
assisiaius. .and teacher .aides (an assist with small 
i>ioup problem sol\ini> sessions and with moni- 
toring independeni .study. Clleiks (an he assii^ned 
to such (asks as typiui* and duplicating;; tests and 
bibliographies, assuming cust()(!\ of e(piipmenL 
and other materials, (ollediui* assi^mnents. (or- 
i e(tini> tests, and lecordini; i^rades. .\ i>raphi( arts 
technician to prepare visuals, charts, and other 
illus(rati\'e materials and a :e:hnician to operate 
machines will help romul out a team tcaehiui* 
eiroii. 

Composition of teach in<; teams varies widely 
amo:)i> schools. The I)ases of (ooperation usually 
involve de(isi()ns pertaining to the total mnnber 
of students and teacher.s to be involved, the 
division of responsibility, the amouiu of siu- 
(leni-contact time needed, and the nature of the 
cm rieulum (i.e.. main track, accelerated, or <;;cn- 
eral). 

Vari(ms patterns exist. In the high school, 
leachiui* teams can be ori^ani/cd for all Students 
registered for a ^ivcn subject, all siudents in one 
<»ra(le studyini» ihe .same snbjcrt. all students 
within a certain ability or achievement ranoe, or 
all students interested in a special topic. The 
examples that follow aic illustrative* 

L Sixci.K SUBjKGi* Tka.m— Ninth Gkadk 

Four teachers team toilet her to teach 
elementary algebra to 120 students in a 



(ifiwfive minuie period each dav. Students 
and teachei's div ide theii lime anionic hnire 
i>)(Hip instruction, small i^ioiip instruction, 
mathematics laboraioi y work, and indepen- 
dent study. Vor example, on one day all 
Mudents l)e.i»in ihe period 1)\ \ie\\ini» :in 
ei^hteen'minute lilm. riieiealier. 70 stu- 
dents re(eive a lecture for ihe lemainder 
of ihe period. One t^roup ol \2 .students 
meets with one teacher in :i small I'loup 
session: 2:1 studeni.s <•() to a maihemati(S 
laboraioiy spa(e to work on piojects: and 
the remain iiii> 15 students oo to iiU inde- 
pendent study space. 

2. Tiiiu.i: Pkui ouMAXCh I.km.i.s— Kiciini. 
CIkadi: .MA'riii;M.\'i ics 

Three lecuhers l)ei»in the s( hool \ear with 
three mediiim-si/ed eii»hth-gra(le mathe- 
inati(s gioups that meet during the .same 
block ol lime. Alter four weeks the students 
are reassigned to tinee diirereni peiform- 
ance level groups, and thereafter they aie 
legiouped periodically as indicated by indi- 
vidual progress. 

:l. Ai) Hoc 'Tkam— 'Tr.Nrii-C;KAi)i: ClKOMirruv 
'Three teachers of tenth-grade geometry 
team togeiher to show fdms and give (lem- 
onstraiions involvin<^ special e(piipmeni 
such as a logic trainer and large-vohimc 
finable models. Study guides and post view- 
ing tests aie produced as a cooperative 
effort by team members. 

f. IxrKKDlSCnM.INAKV 'TlCAM— MaTIUvMATICS. 

Pi I vs ICS 

One mathematics teacher and one 
physics teacher team together to teach 
advanced algebra and physics to two 
mcdiumsi/cd groups. Hoth groups meet 
during the same block of time. The pur- 
pose of the arrangement is to make pos- 
sible the use of time-shared computer ter- 
minals aiul to work together in small group 
problem solving^ .sessions. 
•>. Conti:nt Simiciai.ist Tkam— Si-cokdarv 
School PRAa iCAi. Arts 

One mathematics teacher, one industrial 



;iri.s icnclicr, :\\h\ one Iioinc cnMiouiics 
it'ncliLT icain (()i;c(licr lo (c:i(li i\ .scincsicr 
.snl)jc(t ill |)r;icii(:;il ;in.s (o ilircc incdiuin- 
.sized j>;r(Mi|)>. Tlic mailicinaiio icriclicr 
ic:kIic.s (he hu^xL coiucMii on mcnsurcincni 
lo Miulc'iUs ill large grou|) .sc.ssioii.s and 
.special iiiicrc.M coniciii lo each iiicdinni- 
si/cd group on ic(pic.si. 

C:()Nii;Nr ,Sri:ciAM.sT *ri:A.\i.s— Ij.i:mi:.\tarv 
School 

This Is a dcscripion of a icaiii icacliing- 
.siraicgy Mriicinrcd hy Joan Kirkpairick. 
Wcsi brook Kleincniary ScliooL Hdnionion. 
Alhcna. 

Kiglii I each CIS were given complete rc- 
.spoiisihiliiy for planning, teaching, and 
evalnaiiiig [he loial instrnctional program 
of eiglii mediniii-.si/ed gratled clemeiiiary 
.school gionps. There were ilirce roniihs 
ilirec lilili-, and two .sixili-grade lieicrogeiie- 
ou.s groups, r.acli of ilie.se groups was id en- 
lilicd Willi one home ha.se leacher. 

Each icachcr provided large group 
iiisiriK (ion for a Mibsei oi ihe siiideiiK 
from I he eight nie(liuiii\si/ed groups in 
physical education, music, an, or science 
for I wo hour.s each week. In addition the 
teachers for each g ratio served on a grade- 
level team lor the core subjects, reading- 
and language arts, social studies, and 
niatheniatics. 

Each team employed a .scheme of. speciali- 
zation in which one teacher served as the 
mathematics specialist, one as the reading 
and language arts specialist, and one as 
(he .social .studies .specialist. That i.s. each 
teacher was (he spccialisi for at least one 
corcsnbjeci. The specialist took tlie lead in 
plainiiiig* units and lesson.^, conducting 
icaiii nicetiiigs, and being the whip for his 
subject or subjects. However, each teacher 
on the team taught mathematics as well as 
all other core subjects. 

Mathematics for all three grades was 
taught during the same block of time in 



the scIiooTn big loom (similai lo ihc pods 
disdi.ssed in (Oiineclion wiili open .space 
s( liools laii-r in this diapu u. 

For matheiiiau'o the lietciogeiu-ous medi- 
Ull^si/cd home base groups {'or each grade 
weic initially regrouped homogeiieou.sly 
iiiio four ability subgroups, hut in practice 
students shifted from one subgroup to 
another for .specilu le.ssoiis and then re- 
joined ilieir own mathematics subgroup. 

The superior .students for eac li grade 
level Worked by tlieiii.sclves much of the 
time, either individually or together. After 
each uiiii the suI)gi'oups in each grade were 
te.sled and re-giouped. Groups lluciuaied, 
with a small hard core at each end of the 
perlbniiaiice range. It was decided to give 
the top group enrichment instead of per* 
iiiitiiug liee acceleration .so as to keep all 
groups on tlie same unit at all (iine.s. This 
decision was made in order to make ii pos- 
sible lor .students to move in oi' om of 
any performance gionp at any time. 

The mathematics program at each grade 
le\el was planned and taught by unit.s. 
Doing this laciliiated iiioveiiiciu of .stu- 
dents fioni one performance group (o an- 
other. Each unit had a pretest .so that .stu- 
dents could be grouped in accordance with 
their performance. The introduction to a 
unit was often pre.sented to a total grade 
level group, that i.s. a large group coii.sisi- 
ing* of either two or three uiedium-sized 
group.^. 

The description that follows tells how a 
fifth-grade unit on fractions was handled. 
, Teachers on the (iltlignide team planned 
the unit.s. pretested the studeni.s, and put 
them into three performance gioup.s. The 
.secpieiice ol le.s.sons in the unit was then 
timetabled. Next the plan was di.scn.ssed 
with the sixth-grade team, and any sixth- 
grade student needing work on fractions 
was .sent to work with the fifth-grade stu- 
dents whenever the lure.s.saiy .skills or topics 
were being presentecK 
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SCMIKDILINC. 

To cMMue ili:u c;i( li .sitidcni will l);i\c (he ;hI- 
v:iii(:i^c ol ic(ci\iii<L; iiislMK lion in ihc xarious 
in.sinu ii(Mi:il :iii;iii;^(MnciUN piCMiihcd lor him. 
his |>i'(>i»r:nn intisi he* .s\.s(cni:iii(':illy planned. 
Thi.s involves m hednlin"^. 

Schednlinj^ is :i Mhenie of hrin<>in<> io<>eihcr 
(he \arions < oniponeiu.s ol in.s(rn( (ion: >(nden(s. 
(e:i( her.s. (inie. .spaces. tcx(l>ook.s. models, (om- 
jxneis, and .so on. Ideally, ii shotdd he fornsed 
on (he ed (national needs of each s(ndent, on 
|)la( in«( him u i(h (eacheis who are rigin for him 
in (he rigin .spares for (he ri<;h( periods of time 
and wi(h (he ri«^h( fiecpiencv. In pi:x(ice. how^ 
c\er. (here are many coin prom iNes hecaiise of 
spatial (oiisiiaiiKs. s(au i(ies(>l (ea( hei (ime. and 
a hi(k ol ade(pia(e materials. 'I'luis .schcdnlint* 
often fociise.s on ,snl)je(;t.s, in the belief (hai (he 
needs of each sdident can he met by a I lowing 
him his own .selection of .snbjecLs from among 
(hose in (he enrricnhim. 

"Tbiee (\pes of .schednling* patterns have 
evolved: .scheduling ha.scd on daily, nniforin 
length of periods (lelerred (o a.s conveiuional 
.scheduling), mod ificai ions of (he eonveniional 
schednling pattern, and modnlar flexible sched- 
nling. 

Convcn / ion a I Sell cil nling 

The conventional schedule has been in connnon 
nse for .some time. In the high school it nsnally 
consists of a daily roniine of six fifty-five minute 
periods, with (he s:nne secpience of cla.s.ses re- 
|)eated every day. Students enrolled for a par- 
tictdar Mibject meet in the same grotip, tisnaily 
a medinm-si/cd gionp of twenty-five to thii ty-fivc. 
(hiring the same period every day. Many elemen- 
tary schools follow a similar daily nniforni period- 
length pattern, except that periods are shorter 
l)C( an.se the elementary school must divide time 
among nine subjects. .Also, there may be varia- 
tions in period length from gr:idc to grade in 
such subjects :is reading and mat hematics. 



ModijiaUions o\ (he Conventioual 
Schr(hili)ig Padrrn 

Alihongh the (oineiuional .scheduling pattern 
is extiemeb ligid. it slight (hani^e will give 
.schools a more adaptable M-hedtile without re 
placing the i)a.sic pattern. I-'or e.xample, if three 
or more n:edinm-si/ed gronp.s are .schednlcd for 
the .same or related subjects during the .same 
peiiod, teacher.s (an then iegioii|) the Mtidents 
into three performaiue levels. This arrangemein 
works uell. proxided that the performance level 
groups arc continnally re-fonned as students 
progre.ss. 

.\ sc((M)(l alteration in the (onventional sched- 
uling patiern will give each niedinm-^ved gronp 
one "long" period each week (l b p. ill). Thi.s 
(an be a(( ompli.shed by making an even exchange 
of periods on Moiidavs and TnesdaNs or any 
other pair ol days. For example, a class thai 
normally meets d tiring first period conid be 
.scheduled to meet during both and .second 
period.s on .Mond't}.s and the chi.ss that meets 
during .second period conId meet (hiring both 
fir.st and .second period.s on Tnesdays. The .same 
even exchange pattern would be followed by 
third and fonrih period classes, and .so on. Dur- 
ing the remainder of the week all students would 
meet during their regular periods. 

.Se(pience rotation is another variant of the 
conventional schedule (l-I. p. !)I). This involves 
having a class that regularly meets during the 
first period meet during the fir.st period as usual 
on .Nfonday.s, din ing the .se(on(l period on Tiics- 
day.s, (hiring the third period on Wcdncsday.s, 
and so on. All by itself this .scheme seems to have 
little piirpo.se except to e(piali/c di.stractions ami 
interruptions associated with different periods 
and different days of the week. 

A more fruitful modification of the eonvcn- 
tional .sclicdnle eomhines variation of period 
length with ordinary sc(picnce rotation. This 
scheme permits cla.ss groups to be scheduled in 
short, mcdiitm, and long periods. While this 
pattern is somewhat rigid i)cc:insc of its imiformi- 
1) it (Ices make possible scheduling a variety of 
instriiction:)l :irrangeinents. 
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.sixty'tnitnitr liciiod.s. and two rii^hty-miuutc 
ftrriods. On Monday the M'ipunnr of ,six fw- 
riods /.s thr Mttnr as in a convcnlional M'hrd- 
ulr, (>u 'I'nr.sda)\ a ria.s.s that met ditriug thr 
^ixih fwriod on Monday nirris during first 
Jirriod: a ria.s.s that tnrt duriujr ihr first jtrrlod 
on M<)nda\ nirrt.s duriutr thr srnnid J/rriod, 
and .so on. 

Modular Flrsihlc Schcduli)ig 

To ic:ili/c I he I'lill ;kI vantages of the team leach- 
ing ie(hiii(|iie and ilie separaiion, armuiiation. 
and expan.sion of in.sii'iiciional innciioii.s inider- 
lyiiig ihc organisation of diflerent insiniciional 
arrangenienis, greater flcxihility in .sehe(hdiiig is 
needed than can be anained n.sintr the conven- 
lional schednle oi* modi Heat ions of it. Some 
schools achieve snch flexihiliiy through niochilai* 
flexible schednling. 

The basic toncepi of modular flexible schetlid 
ing is that group si/c and session length can be 
varied, subject by subject, ic suit instructional 
objectives. Under a modular flexible schedule 
students studying a particular subject will meet 
at difreieiu times in large groups, inediuni-si/ed 
groups, small grotips, in the laboraiory, for in- 
dependcni study, or with a tutor. It is a stheme 
that allows groups to meet with varying fre- 
(jucncy and for varying lengths of time. Flexible 
scheduling is an inno\aiion that generally affects 
the whole school. Changes in scheduling one 
subject must be a>mpcnsatcd for by changes in 
scheduling another subject. 



To build a modular llcsiblc m hcdule a lime 
^^ioup*si/e .scheduling unii iniisi be defined. The 
lime module of this iiiiii is uMialK (Ii<»ncu to b( 
the number of luiimies (^1 ilie sIkuicm Iumiik* 
ii(mal .sessi(*n in ihe sclicdiiling liinc <}(k\ h'or 
( oii\enien<e the gioup si/e nuxhile < an be defined 
as the average iniml)cr(»l Niudeiiis in ihc sinallesi 
group assigned lo any iiisli ik li(»nal session dm * 
ing Uiis lime cycle. A practical choice ol a sched- 
uling unit is one wiih a period length of iweniy 
minuies aiul a group si/e ol twelve siudenis. 

A critical pan of .scheduling a subject is deier- 
luining a scheduling siructurt for ihe subject— 
thai i.s. determining luider which insin«( lional 
arrangeinems the sid)ject shoidd be ollered. the 
length of sessions un<i'*r each arrangenieul (stated 
as a mu!(ii>le of the time module). fie<pjency of 
.session.s imder each arrangement, opiimal group 
si/e mjder each arrangcmeui (suited as a luiiliiple 
of the group\si/e module), and ilie number of 
teachers and teacher aides neede<i for e;:ch ses- 
sion, 'i'ime lo be spent in independeiu study and 
luioriiig is not considcre(i part of the scheduling 
siriKtme for a subject. 'The |)eL%ou making ihe.se 
de(isions should examine the ol)je< lives of the 
subjed to be scheduled in the light of what he 
knows about the ]n.siru( lional fundions ihai (an 
be performed iii the difleieni arran<>eiueui'.. 

Snppo.se, for example, that \92 students are to 
bcsdiedided iorgeomeirv and thai eleven iwcniy- 
minme time modules are (o be available in a 
weekly time cycle. One po.s.sible .scheduling snuc- 
lure for this .subject is displayed in Figme 2.lfi. 

Mach segment on the hoii/outal .s(.> v' repicscms 
one groupsi/e module of twelve students, and 
eath segment on the vertical .scale lepreseuis one 
time module of twouty minutes. Kach .s(piare 
represents one time-group-si/c .scheduling unit. 
Under the .specifications < hosen, each student can 
be .sc heduled in geometry lor eleven time modules 
in large gioup, small group, and laboratory ar- 
raugemenis. Time lo be spent in independent 
study and tutoring is determined by either the 
teacher or the student as the need ari.ses.' 

When the .sclicduh'ng structures lor all subjects 
have been defmcd, a school master .schedule cir- 
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riling rihini; .ill suhjcil Dllciiii^N is svmhcsi/cd. 
*rhr in.iNki >(!u'(liilc (.111 he* in.ippcd oil a Kiii»c 
>licct i>l MjiMicd cu)NN M l lion .iikI cmiIi 

m Iiih)I Mihjcil plojjcd (M Iialiiird) .i.n |Mri of ilic 
1 01 a I |)^c>^^anl. 

Ncccllc.NN U) .sa\» (hi> is a \ci\ (oiiiplii .lud 
picKcdiiic il (lone 1)\ li.iml. M.ikini; iinc ol a (oni- 
piKcr a>n>i(Iciahl\ rcduLcs die lediuin and in 
addition enhances die prospect of desi<>nini; and 



iniplenK^minij a irnly llesible xhednlc. 

Pioponenis ol llexilde Mliedulini; l)clie\c (liai 
i( indcaNCN ilic el!e( n\enesN of leani (cachint>^ and 
lliei(:l)\ enlLnn es indixidn.ili/jiion ol in>u \n ■ 
lion. riie\ (laini ihai llexiblr M'liedidini; pro- 
nioU N !l;kmki iuKMCM in independent snul). •^i\c.> 
ie.iihei> more time loi nuorin,i». .nid tdiiniaieK 
le.uLs (o icor^.ini/.nion ol tonieni inu) setpiciuo 
of pci'foiniance le\els. 



FiGURK 2. Hi 

S(hc(lnli)ii^ stnichirc fo) 192 shidcuts itt ^nnitciry. The .sitiKtnfc toit.si.si.s of otic Itn^r i^iottj} 
,\(uti(})i of 192 stndctiis mcclnig foity nii)nttc.s pa ivcrk in ouc^cssiou: eight l(ihouilm\ MXliou,\ 
of 21 sln(ltnil.\ with each .section uicctiug foi out si\t\-miuutc .sc.wioii jjci ivrch: and .sixtn^n 
snudl groiilK\ of 12 .\tudcuts each meeting fot sixty miunte paiody twice weekly. .7 student can 
he sihedulrd itt geometry fot elexwu twenty-mi tinta modules Jtei week: fofty minutes in large 
gioujf inst)U(tion, sixty minutes fot laboratory wtnk . aitd two sixiy-minitte Mnall gtouff instt nc- 
tion sessions. 
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1 LARGE GROUP (1) 1 
I I I I 1 
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I 



LAB. (1) 



LAB. (2) 
I 



1 

LAB, * (3) 



LAB. (4) 
t 

I 
I 



1 

LAB.' (5) 



1 

lAB.' (6) 



LAB. (7) 



LAB. (8) 
I 



SG 
(1) 



SG 
(2) 



SG 
(3) 



SG 
(4) 



SG 
(5) 



SG 
(6) 



SG 
(7) 



SG 
(8) 



SG 
(9) 



SG 
(10) 



SG 
(11) 



SG 
(12) 



SG 
(13) 



SG 
(14) 



SG 
(15) 



SG 
(16) 



SG 
(1) 



SG 
(2) 



SG 
(3) 



SG 
(4) 



SG 
(5) 



SG 
(6) 



SG 
(7) 



SG 
(8) 



SG 
(9) 



SG 
(10) 



SG 
(11) 



SG 
(12) 



SG 
(13) 



SG 
(14) 



SG 
(15) 



SG 
(16) 



CIIAPTKR IWO 



Time 


M 
O 
O 


Monday 


M 
O 
O 


Tuesday 


Uoo 


Wednesday 


M 
O 
D 


Thursday 


M 
O 
D 


Friday 


8:30-8:40 


H 


Home Room 


H 


Home Room 


H 


Home Room 


H 


Home Room 


H 


Homo Room 


8:40S:00 


1 




1 


W>rk nn 
*V9iK on 


1 


Music 


1 


Halo First GtmAm 


1 


Meet with Advisor 


9:00-9:20 


2 


(MG) 


2 


my Sdenc* 
Exp&riment 


2 


(MG) 


2 


with Reading 


2 


Listen to 
Resource Person 

(LG) 


9:20-9:40 


3 


Mathematics 


3 


(IS) 


3 


Listen to 
Spellir>g Tapes 
(IS) 


3 


Language 


3 


9:40-10:00 


4 


(LG) 


4 


Physical 
lEducation 
(Free PUy) 


4 


4 


(SG) 


4 


View Filmstrtps 
(IS) 


10:00-10:20 


5 




5 


5 


Work on my 
Puppet Story fo? 


5 


Guidance and 

Counseling 

(SG) 


5 


lYMinom^iics 


10:2010:40 


6 


(SG) 


8 


Work on my 
Social Studies 
(IS) 


g 


Reading 

(IS) 


6 


6 


(SG) 


10:401 1:00 


7 


Physical 

^ U U l*w 1 1 U 1 1 

(LG) 


7 


7 


Physical 

Education 

(LG) 


7 


Work on my 
Social Studies 
(IS) 


7 


Do my 


11:00-11:20 


8 


8 


Music Appreciatrr 
(LG) 


? 


8 


8 


Mathematics 

(IS) 


11:201 1:40 


9 


Science 


9 


Science 


9 


Meet with my 
Social Studies 


9 


Social Studies 


9 


Social Studies 


11:4012:00 


10 


(SG) 


10 


(SG) 


10 


Project Committee 
(SG) 


10 


(SG) 


10 


(SG) 


12:0012:20 


11 


Lunch 


11 


Lunch 


11 


Lunch 


11 


Lunch 


11 


Lunch 


12:2012:40 


12 


12 


12 


12 


12 


12:401:00 


13 


Library Study 


13 


Reading 


13 


^^t hematics 


13 


Reading 


13 


Language 


1:00-1:20 


14 


(IS) 


14 


(SG) 


14 


(LG) 


14 


(SG) 


14 


(SG) 


1:20-1:40 


15 


Reading 


15 


Mathematics 


15 


Language 


15 


Do my Reading 


15 


Browne in the 
Resource Center 

(IS) 


1:402:00 


18 


(SG) 


16 


(SG) 


16 


(SG) 


16 


(IS) 


16 


2:00-2:20 


17 


Do my Readfng 


17 


Do my 
Mathematics 

(IS) 


17 


Listen to Music 
Records (IS) 


17 


Science 


17 


Reeding 


2:20-2:40 


18 


(IS) 


18 


18 




18 


(SG) 


18 


(SG) 


2:40-3:00 


19 


Social Studies 


19 


Work on my 
Mathematics with 


19 


Art 
(MG) 


19 


Listen to Spelling 
TapM (IS) 


19 


Art 


3:00-3:20 


20 


(SG) 


20 


Teacher Heip 

(IS) 


20 




20 


Meet with Advisor 


20 


(Art Lab.) 



Im(;ukk li.l7 

example of a sixtft-jj^iade siadnirs schedule. The xvhile areas relfrescnl 
slrucdired lime and the shaded areas rel>resent nidepeudenl study time 
that the studeut has scheduled for hituself. 



i.wsi RicrnoNAi. spacks 



Tim* 


HA 

m 

o 

D 


Monday 


M 
O 
D 


Tuesday 


M 
O 
D 


Wednesday 


M 
O 
D 


Thursday 


M 
O 
D 


Friday 


8:00-8:20 


1 


English 


1 


English 


1 


Biology 


1 


English 


1 




8:20-8:40 


2 


(SG) 


2 


(SG) 


2 


(Biology Lab.) 


2 


(SG) 


2 


Geometry 
(Math Lab.) 


8:40-9:00 


3 


Spanish 

C Language Lab.) 


3 


Geometry 


3 


Driver's Education 


3 


Geometry 


3 




9:00-9:20 


4 




4 


(LG) 


4 


(LG) 


4 


(LG) 


4 


Study Driver's 
Manual (IS) 


9:20-9:40 


5 


Physical 
Education 


5 


Biology 


5 


Driver's Education 


5 


Biology 


5 


Driver's Education 


9:40-10:00 


6 


6 


(LG) 


6 


(SG) 


6 


(LG) 


6 


(SG) 


10:00-10:20 


7 


Biology 


7 


Physical 

Education 

(MG) 


7 


Biology 


7 


Spanish 


7 


Biology 


10;20-10:40 


8 


(SG) 


8 


8 


(SG) 


8 


(LG) 


8 


(SG) 


10:40-11:00 


9 


Spanish 

(Language Lab.) 


9 


9 


Spanish 

(Language Lab.) 


9 


Sophomore 


9 


Spanish 

(Language Lab.) 


11:00-11:20 


10 


Spanish 


10 


Spanish 


10 


Spanish 


10 


Seminar 


10 


Spanish 


11:20-11:40 


11 


(SG) 


11 


(SG) 


11 


(SG) 


11 


Work Out in 
Weight Room 
(IS) 


11 


(SG) 


11:40-12:00 


12 


Lunch 


12 


Lunch 


12 


Physical 

Education 

(MG) 


12 


12 


Lunch 


12:00-12:20 


13 


Study Geomttr/ 
(IS) 


13 


Study Driver's 


13 


13 


Lunch 


13 




12:20-12:40 


14 




14 


Manual (IS) 


14 


14 


14 


Work on Biology 
Experiments 
(Biology Lab.) 


12:40-1:00 


15 


World Studies 


15 


Plan Wrestling 
Strategy 

(IS) 


15 


Lunch 


15 


Physical 

Education 

(MG) 


15 


1:00-1:20 


16 


(LG) 


16 


16 


Study Geometry 


16 


16 


Study my English 


1:20-1:40 


17 




17 


World Studies 
Project 

(IS) 


17 


(IS) 


17 


17 


(IS) 


1:40-2:00 


18 




18 


18 




18 


Work on World 
Studies (IS) 


18 




2:00-2:20 


19 


Geometry 
(SG) 


19 




19 


Geometry 
(SG) 


19 




19 


English 


2:20-2:40 


20 




20 


World Studies 
(SG) 


20 




20 


World Studies 
(SG) 


20 


(LG) 


2:40-3:00 


21 


English 
(IS) 


21 




21 


English 

(IS) 


21 




21 





FlGUKK 2.lcS 

cxauijfle of a liitrh mIiooI student's schcdulc/l^hc while areas repre- 
sent structured time. The shaded areas refneseut iudejwudeut study 
time that the student has scheduled for himself. 
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COORDIN'A riNG FORM AND 
FUNCTION 

*J*liii> Oiial .scciioii hrint^N l()i»cilicr iliicc cxcin- 
|)l:iry i(lc:is for iiiclivichi:ili/in(> insirtKUon. n>in<> 
(lillcrcni kinds ol' plain lariliiics. Flic liisi exam- 
ple is concerned with the possibilily of nKxIilVin**; 
a conventional lMn'l(lin]i> to make it more finic- 
tional for honking* indivichiali/ed pr<>i;ianis. l^hc 
second example contains an actual acconni of 
how an inclividnali/ed maihcnniiic^ proi^rani is 
(allied on in a \;nicd-si/ed space complex incor- 
poiated into the structural de.sit^n of an elemen- 
tary school. Fhe Miird example is leally <i short 
discourse on the latest inno\a(i(jn in schoollions- 
ing design, the open space school. Emphasis is 
<>i\eii lo the speci.il (.ipal>ilit\ of this de.sign con- 
cept loi accommodan'ng an iiKli\ idnali/ed pio- 
<^i"nn in inaiheinaiics. 

Modifying Co}ivcnlion(d Buildings 

Individnali/ed programs are most easily orga- 
nized in schools I hat have specMali/ed spaces lor 
large group instriw lion, small group instinction, 
independent siud\. la!)()raiory work, and tutor- 
ing. Mowever, such piograms can al.so he orga- 
nized in ( onveiilicjual hnildings that have only 
standard-sized classrooms. Lei us .see how a con- 
ventional building made up of standaid-si/cd 
(las.siooins c.m he leconnniv/ioned to accommo- 
date an individualized program. 

One st.ind.nd .sizecl cl.i.ssioom. cm hesep.n.ited 
into two Ol three small group spaces, each ca- 
p:ible of holding Irom .se\cn to twelve siiulcnts. 
Room dividers can he installed to rechicc noise 
and disti action, and individual de.skc hairs o\ two- 
(hail t a l)le.s ai ranged inforniall) for the .separate 
groups. A .second loom can he made u.sable for 
independent .sltid} l)\ an; -iging deskc hair.s .so 
that they face away from each other or toward 
outer walls. A third room can be outfitled as a 
mathematics lahoiatory as shown in Figure 2 J 9. 

Providing spa(e for large group instruction 
presents more of a problem. A standard-.sizcd 
cla.ssroom can .icconnnodate a leasonably large 
group if .students' deskchairs are rcplaccxl by fold- 



ing ( haii.s; ol (onisc. the kinds ol insiru( tional 
ftnu lions tliat are possii)le under sue h an ar- 
langeineiu will be limited. Fheic is also the 
po.ssibiliiy of kno(king otit a nonhearing parti- 
tion wall to make one huge group .s|)ace out of 
two .standard-sized cla.ssrooins. Removing corridor 
walls near the end of a wing or using" the cafe- 
teria or .school auditorium aie other possibilities. 
.Vcousiical i^roblems can be reduced by carpeting 
the lloor.s. 

In an individualized piogiam, teMi)ooks and 
other instructional .lids should he (ollected in 
one place in order to be readil) ac(essible. Fhis 
inc.nis that at le.ist one stand. nd sized cla.ssroom 
needs to be used as a mat heinat ic s resource 
center (oi perhaps two or ihiee such looms with 
adjacent iniciioi walls iein()\e(l). Fhcic should 
be areas in the resource center for housing and 
(oi using |)ertinent matheinatics textbooks, (iliiis. 
(ihnsiri|)s. recoids ol facts, drill ta|)c'.s. niani|)ula- 
live materials, models, and construction mate- 
rials lor |)rojects and exhibits. 

//// Individuidizcd Elrnicnhny School 
MalJicnialics Progm}}i Condnclcd i}i a 
Varied-Sized Sjmcc Complex 

,\ii iiicli\ iduali/ed elemeiitar} school niatlie- 
ni.itics piogiam dc\ eloped unclei the diiection 
of M. Vere DeVauh is planned to enable each 
student to .select the mathematics he should study 
and to estal)lisli his cjwn pace and sccpience lor 
learning the content he has selected, Fhe niajoi 
concepts of this mathematics program are 
oiganized into eight stiaiid.s, WMtli each strand 
oiganiz.ed into units. Iiisti uctional materi.ds iii- 
(lude I)ooklels listing possible choices of text- 
books for each iniit, a library containing iiiulti- 
ple copies of se\en .selected textbook .series, tests 
with parallel forms for each unit (available ai 
two reading levels), and an.swci .sheets and ke\s 
lor .siudent.s. Record forms include student fold- 
ers, test performance records, assignment certifi- 
( at ion rec ords, and student-teacher (onfercncc 
guides. 
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c:iiAP'ri'R TWO 



'I'hc school in which this program wus iin- 
jilcinciucd is the (iicsc School in Ra( inc. Wis- 
consin. I'hc sinuinrnl <lcs^>n ol ihc school in- 
cludes lu'o insnnciionul N|.ac configurations, 
each of which is an cxanij^lc of a variccl-si/cd 
space conjplex (Kigmc 2.20), Kac h oI these com- 
plexes consists ol a hexagonal shaped learning 
center smromulcd In ten cloorless {pentagonal 
sha|)ecl stanclard-si/ecl classrooms designed for 
use hy small and meclimn-si/ecl gronj^s. Partition 
wnlls between tlnee pairs ol adjacent elassroonis 
c:\]\ he folded hack to niakc largo groiiji spaces. 
The learning center, shown enlarged in Kigine 
2.21. may he used hy large, meclimn-si/ecl. and 
.small gioujis, and has carrels availalile for inde- 
pendent study. .Some of the areas hchinci the 



work islands are ananged for lahoraiory work, 
'^rhe following cjuotation fioni "Description of 
the Individuali/cd Mathematics Cmric ulinn 
Piojc(t** hy DeVault. r>uchanan. and Nelson (22) 
depicts what students and teacheisdo when they 
are at work in the j)rograni. 

.Ahont -10 students and a teac her aie 
seated in an infornial anangement in the 
laige hexagonal learning center sm*- 
romulcd hy individual classrooms. Some 
students are reading indc])cnclcntl) in 
study carrels or ai desks, while others are 
in sn>:iil groujis c^f twci or more at tables. 
The auxiliary aide is al work near the 
files, records, and materials of the pro- 
gram. .A few .students are gathered aboiu 
the movable library carts. Icioking u\) sng- 
gested unii assign men is in various text 
scries and selecting text assignments in 



FiGUKi-. 2.20. Floo) jjlan of lite Cicse Elcmoitmy School, Rar'nic, Wiscotisiu. The dhii)iclivc 
(lesiir)i concept of Ihis school is embodied in Iwo varied-sized sjjacc (onipleses. 




ERIC 



1 



i.wvrRucrnoxAL si»aci:s 
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I'*i(;ifRK 2.21. A Lcanii)tg Center in the Geise ElenieiUary School, Raci}ic, Wisconsin 
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whi( h ihc :i|)|))()a( h (o (he U)|)i( and \hc 
icacliiii* level aie appropriate lor their 
individual study. 

One smdeni has songlu the teacher's 
assistance with sonic material on addi* 
lion. A( ter (Hiestionini> the student hrief- 
ly and reviewini» his luoid folder, the 
tearhei ,sni5i»ests that he lay aside his pre- 
sent woik temporarily and choose Inrther 
assii;nnient.s on iei»ronpini> ten.sand ones. 
Another stndent is workin<» a pai»e of 
prohlenis win'ch eniphasi/es an tnider- 
standin,!^ of the distril)titivc property. As 
he linishcs thai pai>c. he finds the teach- 
er\s manual, checks his answer, tecoids 
the assii»ninent in his folder, looks at his 
strand booklet marked .Multiplication- 
Division, selects another textbook from 
the carl and retinns to his desk, t ie o;)ens 
I be book antl is once at»ain confronted 
u'itb some material on distrii>nti\'i(y. but 
this time a difleient appioach i.s taken to 
explain the concept. 

The aide has insi provitletl a progress 
test and an>wer sheet for one student, 
and is presently helping another Icxaie a 
page of answers lor an a.ssignnient in a 
teachers* manual, while yel another siu- 
denl waits momentarily to have a com- 
pleted a.ssignment certified. Seated at a 
lisleniiig^ center, a student who lacks cer- 
tain reading skills is listening to a miit 
lest previously tape-recorded by the aide. 

Another studeni is puz/ling to himself 
over a decision to move to the next con- 
cept in a unit. Mc checks his lecord folder 
and .sees thai he has done only two 
assignments related to this concept; he 
also notes that ^\'hen he checked his \\'ork 
be had several errors on each a.ssigmiicnt. 
I*le makes an independent decision to 
work further on the same concept but to 
use a text at an easier reading level. 
' .Still another student is about to com- 
plete a unit test. After the items arc 
checked by the aide, who will indicate 
from the annotated an.swcr sheet the areas 
in which he needs more work, he will 
discuss the results with bis teacher, who 
may then recommend additional or l)ack- 
ground assignments; or. the teacher may 
suggest that the stndent move on to an- 
other unit but that he attend the next 
small group seminar on the critical con- 
cept. 

In one of the rooms adjoining the 
Icariiing center a group of 20 cliildVen is 
at work with a teacher on one of the 
computational skills— this group is using 



a regulai text veiie> lor lelcience and as 
a .souKC o( .issignments. In aiiotlii'i i )omi 
se\eii (hildren and a teacher aie in the 
midst oi a small group .seminar on iiu> 
nieration s\stcnis. The students lia\e all 
lecentK finished a unit on uu(oinmoii 
numeration .sy.stems and are working to- 
gether on devisiugf their own tiew numer- 
ation sy.stems. On another day one miglu 
.see a problem .solving .seminar comprised 
ol a leadier and five .students who ha\e 
individually been woiking on the con- 
cepts in the nieasurenieut unit called 
"How Is Space Mea.suiecl?" and who now 
lia\ e been con I routed with a unicpie 
piol)leiii for group solution. 

Ojjeu Sjmcr Schools 

Efforts to ol)tain flexible space arrangements 
needed to inclividtiali/e instniction led to the 
open space concept in sclioolliousing design. So 
far this concept has becti ttscd mainly in the 
construction of elementary schools; however, it 
has also l^een used in the construction of a num- 
ber of junior high schools and even a lew .senior 
high sciiooLs. 

In most .schools built accoicling to this con- 
cept, the teaching and learning' aicas arc sepa- 
rated into laige open spaces called pods. Ustially, 
the floor area c:>l a pod is ecpiivalcnt to that of 
from three to ten stanclarcl-si/ecl classrooms. Var- 
ious .shapes have l)een tried for pods: rectangular, 
hexagonal, circular, caracole (spiral), scjuare, or 
a combination of these, .such as the tri-pod, which 
consists of three rectangular spaces extending 
out from a common center area. There may !)C 
one pod 'within a school— or several, as in the 
Diamond Path Elementary School in Roscniount, 
Minnesota, which has three pods. The largest of 
these covers approximately 21,000 scpiarc feet of 
floor space and is capal^lc of acconnnodating 22.5 
students. Theoretically the si/c of a pod should 
l)C determined by the number of teachers who 
are cooperating as a team in teacliinga particidar 
grade, performance level, interest area, or sub- 
ject. In practice, however, its si/c is usually deter- 
mined l)y the anticipated enrollment for one or 
two grades or sul)jccts. 

Some open space schools arc designed to be 



iNSTRUCrnOXAI. SI»ACKS 



(onipkicK open. ihc Iait»CT ones. I'or ex- 

ample, ilic .second door of ihe Mat/.kc Elcnien- 
lary School in C\pie.ss, 'I'e.xas, cover.s r)r),()0() 
.scpiare feet, is capai)Ie of acconnnodaiini^ (500 
stiideiu.s. and has no iniciior walls. 

'Hicre is. howe\er. occasionally .some hedging 
on ihe open space concept, h is not nnconnuon 
(o see ac(oulion or l(>ldini> paniiions. and in 
some schools movahle coat racks and bookcases 
are used as si^lu disiders. Some desi<>ns provide 
for adclin<; paiiiiions in the fnitne if ihey shotdd 
he desired. 

Such spaces as adininisiraiive oHice.s, teachers' 
ollices. leachei.s' (onnnon.s. lean* planning cenier.s, 
nnuerials preparation .spaces, and .storage spaces 
for expensive ecpn'pmcnt aie enclosed by per- 
manent |>arti(ion walls. 

An open space pod can be organized and fnr- 
nisliecl in various ways. Usually, it in chides an 
open, easily accessible resonrcc center where stn- 
denLs and teachers can ol)tain textbooks and 
other instructicmal aids as needed. Around its 
perimeter and in its interior arc located teaching 
stations, where .small and inediinn si/ed groups 
can j^aiher. These stations are .sometimes fur- 
nished and carpeted in diircrent hues to enable 
students to locate the diircrent stations without 
difficulty. The fminturc in open space schools 
is usually movable and is arranged in islands to 
avoid coniclor eliects. '^IVape/oidal and .semicir- 
cular tables used by students are arranged to 
form various configurations. Chalkboards are 
usually attached to the walls and mova!)le chalk- 
hoard panels supplemeiu these. Remaining wall 
areas may be covered with pegi)oard and some 
surface on which tacks and staples can be used. 

Open space schools have a mmii)er of ad- 
vantages o\er egg-crate schools and even over 
schools with varied-si /ed group spaces. First of 
all, the) are more inviting to newer instructional 
strategies. Almost any desired combination of 
large group, small group, laboratory, indepen- 
dent siudy, and tutorial arrangements can be 
accominodated without concern for constraints 
in) posed by existing walls. 



\ .second advaiuage of open space .schools is 
that they make possible a bigoer. better, and 
more \aried in\entor\ ol instructional aids than 
schools of other design, and at no substantial 
increase in cost. \Vith lesouice materials located 
at the ceiuer of a pod. uiore of the expensive 
ecptipmeiu is leadily available for use by large or 
small groups, thus lessening the need for dupli- 
cation. This leaves money available to piovide a 
more complete and elaborate resomce center. In 
addition, teachers and students can make fre- 
(pient and iininediatc u.se of audiovisual ecpiip- 
mem as needs arise, for the machines are always 
available and do not have to be obtained in 
advance from a separate department. The easy 
access to whatever audiovisual materials a teacher 
or sttulent warns should be helpftil in custonu'/,- 
ing instrtiction to meet individual needs. 

The principal advamage olferecl by open space 
schools is that they make performance level 
grouping luore feasible than in schools of other 
design. Open space encourages lle.xil)le gmuping 
patterns on an unconstrained and continuing 
l)asis. so that the uneven growth of a student in 
various std)jects can i)e readily acconuuodated at 
any time For instance, a student who is readinu 
at the fifth-grade level but doing mathematics at 
the third-grade level can easily join an appro- 
priate group for each subject (or start one of his 
own). If he should suddenly begin making prog- 
ress in mathematics more rapidly than the mem- 
bers of his present grotip, then he can move 
immediately to a grotip more suited to his rate 
and level of learning. 

An open space school ina.ximi/es the benefits 
attainable in a .small group problem solving ses- 
sion becatise .sttidents working on the .same prob- 
lems are al)le to recognize each otlier*s where- 
abouts and get together. Such clustering can occur 
with a minimum of commotion, and teachers are 
able to observe and direct students' movements 
without giving all their attention to them. 

A further i)enefit of the open space .school is 
that it encourages gi-eater interaction among 
teachers, among studeius, and between students 
and teacher.s. A teacher is impelled to walk over 
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:nul i:ilk to ;iiiothcv tcarlicr it ilic two arc nc:ir 
c:uli other, The easy cxrlian<;c of ideas and in- 
structional aids, as well as the hencfiis of ob.scrv- 
inj; the teaching of nearby collea^^ues, olfers a 
spontaneous brand of in-service training for 
leachcrs. And the case of coonhnation among 
leachers in open space naturally encourages 
team teaching. 

The open space school brings u'iih it certain 
problems as well as benefits, the chief of these 
being noise and disnactioiK Since overpopula- 
tion can increase noise beyond a permissible 
level, an open space school cannot be used to 
hold n?ore students than an c(pu\alent cond)iiia- 
tion of spaces in a conventional school. It is 
inevital)lc that the level of background noise is 
slightly higher than in the self-contained class- 
roon) because movement, which is not usually 
allowed in con\entional buildings, is accepted 
as a normal part of the instructional progr.wm. 
'l eachcrs and suidcnts seem to expect this addi- 
tional noise and adjust to it rather easily. It is 
necessary, however, for teachers to adjust the 
volumes of their voices so they do not carry over 
into adjacent teaching stations, and high pitched 
voices can cause proI)lcins. Unwanted sounds arc 
|)artially absorbed by installing carpeting over 
the entile open space. Carpeting eliminates the 
noise that normally results from books being 
dropped, chairs being pushed or knocked over, 
the scraping of feet, and the moving of furniture. 
It also encotnages students to .sit on the floor 
and assemble in small groups. Such congregating 
enables the teacher lo lower his voice, thus rc- 
(huing vo(al imerfcrcncc with other groups. 

A 1 elated problem in open space schools is that 
of scheduling. Care must he taken to avoid sched- 
uling in proximity, at the same time, groups 
of students studying subjects that require con- 
centration, such as mathematics or creative writ- 
ing, and gioiips of students engaged in singing 
or viewing motion picttncs with amplified souncL 
And schcdtding brings with it not only the prob- 
lem of avoiding distraction bin also a certain 
lack of flexibility. Once a schedule has been 
agreed on by the nicndjcrs of a teaching team. 



it may not be possible to change it withoiu the 
consent of all members of the team. 

These problems are sometimes met by incor- 
porating adjimct spaces into the open space de- 
sign or using operable walls to enclose spaces for 
spec iai work, Actuall) these increase the (lexil)ilit\ 
of the open space school, making scheduling 
easier. Adjinict spaces include student confer- 
ence alcoves, specialized spaces for noisy lalxna- 
tory ccpiipmeni (for example, calculators, com- 
puter teletype terminals, typewriters, and power 
tools for making models and displays), space for 
tinnnishcd or extended projects, a closcd'off room 
for fdni viewing, and separate spaces for music 
and gymnasittm. Some of the most recently con- 
structed open space sc hools have eliminated the 
need for a separate closcd-ofT space for fdm view- 
ing by making it possible to dim the lighting in 
cadi teaching station separately and ec] nipping 
studci4ts with plug-in headsets. Another innova- 
tion th;U permits broadcast of lessons, qui7/es. 
musical programs, or tapes to various teaching 
stations, without distracting those in adjacent 
areas, is a Viu'rclcss listening system. This can be 
achieved I)y encircling each teaching station 
with a wire loop strttng near the ceiling oi binied 
in the floor. Using a wireless headset, anyone 
within the loop can pick up the broadcast trans* 
mittcd to that station. 

In Matzke Elementary School, the o|)en s|)ace 
school mentioned earlier, ctnrictda and instruc- 
tion arc nongradccb- A team of teachers is as* 
signed a set of stud ems for a ninc-moinh period, 
and the teachers are jointly responsible for plan- 
ningand implementing each student's instruction- 
al program. The entire design of both building 
and program is planned to provide an i7uli- 
viduali/ed program for each student. 

During the school clay the students within a 
team are redeployed to form small homogeneous 
performance groups in each of the subjects, 
mathematics, reading, and language arts, with 

2, This clesci ipiioii of tiic ninchcmntics program in 
Matzke Klcnieiiiniy School i\ based on inroiinaiioii re- 
ceived fioin Kay Killougli, the pilncipal. 




51 



FiouRK 2.2:5. The second floor of the Matzhc lilcwcntary School in Cyl)rcss, Texas. The area of 
this sf)ace is '>6,000 squaie feet and will accommodate two teaching teams^ each composed of 
at least ni)ie tcacheis and 2'fO students. The diagram disfAays the del)loyment of one such team 
foi science inst)nction tivo medium sized groiil)s and fot mathematics instinct ion in seven 
small groul)s. A large groujt of 60 students is sent to the lower floor or outdoors for l)liysical 
education. A team of the same size with the same tmmher of students can he dejjloyed on the 
left side of the ol)en sjXiCe, 



laigc gi'ou|> iiisiriKtion in :ir(. music :iik1 ]>liy.si- 
r:il cducanoii. The inatlicinnn'cs piogrnin is built 
aiouiKl a roiniimuin of skills (Icfincd in icniis of 
hcliavioral ohjeciixcs u'iih a prcicM and posiiesi 
lor individual dia<>nos(ir inlornian'on. Suulcnis 
aie allowed to pro<»rcssai ilicir own rates tlnongh 
the se(|iiential program. Tlie\ are allorded in- 
Mnictioiial lime with a dia<;no.stic teacher :ind 
I eiiifoi cement time in individnally prescribed 



independent sindy in the open learning center. 
The piogress of each stndent is reported to par- 
ents, with ratings cm individual mathematics 
skills rather than letter grades. 

ElMLOGUK 

The cpiest for ways of coordinating form and 
function continues . . . 
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11 IK I'KX'l'liOOK achieves, on rare ocrasions. InnU liincilon and l)eaniy. The lii.si 
Knt*liNt) (lanslaiion ol Kudid iiichulcs Midi a volnnie. Volume 2 of (his (ranslaiion 
(oniains niai^nirKCiu woocUniN clL|)iciing Nj)licl i^coinoo ic lij^iirex Thi.s vohnnc aUo 
(onlains a (olledion ol |)()]) U|>s ihai rivals ihe cllon.s ol in;<ii\ conicinporarv pnl). 
li.shtrs. C.'tiiain fit^nrcs are made ol* paper and so paMcd in ihe hook thai they ma\ 
he ()|)enL'd up lo make actual (inxe-dimeusioiial models as sh(»u'n in (he illustration. 
I'ew ic.Ktljooks combine l)caut\» noveh\. and inlorniation as well as this volume ol 
die lir.si Kiiiilish tran.slation of Kuclid. It is a iiukIcI to he emulated. 



Voi.i Mi: 2 oi Tin: iUruinit.s tfj Ortniictrn: of the jjiosi auuacut j)liiloM)j)hrY liuclidr 
of iMrgarti faithfully (inno ft}Si) trnusUitcd iula the lliiirlish loiitig, hy l-L r>illin<i;sly» 
LoiidoiK l-)7(). One copy i.s cmrenlly in the .Vincricaii UiiivciNity Lihrarv. \VaNhiin>« 
ton. D.C 
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CHAPTER 3 

THE TEXTBOOK 
AS AN 

INSTRUCTIONAL AID 

by 

HicNRY H. Walbksser 
University of Maryland, College Park, Maryland 



Not the violent cojiflict between parts of the truth, but the 
quiet suppression of half of it, is the formidable evil; 
there is always hope when people are forced to listen to both 
sides. It is luhen they attend only one that errors harden 
into prejudices, and truth itself ceases to have the effect 
of truth by being exaggerated into falsehood. 

John Stuart Mill 

The textbook has the capability to present or suppress; 
to help develop objective or bigoted individtials; to maintain 
a free society or to hasten its demise. This chapter 
addresses itself to the problem of textbook selection. 
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i'R()L()C;UK 

**Evciy^clioor* coiisidcicd part of a comcnipo- 
rary. forward-lookiiio (\m\ lun uikcii io ex* 
liciiics) .school .s\.sicin lociitcd in a pMospcioiis 
siil}url> ol a Mo^U)()-laii:^c iiicuopolii.di i:*i;ioii. 
The cxicrior of each .school plant display., [\i:\t 
usual blciul of j>clux)l aichiicrtiiic— large gla:s 
wiiidow.s pcn'odiraliy piiiiciitaicd l)y clean, new 
brick walls enclosing a most nniiii:igiiiaiivc set 
of icciangnlar shaped classiooiiis. 

As one walks, pauses, listens, and looks' within 
this school— what ol the iiiatheutatic.s instruc- 
tion he ohseives? I'hc exhilarating sounds of 
students learning mingle with .exhibit ions ol 
teaehei.s telling. The most .singidarly sti iking 
element ol (onnnonne.ss. howcvei. is the dcplo}* 
njcnt of textbooks in each of the classes and 
the obvious instructional dependence upon the 
te.\tI>()ok. In short, this is a school not so ver\ 
much unlike eveiy .school. 

INTRODUCTION 

Why does the textbook hold the instru( tion.'d 
system in such .1 powerful grasp? Must the text- 
book be such a dominant lorce in shaping the 
mathematics curriculum? Arc thcic alternative 
models for the instructional system in which 
the hmction of a textbook is alteied? 

Just wh:a arc textbooks? What a ridiculous 
(picstion! Kvcryoiie knows what textbooks are. 
Or do we? If a learner reads a book in a class* 
room, i.s the book a textbook? If a book is 
chosen from a libiaiy .shelf with the purpose of 
I)rowsing tinough it. is such a book a textbook? 
If study material is .selected from a ncw.spaper, 
is the newspaper a textbook? If a learner uses 
a self-instructional program from a computer- 
assisted instructional .system, is the computer 
program a icKibof/k? Yet. with this acknowledged 
ambiguity, most individuals have some idea of 
what textbooks are ^nul how they arc used. 



That is. the meaning is clear until one is (ailed 
upon lor an explicit description. 

A HISTORICAL PERSPECTIVIi 

What are the potential sources ol evidence that 
might yield information helpful to the inter- 
pietation of the :extl)o()k as an instructional 
lie!"" One means ol ac(pn'ring information about 
the textbook is to examine its historical devel- 
opment. 

lutrly Forms nfid first Purposes 

One ol the liist te\tI)ooks. il not the lirst text- 
book in a modern .sense, was the elementary 
instructional piogram specilied b\ the Council 
of Main/ in A.t). 8 1 3 (f)). I'he Council's deeice 
re(|uiie(l tliat children be taught the Fideiu 
Cclhollran cl Oratioucm Dominican, This was 
the first recpn'icd program of elementary instruc- 
tion in recorded Western Emopean history. It 
is inteiesting that this early "textbook* de- 
.sciibed the extent of the training for the learner 
as well as the content of instruction. Viewed in 
this training context, this fust textbook came 
remarkably close to constituting a behavioral 
description of the tasks the learner was to 
accomplish— a most modern view. 

Through the next few centuries, the text- 
I)ooks consisted mostly of l>ooks devoted to basic 
liteiacy training. For this lea.son these texts 
aie often lefened to as the ABC book.s. In this 
developmental period, the expressed purposes 
and actual uses of the ABC i>ooks conthuicd to 
retain a diiect lelationship to learner training. 

The fundamental literacy textbooks were .soon 
secpieiued with readings of a more religious 
character, such as the Credo, the Pater No.stcr, 
and .somewhat later the Ave Maria. By the 
fourteenth century the Picncdietus and the 
Gratias had been added to this literacy-religions 
training .se(pience ((>). 
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As runs the Glass 
Man's life doth pass. 



Among the first typc-priiucd books was an 
clcmciuaiy textbook ol the Roman Catholic 
Chnrch (•!). This vohnnc contained ihe alplia- 
bct, the Credo, the Pater Noster. the Ave Maria, 
and a lew other prayers. 

The early Reformation period ibnnd the 
elementary textbooks mostly manuals of church 
services, 'lliere was. iiowever. an occasional insert 
of what might be termed secnlar material- 
principal ly in the form of classical sayings. 
Hence, the textbooks had slowly undergone a 
transfounation over these five centnrics until 
ilicy harl now become descriptions of informa- 
tion to be mastered. 

Appearance Becomes a Faclor 

The early sixteenth century bi ought a signif- 
icant contextual .shift in the textbook. Marcus 
Schultc published a ba^ic literacy text in ir)32 
which picseiued two radical changes in format 
(20). Fiisi, the AHCs were organized in vertical 
arrangcinciu on the page. Second, there ap- 
peared a print and a line of leading adjacent 
to each letter of the alphabet. The prints ih 
lustratcd an object for which the letter conkl 
.stand. Tlie lin of reading was also related to 
the particular letter of the alphabet. Several 
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The L/on bold 
The La/n/? doth hold 
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variations of this basic format were soon I'orth- 
coniing. Perhaps the most significant was the 
presentation of rhymed coui)lets for each letter, 
as shown in Figme 3.1, rather than simple lines 
of reading. 'i"he advent of thi.s change .signals 
an awareness of the relationship between the 
textbook format and the learner's use of it. 

The fir.si popidar arithmetic in English ap- 
peared aboiit ten years after iJclutlte's text— 
Recordes arithmetic. The Gronnde of Artes^ 
but it is a collection of rules to be mastered. 
The mathematics texts, unlike the literacy vol- 
umes, did not reflect an awareness of the rela- 
tionship between the format of the textbook 
and the learners use of it. The organization of 
the arithmetic text was a "rules to i)C mastered" 
fonceptnali/.ation. 

One of the earliest editions of elementary 
mathematics actually published in colonial 
America was Arithmetic, or That Necessary Art 
Made Most Tasy by James Hodder (18), This 
volume first appealed in the New World in 
I7I9. where it was printed by J. Franklin, 
brotl^er of Benjamin Franklin, Hodder s text- 
book contained an interesting and often chal- 
lengii;g collection of aiithmetic algorithms. One 
example of such an algorithm is the "plain, 
lineal, and wi ought with few figures" division 
algorithm (Figure *^.2). 

The arithmetic written by Thomas Dilworth 
enjoyed a great popidarity in the colonies among, 
all of the early foreign imports. The first 
American edition of the Schoobtutstcrs Assistant 
(12) was published in 1773. The contents of 
this volume are quite repiesentative of the 
material treated by most of the contemporary 
works. Thi.s Comlniiulium of Arithmetic, Both 
Practical and Theoretical included five parts, 
which (in Dilworth's words) discussed: 

1. Arithmetic in Whole Numbers, wherein 
all the conunon Rules, having each of 
them a sufficient Numi)er of Question.s, 
with their Answers, are methodically 
and I)rie(ly handled. 
II. Vulgar F'raction.s, wherein several 
Things, not commonly met with, are 
there distinctly treated of, and laid 



down in the most |)lain and easy 
Manner. 

III. Decimalb, in which, among other 
Things, are considered the Extraction 
of Roots; Interest, both Simple and 
Compound; .Annuities; Rebate, and 
Ecpiation of Payments. 

IV. A large Collection of Questions with 
their .Answers, serving to exercise the 
foregoing Rules; together with a few 
others, both pleasant and diverting. 

V. Duodecimals, commonly called Cross 
Multiplication; wherein that Sort of 
Arithmetic is thoroughly considered, and 
rendered very plain and easy; together 
with the Metliod of proving all the fore- 
going Operations at once by Division of 
several Denominations, without reduc- 
ing them to the lowest iY'i in mentioned. 



Figure 3.2 

Chap. V. Dio/'Jion, 

Ifhaflnot^ J (hope) need to trouble myjcl^} or 
Lccrncr^ to //}t<o ihel/)/otkin^ off his Surp^ or^- 
ny Q%tr^hmn^noiii(ci>lJtjppQjf:)JufficientIy 
irccdaJ oi diyJ/hn^ huTcofll leovt itfoif>cCcn- 
fare ofific experience J to jud^e^iobeihcfl^ts 
tAanntr of dividing be nof pfom^ Imal^ &iobc 
Cofocfghi 6)ifh fccoet Figures fhoncnyoJuch ts 
commonly iqa^M-.Mfot Example <;ppe<}re1h. 
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join I W^ni'd'.s You fig M(tthrnialician*s Guide 
(•!!) was iIr* \()!iiric in tonnnoii UbC at \'a!c 
.iiul llai\ ard as a n)ailicn)a(i( .s icM used a( (hcsc 
inu\crs!iic.s lor nuuh ol the cigluccndi ten- 
iiiv). Vhc edition LOinnionh n.scd ai ihc inuvci- 
sil\ Icvc! indndcd section^ on aridinictic, 
al<»el)ra. ihc clcincnis ol Kiu lidcan t» conic uy. 
conic .scciion.s. ihc ariUnnciic of infiniiics (ic- 
|)caiin<^ (IcciniaLs). and logariilnns. 

Lilcrac) volumes lo!!o^\-in<> the leiicr-rhynic 
formal (Icuci' accompanied by illnsiration and 
ihymcd conplet) were hronglu lo ihe New 
W'oild by the Puritans. The appeai'ance ol 
illusiiaiion.s and a more appealini^ \i.sital loimai 
is a .sioiiilicani dcxelopment beyond ihe mcie 
|)h\.sical change. Thcii appearaiue assumes 
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signifi( an<e al.so bee a use the image ol iota I 
ma.siei) ol u*Mi)()()k Iumiks was now U'mpered 
b\ the iiuu)diu (ion of aids U) the learnei: \o 
be Mue. (he shiU Itom ins(iu((i()n l)\ mi(ui(i\ 
wa.s .small. Xexcrdtek-.ss. (heii .ippeai an< e did 
l()re(a.s( (Ite (hange.s (h.u weie aboiu (o o(((u in 
(he icNlbook. 

Among the m()>( popular (e.\(>s publi>hed in 
(he New World and used by (he ea.s(ern sea* 
board colonies was (he A'ru' Eniiliuid Pi nun 
(21). The iu>*{ edi(ion of (he Primer appeared 
toward (he end of the beventeeuth ceutiny. in 
1()73. The hoinbook and the .samplci were con- 
sideied b\ .some educational hi.stou.ms not to be 
"real" textbooks because of theij p!i\Nical lormat. 
Xe\ crthelcbs, the hoinbook and the .sampler did 
enjoy wiclespi'cad popidarity at thi.s lime and 
were competition for the \ci(^ Euoland Friiucr. 
The hornbook ^vas shaped like a paddle. The 
example depicted in Figuie 3.3 i.s typical of the 
hornbook's appearance. 

The book'.s construction wa.s Ubualb of woo<l 
ol hea\y (ardboard. On the paddle wa.s pasted 
a piece of paper (ontaining the text to be 
mastered. The text was then covered b\ <\ thin, 
transparent sli(e o\ horn attached to the \vooden 
base. The .student would practice his imitations 
of this lesson initil he had mastered it. Some 
hornbooks included a simple counting frame, 
usually attached to the back ol a paddle as in 
I^iginc 3.1. 

Yoiuig girls Muclying at home or in a dame 
school— a type of finisliing school enrolling 
yoitng girls at this time— would constrtict sam- 
plers on ^vhich the\ embiojdered texts. Among 
the materials embroidered on the sampleis ^\ere 
rhymed couplets, \erse of one form or another, 
the alphabet, and usualh a fe^v names loi nat- 
in*al numbers. 

The learning emphasis one can infer from 
both the hornbook and the sampler is one of 
learning viewed as mastery of materials— and 
mastery arcomplished by repeated duplication 
of a given pattern. All in all, it was not a 
particularly exciting enviionmeni for the 
learner. 




Early Mathematics Textbooks 
1)1 (he United Stales 

The (Icscriplioii of ilic niatlicmaiics iiisinic- 
(ional luaierials of the colonial and early lu- 
lioiial periods is lililc diircienl from that of 
the imporis to the eastern seal)oard coloiiies, 
the laigesi proportion of these beinj*^ British. 
Among the most popular of these arithmetic 
u'orks \\*eie the editions of James Modder. Ed- 
ward Cocker^ John \\^ard, George Fisher, and 
Thomas Oil worth. 

Waid'.s introductory statements in his \'olinne 
(11) are of some interest to contemporary 
mathematics education, consideiing his avowed 
pm'poses of mathematics instruction: 

As to (he nsefidncss of arithmetic, it is 
well kwow'w thai no business, commerce, 
trade, or en\ployment whatsoever, even from 
the merchant to the shopkeeper and so on 
can be managed and carried on without the 
assistance of numbers. 

As to the nsefidness of geometry, it is as 
certain, that no curious art, or mechanical 
work, can cither be invented, improved, or 
performed without its assisting principles; 
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tho' j)erhnps the aitist. or woikman. ha?> bin 
lit tie (nay, M'aueanO knowledge of geometry. 

Then a> to the advantages that ari.se from 
both ^he^e noble sciences, when clidy joined 
togethei*. to assist each other, and then ap- 
plied to |)ractice. (atcouling as occa.sion re- 
Cjuircs) they will leadily be granted by all 
who c'on.sider the vast advantages that accrue 
to mankind liom the business ol navigation 
only. As also from that ol sm veying^ in divid- 
ing- lancLs betwixt jjarties and party. He.sides 
the great jjlea.siue and use there is from 
lime-keepers, as dials, watches, clocks, aiul 
so on. All of these and a gi'cat many more 
u.seful arts, (too many to be enmnerated 
here) wholly depend upon the afoiesaid 
sciences. 

The ln\st arithmetic te.Ktijook written and 
published bv a Nortii American was Anthmriirk^ 
'Vulirar and DannaL by Lsaac (Ireeinvood (17). 
'Hiis vohune. which aj)j)eared in 1729, jn'o- 
vided an inteie.sting organizational format 
which helped to distinguish it liom the j)ojndar 
foreigi? texts such a.s Dilworth'.s or Fishca\s. 
Gieemvoocrs method was to give the rule, 
pie.seiu examples illu.strating the nde, provide 
examples lor the student, and linally .suggest 
a formal piool. Each student example had a 
blank space beneath it for the student's practice 
ol the iide. In .some wav.s this text foieshadows 
the .self-instructional format of this cent my. 
The technic|ue ol i'ule"example'|)ractice is still 
with us. 

The content of Gi'eeinvood'.s volume was 
similar to that covered l)y most of the arith- 
metic textbooks ol this |)eriocl. The material 
included work on base-ten nmneration of natu- 
ral mnnbers, as well as the naming of positive 
lational nmnbers l)y fractional lunnerals and 
by decimal mnnerals; aiul it presented algorithms 
dealing with the operations ol addition, sid)- 
traction, nudti plication, and division first per- 
fonned on elements from the system ol natural 
nmnl)ers and later on elements from the system 
of positive rational numbers. The monetary 
S)stem ol pounds, shillings, and pence also con- 
sinned a fair measure of Greenwood's presenta- 
tion, with many of the problems set in die 
contexts of trade, partner.ships. or the transfer 
of nierclunKli.se, 
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A .sc(|ucncin<; ol iiriilimcnc lollowcd by 
;il^i»cl)i';i was Cbial)li.slic(l (jiiiic cwrly in lUc 
(oloiiics. In lacL ihc fnsi iicainicni of al<»cl)i\'i 
U) aj)j)c:n' in ihc ca.sicin .scal)()ar(l colonics was 
(onihincd with an ariilnnciic -/in7////u7/a/ of 
Cyll< t'k'on.sl by Picicr Vcncma The New 

Woild edition ol this vohnnc was fn.st picscnicd 
in 17.'J() and was primed in Dnich. Vcncma 
fiitnly csiahlishcd a link between arithmetic 
and al<»el)ia h) LO]ninentin^i> thai he had mider- 
taken lo make a "clear and distinct cvphcring^ 
book" and to this tieatment had "added the 
elements of algehia." Algebra was now insiiinted 
as a |)ai'L ol ihe mathematics (Uiricidum. M'he 
j)ni'j)()se of ali^ebra was to i)e the key to un- 
lo(kini> all the obscme propositions of arith- 
nu;tic. 

I'he iii'st sepal ate ali»el)ra textbook printed 
in Kn^i»lish in the United States came some 
ciohLN-roni' ycai's latei— ii was noi imiil I8I-I. 
in the pnblication of An /iiiyo<lurH<yn lo Algebra 
by Jeremiah Day (10). th;!t theie was a New 
Woild pnblication of algebra in I'Jiglish. wiitten 
by an American. 

Nexo World Edilions 

Toward the end ol the ciohtccnLh century 
elemental y mathemaLics volumes l)y New W'oi'ld 
inliabitants began to replace the imported 
mathematics teNti)ooks. Among these early edi- 
tions which gained widespread acceptance was 
A Nnif and Complalc Syslcm of Arilhrnclu h\ 
Nirhohis Pike (2()). 'I*he fust edition of this 
material was published in 1788. 

•Old Pike.** as it aflectionaLcly canic to l)e 
known, is significaiU in the devclopnkcnL of 
mathematics texLbooks in the United States for 
several leasons. I*iist, the breadth of material 
gathered together into a single program and 
described in Pike*s arithmetic served as a model 
to be emulated by most of the textbooks for 
the next one hundred yeais in the United States. 
Second. Pike*s eil'ort served to affect mathe- 
matics instiuction for an even more extended 
period of time in our national history than did 
the model of topics to be included. The textual 



material picsentcd mathematics as (ollcdious 
of rules to he mastered. One \ per page was 
about the average lor Pike's volume, and this 
sduinc appeals to ha\e been (piitc thoionghlv 
masteied i)\ the succeeding authors of mathemat- 
i(s textbooks during the nincteeiuh <enturv 
and most of the earl) twentieth centurv. More 
imfortunate than this organization of mathe- 
matics "by the lules" was the adherence to the 
master) of these rules as the chai a< teiistic goal 
ol mathematics instiuction. (This lorm ol in- 
stiuctional tortme is. ol (ourse. no longei* pra<- 
ti(ed.) 'I'hc description of the rules was often 
so ambiguous or so involved as to be be)<)nd 
any reasonable assumption concerning the (a- 
pabilities of the leaiueis involved. One supposes 
these complicated foimats and ambiguous 
descriptions weie not intentionall) confusing, 
although their lack of darity and the length 
of some of the rides strains the <redil)ility of 
such a supposition. 

.Most learners who were expose<! to "Old 
Pike* did not ac(]uiie computational facility 
beyond that of being able to peir.)nn the oj)* 
eratioiis of addition, subtiaction. midtipli( ation. 
and division on natural ninnbers. Some (om> 
pcienc) was usual l\ .u(piiied with the identifi- 
cation and naming' a few positive rational 
numbers expressed i.'i the lorm of Iractional 
numeiak (commonly (ailed \adgar fractions 
in Pikes time). .A student was coiisidcied re- 
markai)lc if he managed to interpret and dem- 
onstrate the ability to use the "Rule of Three." 
which in IMke's version went something like 
tins— "The Rule ol Three teaches, by having 
three mnni)ers given, to find a fourth, that 
shall have the .same proportion to the third, as 
the second to the fust.** 

Maslcry: ihc Did of Ihr Day 
As best they can be ie( onstrnctcd. the de^ciip- 
tions of activities, the instriu tions to the 
students, and the exercises to be practiced by 
the students contained within the volumes of 
Pike and his contcmpoi aiics strongly suggest 
that the instructional emphasis was placed upon 
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ihc niasici\ ol inlcs. The :u in:il iiisiriK lioiial 
j)i<)(C(lMic oil CM ,»ssMinc<l I he loiiii ol |)i csciuiiijL; 
ilic Ic.inicr wiih ;i .si:n< inoin ol ilic rule lo l)c 
iiKisicicd. lollou'c'd l)y one or inoic illiisir:iiivc 
CN:nuj)l('N. aiul iinalK ickiiik'ss I'cpcMiion ol 
ilic pKxccInu' l)\ learner uniil lie could 

siu (T.sshilK dcinonsiiaic a mimicry of ilic rule. 

Loiii» ( ompmaiioiKii problems were also 
( haia( lei is(i( ol ilie e:irl\ and niid-nineteenih- 
(eiuur\ ariihineM(s ol naii\e orii^in. Olien a 
lonj* scries oT (oni|)uialions wonid l)c <arried 
om l)\ iht' cnnie ( lass ol .siudeni.s uiili fiecjuent 
(hecks on one another's work. Tliis mass (hill 
did oiler one ahei native lo (lie indi\idiial diill 
|>ra((i(e and lor thai leason (ould be con.sideied 
of some insiru( n'(mal meiit. All in all. however, 
llic iiKsM Mc lioiial puxcdnics w(ie(le\()ie(l. with 
almost monoionon.s c\( Insixeness. u> the nia.sierx 
of i»iveii I'nies. 

C!on.i»ress (lisiiii.i»nishe(l iiself in !78(> l)\ 
e.s(al)li.shfii<» a lederal moneiai) .sv.siem based 
on ihc (l((imal >\su-m of lunneration. This 
deci.sion had liidc immediate el feet on (he 
presentation oi (lis(nssi(>ii of the monetary .sv.s- 
iem in the eleiiieiitary mathematics textbooks. 
llowe\ei. (his (le( ision piovcd to have a sijj- 
nifi(ant impac t on ilKMoiueni of the nineteenth- 
cent in \ eleinenian maihemaucs lex t books. 
Amoni* the hrsi evidences that this congres- 
sional decision had an inipad on the picsenta- 
lioii and (lis( iissioii ol (he monetary .system in 
the eleme'iMai) in.i(henM(i(s textbooks was ilic 
ap[^aran(e of Ijrastns Root's vohmie ///■ 
trodurnofi to Ariilnnclic (!M) in 1700. 

//// l)H)()(lu( iUm to Ariihmrlii was anioiii* the 
first elententaiy \<)1 nines to <»ive a proiiiinent 
position to tiu- de(inial nione(.n\ s\stem to- 
gether with a stroll!^ nati()iialisii( plea lor its 
adoption and use. I'll is particniar plea can be 
assessed in remarks stub .is the followiii<». taken 
fioni I lie j.'rcfiice. 

It is expected th.'it before many years shall 
elapse, (his method of reckoiiiiiL^ will be- 
come <» en era I tliron<»lioiit the United States. 
Let ns, 1 bc\<>; of yon. fellow citizens, no lon<^- 
er meanly lollow the British intricate mode 
of reckoning. I.ct tlicm have their own way 



and lis. onis. "I heir mode is suited (o the 
j>eiiins ol the uoxcinment foi it .seems to be 
the |)olic\ ol (uaiKs to keep iheii aKoinus 
in as iiitM<.ite and peipk\iiii» a method as 
possible-: that the smaller nnniber ol their 
subjects niav be able to es(imate their ciior- 
nious imp()si(i<)ns and exa((ions. \\\\\ Re 
|)(djli(an nioiiex ouj^ht to be sinij)le and 
adapted to the meanest capacity. 

Root's emphasis on the dedmal monetary 
system lemained the eN(eptioii (o the monetary 
presentations developed in most elementary 
iiiatlienia(i(s xoluiues lor a number of years alter 
(he beginning ol the nineteenth century. A 
traditional pieseiK.uion peisisted in most \()1- 
umes. with the emphasis beiiiji» i»iveii to the 
tieatnieiit of unbeliexably ( oiiipli< ated business 
li*aiisa( (ions iiuolxing liii.i»lisli (oinx hish (oiiis. 
pistoles, doidjloons. and nioidoie.s. as well .is all 
manner of possible (if olten improbable) com- 
binations. I'i.mirc .'5.5 shows a problem of little 
currency (()mpli(ati()n but sn,i»oest ive of the busi- 
ness traiisaciioii problem. 

DahoU's Srhoolma.\irr'^ /l.\.u.stani (<)). by 
Nathan Daboll. lollowed in (he (ra(li(i<)ii of 
Pike's and Root's volumes and proved (o be 
anions; the most popular eleiiieiitar\ nia(heniati(s 
volumes of the lirst half of the nineteenth ceii» 
(iiry. The exiensive use ol the S(h()ohna.\irr\s 
A.s\istaiit can be attributed to a number of 
separate but sioiiifKant factors. The limitation 
of material to a (ollection of items which was 
moie realis(itall\ and pia((icall\ suited to tlic" 
actual school cii cuiiistaiues was one. The .smaller 
si/e ol the voluiiie needed to present such 
maiei iai U!!d()ub(e(ll\ was aiii()n<' the more 
prominent of these factors. Another factor of 
some iiiiportaiKe was the volume's emphasis on 
the new decimal currency. The value of this 
particular factor was reduced .somewhat by the 
occasional intrusions of problems that icvericd 
to mentioning pounds and shillings. 

It is worth noting that most mathematics 
volumes of this peiiod included pioblciiis re- 
lated to gambling situations as well as some 
that bad something to do wMtli the manufacture 
and distribution ol alcoholic beverages. 
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Devuxiion from the Rules 

The linn ol ilic ccmury I)iou<>lu u-iili ii several 
iiino\ aliens ol iioic. The firsi of these iniioNa- 
lions uas Daniel Adams's icxi The Srholm'^.s 
A)ilhiucii( (I). Adams ailempied lo piodnce 
a eolleciion of dear and simple preseniaiions 
wilhin practical oiienialions. In addition to the 
simplifuation and dariftcation attempted hy 
Adams, he included a workbook-like feature 
within his picsemation l)\ IcMving blank spaces 



between pi obi ems for the learner to insert 
solutions. 

One ol' the most sii^nificant i)reakthrou<»lis in 
the de\elopmem of .Mnctecnth'ccntur\ versions 
of eleiiiciitary mathematics textbooks in the 
United States occmrcci in 1821 with the publica- 
tion of Fnsl l.cssous ill AriihiiiciH (8) by War- 
len Colburn and his Sequel lo the First Lessons 
(7). which appeared a year later. Unlike the 
precedini^ elementary mathematics volumes, 
which were in the tiadition ol rule prcsematioiu 
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!;i(»U|) Mu\ iiuliMMihil |)i M ii( (' l)\ ,i siir ,mmi^ 

H IX'lllldll. ,111(1 (IcilKMIslMlioM nl \\h UMsln \ ol 

.1 iMcMioi i/rd ink', (.olhiiiii .iii(-im|MC(I lo pro- 
vide |)li\Ni(.il ('S|)ci iciKcs ulio^i" |>i;:|M)N(' u.is [o 

CN|M>SC' .1 Ic.lMICl lO {Asks lie U\!s [O \KV\oi\n, 

i'lu'sc i;isk> u'cic uhital U) ihc possible oii^^iii 
ol a p.iiiidil.M .iiiihinenc ink* .iiul .i(irinpic'(i 
[o \A\Hi' Ic.iriicr in NiuiMiioiis lii.i;lil\ 
i;csli\(' i}\ .1 need loi ii. 

I'hc ()ij».tiii/:ni()ii ol Oolbiirn'.s woik relied^ 
(Ik* inlliieiue of (he pedologicd position 
c^ponscd l>\ P(Al.do//i. (iollnmrs oI)m;i \aiioiis 
(oii((Mnin<* ilk iinpoMaiuc of the nninhei I 
in iUc dc\(*lopiucin ol coniniiij;. .is well .i> ilic 
devc'lopnu'in ol an ininiiion (onccMin'ni* oidci 
H'hnioiis. .ippc.n (|niie < oiueinpor.'iry. h'oi cn- 
.itnplc. (!oll>iiin ohseive.s in ilie pichnc ol his 
InM volnnic ih.n ".is .soon :is a child Ixrj^ins lo 
nso hiN senscN. n.iinu* < oininii.illv piesenis to his 
(•\e a \ai'iet\ ol' ohjats: oiic ol the fiiM piopci 
tics which he discovers is the relation of iinni- 
l>ers. lie iiitniii\el\ (i\'o upon iinit\ a.s .t 
incasinc. and from this rornis (he idea oi nioio 
and less." 

Direci physical observation and (aciilc cn- 
peiieiue aie the kcviioieN ol (!oll)nnrs pieseina 
tions. C>oll)nin intiodiued nainial nnmheis. not 
l)\ Niatements of inles to he reineinbered. but 
l)\ .1 series of (piestioiis relaied to (he diiUr.s 
ph\si(al eiu iioinneiit. He .k < oniplished ihi.s b\ 
askini» (|nestions siuh as "How many ihiiinbs 
have \on on \onr ii;>ht hand? How in. tin on 
\oiir leli? How many on both together? How 
many hands have yon?" 

C^)ll)tn'n iiu bided a lari^e luimber of simple 
(ompntational problems (o be done mentally. 
He was aniont* the first to intiodnee mental 
arithmetic (o the elementarv inathematics (in- 
lictdnm ol the L'nited Stales. The slaving power 
of this idea ol ment.il arithmetic is leiogni/able 
(o an\ one familiar with the elementary maihe- 
ma(i(s cnrrieiilnnK 

Colbmn's genius with lespeci to iiistrnctional 
innovation and te>:tl)ook organi/ation shifted 
the focns of attention from rnlcs to the learner. 
In m.ni\ lespccts Colbnrirs volumes anticipatj 



the insd IK lional .segmeius (»l the (oniempoiarv 
m.itlu iii.nic s i( \(dtnion b\ iiioie ih.ni .i lniii<hed 
\(.irs. The / /m/ / * \\o//\ and ihe tjiii I pieNeined 
the elemental \ mIkhH te.uliei with a new per* 
Npe( ti\e (m mathemasic s iiistnu tion. These 
volume^ weie a dep.iiline lioni the ii.idition 
ol in.ithcin.jti(s b\-the-i iiles which h.id held swa\ 
loi maiiv (einnries. 

In assessing the actual impact of (>;!i::;iii\s 
\ohimeN ii nnisi be >aid :!i.n the dianges in in- 
snndional iM.iUue weie slow in <oniing. and 
the Miilt hom rule jnemori/ation to leaincr 
oiieiued iiistiiKtion w.in b\ no ine.nis nin\eis.ill\ 
.idopied. Ilowevei. she appe.n.ime of tia'se two 
\olnmes does lepicsejit a m.ijor attack upon 
this staid insd m :ional emphasis. The advem oi 
ihese maieiials .signaled ihe beginning in .i 
length\ sc^jnence of i eappr.iis.ds of the rel.itio*** 
ship beiwceii the <liMipline, the learner. an<l r i. 
huxle ol iiistriKtion whidi is (ontinniiig np to 
the present day. 

Visual Appeal of Tesl hooks 

general atna< tiveness ol eiglneeinh- and 
nineteeinh*<einnry schoollmoks as wei! as the 
visit. il appe.d of the material (oiiiained within 
these \olnmes w.is seldom, ii e\ei. a (onst<lera- 
tion ol the anthoi.s. Vor ((Hild ihc aitrat liveness 
ol preseni.ition be iieated as .i strong point of 
the pii))lishers <oiuem lor elemental y in.ithe- 
mati<,s lexibooks in ihe L'nited Siaies dnrinji 
the eighteenth and tMil\ nineteenth centuries. 
The appearance ol Frederick l-jnerson's Korth 
Amniniii Ariihmciu , rari /, Part 2, and Purt ) 
(Ki). marks a change in concern over the at- 
lia< tivenc'ss o! »e.\ts. 
The first o( hnierson'.s volumes appeared in 
and w. .jiiukh. foilowecJ b\ two additional 
volumes, so that by IS.*!! Jnee parts were avail- 
.iDic. These volumes aie iini(pie in ih.ii Fmeison 
scaticied di a wings ihronghont ihe liisi j^art. 
T!ie first vohnoc ol this three-part scries repre- 
sented a genninc atiempt to produce an attrac- 
tive beginners book. This is one of the first 
(akniatcd efforts to capitalize on illnstrations 
as a fniKtiona! part of the iiistrnctional dialogue 
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III the midst of a meadow. 

Well stored with grass. 
Tvc taken just two acres 

To tether my ass; 

Then how long must the cord be. 

That feedin<»: all round, 
l ie mayn't gra/e less or more than 

two acres ol ground? 



FiGliKK ;{.7 

"Here «ue three hoats, iwk] each hoai contains 
three men. How many men in all?" 



in a mathcmaticN text. The |)ic!a(c \o I'art I 
NUppori.s iIr* claim that Knier^on puiposcly com- 
|)ile(l (he ihiec volumes wAh >uc\\ a view to 
ilhisf ratiouN: "The method (*ui|>lo\ed lor ih 
lustrating the .subject. It will he .seen, is orii^iual 
and peculiar." The separation of au arithmetic 
into .separate parts rc-pie.seut.s a .sii;niii( ant iu- 
novation introduced by Kiner.Miu. This particular 
iunov:uiou proved to be a niosi lasting oi!;ani/a- 
iion:d fonuat. as the nnuieious mathematics 
.seiies ol today will clearl;. attest. 

.Although Kmei.son's volumes repie.sent the 
fiist to contain a sui>stautial nuniher of illu.s- 
(rations pnrpo.sely related to iuNtruciion. many 
of the earlier textbooks did comain a lew 
fonnal diagrams, and .souie volumes such as 
Thompson's The Atm yiutn I'nior's Cluidr (:U)) 
even made use of an occasional print to poiiu 
np (he situation in which a problem was .set. 
One such example Iron) the 'I'lionipsou volume 
is shown in I*ig(ue :]A\, with a proI)lem .set in 
vei.se and accompanied by an illustration. 

A .second interesting example of a pre-Ianer- 
>on n.se of i I hi si rat ion. s for the purpose of aiig- 
men ling instruction is given by liarnard's 
vohnne A Trntii.sr on /hilhmrlir (2). The 
(pioiation and accompanying illn.siraiion .shown 
in Figure 3.7 are typical of Ijarnard's use ol 
drawings. 

.Such secpiences of cpicsiions were ternn'naied 
I)y a (piestion more directly associated with an 
arithmetic .skill. In tbi.s ca.sc. the .secpience con- 
cluded with the cpicstion times 3 i.s how 
many? " 

The elememary nnnhematics textbooks of 
Joseph Ray achieved die distinclion of being 
the nuKst popidar of the eleniemary mathematics 
textbooks piibli.shed dining the nineteenth ecu 
tiny in the Um'ted States (using as an index 
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lUv iiiinibir ol copio printed). l\.t\'N lust 
voIiiiiKs. /7ir /,/////• .'hilhtnrlit nicl I'tihlr 

ttiitl A* /(//•> /// .'li till mil it ItfV ('.III It I wit C»\l). 
|)c;iicil in |S:*tl .md srivud .t\ »tii inimdnc timi 
lo Ills EtU'tth Aiilhnirlu (*^Si. Ill si imblislicd 
in IS.*'»7. 11 IOC \(>lniiicN ucic inc oi pouted into 
a NL'i icN iImi ]>io\cd i«> l>c the luost popnhir of 
l\;i\'.N iioikN. .'In'hnirln . I'url u:i> |nii)» 

lislicd ill IS12: ArllhnirlU\ Pnrl Smtiul 
|>c:iied ;i \e:ii l;iier, and ,li ilhinrlit , Pn}f VUh'tl 
(oitipli'ird I lie scries {-!). 

text.s leseniMed Cicdbnrn'.s in ili.n ilie\ 
.idlieied to a .siiii|diLit\ and diieLtiie.ss cif |>ie> 
>eiii.tii(>iK K.tv did nut atieinpt to ((iiisnnci dil- 
liritlt eleiiieiitaiv iiiailieniatital .siiiiaiion.s and. 
in lad. iiitiodiic ed iiotliiiii^ more |>ii//liiig than 
word prohleiiiN. M'lie impact of C'cdhnin is easily 
identiliahle in the coniiiieiii.s of Ra\ on intended 
piiipnse.s such as piovidiiii; a '*tlior(ni!;;li (oiii.se 
of n.eiital arithmetic l>y iiidnrtion and analysis" 
and in die provision for "the inductive and 
aiiaUlic niethocls oI instrnction/* The use of 
"nicmar' and "iiiiellec inal" in the titles of tlic 
vai ions eleiiieiitai \ iiKiihcinaiic > \ oIiiiiicn also 
lellecis the Colbiirii iiiniieiice. The title of 
Arilhtnrtir. I*tn'l Srroud. for example, ua.s* 
changed lo Mrtital Aulhnirlu in the IHfiri edi- 
lic>ii and Inlrlln lunl Arithittrlir in the ISf)? 
edition. The iiiocleriiitv synchomc so character- 
isiic ol ilie iiiicl'lueiitietli-ceiitiiry volumes also 
manirested ii.self in ilie last editions of Rays 
leMS with the appearance of Modrrti lUnucn- 
(tt) V AriUnttrlir (jO) and iModrrn Prtwlind 
ArflUtiuUit (.SI) in \\m. 

One of the signifKaiit conirihinions of Rays 
xohmu's is not a con.secpience of the conicriit or 
iis mode of presentation, hut mtlier its prot^ram 
of revision. Frerpieiit and well-planned revisions 
of these elenicnt.n\ mat hematics textbooks were 
cond tided. The revision mechani.sni provided 
a iiie;nis of relied iiij; clia'i!»es in the eiiipliasis 
of topics as well as correctinj; errors discovered 
in the field iryoni. The pid)lisliers of Rays 
texts did not initiate this leclmicpie. i)nt iliey 
l)r()n<;hi revision of elementary mathemaiics 
hooks lo a level of sophistication not prcvioii.sly 



attempted 1>\ pnlilishinji; lioii>es in the l*iiited 
States. 

rile popiilan't\ ol Ra\*s texthnoks as well as 
the siKccss (J die iiiiiiieioiis levisions (ondiuted 
diiriii,*; the latter half ol the nineteeinh (eiitiiiy 
and at the l)e«;iiiiiiii(; of the tueinieth century 
is lelleded !>\ the estimate ol 120 million copies 
sold over the liletiiiie of these vcdiiiiies. In fact, 
the aver:ii;e aiiiiiial sale of Ray'.s vohmies he- 
tweeii P.Mlll and WWW is eMiinated at 2r>(MHM) 
ccipic's. The appateiii popularity ol die revi.^d 
volunie.s must be balanced with die observation 
iliat altlioiii^li iliese fiecpieiii revisions did coi 
led errors, ihey did not si)i;iiiriLaiitly affect the 
content of die voliiiiies. The title and vocabii* 
lai\ cliaii,!;es weie ofieii nicasines pioinpied 
more 1)\ .sales expediency than aii\iliiii<^ el>e. 
This iiion\atioii is characteristic still in evi- 
dence lodav. The field tr\oiit was condnc ted by 
tlio>.e who piiic'hased tlie voliiiiies. 

The appeal ance of novel forms of org:iiii/a 
lion foi the element a r\ mat hematics ciirriciiliim 
diiriii*^ the latter p:nt of the nineteenth ceiitiirx 
was niea_»;er. johii Kieiicli prepared a series of 
volnincs that typify the better tc;xtbooks of this 
period. Thr I-'irsl !j;.\sotts in Suntbrrs (II) 
was die primary-level volnme of this series; it 
recpiired ihe child to peifciriii nioslly at an oral 
level. 

Much more iiiteiestiii!;*^ than the contents of 
tlie.se voliiines weie lite comments of Frciicli 
characleri/iiig the ic)le of rules. *'If principles 
are nnderstocxK rnles are iisele.ss'* is one com- 
iiieiit that leflects his view, as docs this remark 
in his lonrtli boc>k: "If the niiderMnndintr is 
tlioroii«^hl\ reached, the nienioi) will take care 
of it.self.** This represents a remarkable .shift 
from the "rules to be mastered*' view of the 
earlier ceiiiiirie.s. Whether such remarks actnnlly 
affected insiriiction is aiaither matter. 

The *'Oswei«;o Object Lesson" movement in- 
troduced one of die most interesting innova- 
tions of this period. Milton Goffs work is 
typical of the foiiii taken by this innovation. 
The idea was to use objects and pictures as the 
source of in.struclion. 
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77/r Hhloricnl Dcvrlof)mcnt of 
Ihe T r.\ll)ooh\ in Sawmary 

Tlic piC'iuciiiicili ccimiry icxilmok*; in ciciiicii- 
i:iiy iii:i(liciii:i!i(> were (iii;;iiii/c(I lo !)c used in 
(inlcMiiIc >i:iiciiiciii. cxniiipIcofM iiIc iiniciicc. 
(Ictnoiisiniiioii of iii;isicry ^ccinciirc. A few ic::i> 
wen I lo I he cxirenic of i>ie.sciiiniij ilie rules like ;i 
caie< liiMn~si:ne(I (iiie^noiis followed by answers 
lo he coiniiiincd (o iiieiiiory. .siicli :is: 

(). Wow iii:i!iy kiiid.s of :iddi(i(}ii are diere? 
//. Twci— .simple iiiid coiiipoiuid. 

Coniitiit iiUMxIiiced "iii(hiciivc" .siraiegy for 
iitsdttcttoii whirli appealed lo (he exaiiiiiialioii 
of >iiiiaiioiis and exercises as a source of iii- 
fotitiatioii (o he used in coiisiriicihii; die rules, 
or a I leasi lo he siiggcsiivc of die reasonableness 
of die rules. Afeiiial or oral aiiiliineiic became 
a pan of ilic early exposure lo iiiailieiiiaiics for 
liie child. By die end of ihc nineiccnih ceiuiiry. 
most (exis ueie a blend of Colbimrs induct ton 
and tiic older rule-iiiasiery. 

Tex IS were made more aiiniciive by ilic in- 
irodiicnou of frcqucni illiisiraiions; and for 
M)iiie vohniiex .such a.s iliose adopiiii-j ilic Os- 
uei»o Object Lesson siraicgy. llie iimsira lions 
wcie made a fniiciioual pan of iiisiriiciioii. 

The leacher wasofien given advice as lo how 
be.si lo use a icxibook by siaiemeiiis from ihc 
audior. usually primed in ihe preface. The 
niajoriiy of lexis eomaiiied some conimems 
direcied ni iiisiruciional usc\ Toward ilie end 
of die iiineieendi ceiiim v ii was becominir more 
and iiioie coiinnoii prnccice for volumes lo in- 
clude special seeiions ai ilie cud of ihe book 
such as **Melps lo TeaclieiV* or *\Sui»*»csiioiis 
Ui Teachers." Elrmcnlary Arithnirtic by I-rench, 
lor example, couiaiiied a *'i\faiiual of ^^elllods 
and 5)U«»«;esiions*" in ilie back which lefenvd 

die ireaimeni or explanaiiou of specific proi)- 
lenis ill die lexi. 

Heeanse of ilie iiiadetpiaic prcparadoii of 
learhers. ihe praciice of pnblisliiiijf "keys"— 
volumes incliidiiig ilic solinioiis lo ihe mosi 
(h'Ificuh |)i'/bleiiis as well as die answers lo ihe 



piiilil( iii> bccaiiic uidcNpir.id I lu "lliui> i<i 
ilir 1 iM( h( I ' Ncdinn (ombiiird uiili ilii^ r\> 
pjudrd \n>iiiii nj ilir "kc\" i> ilic nbxiniiN loic' 
I iniiiei III ihc liL'i '> cdiiion « miiumn lu 
iiiid>iU(Miii(tlM cmm \ ehiiiriitai \ iii.nhriii:ui( > 
\ nluillCs. 

WImI i> lilt >i.ibilii\ (il till* (iiutnii nl ilir 
(-Iciiiriiiaiv iii;uhriii:ul( > \ii|imir> up in ilu* 
( well I in h < cii(iii\ in ihi- riiiied .St.iu->? lite 
^iiidio III Sniidi .iiid l-'.iinn t.^'o. iiiiiix sT**. 
.Mid I'lih liei (I'll >uiiuiiaii/i'd in ralilr .i.l mp^ 
Ui'nI MMiir di.iiii:ih'( ^hili> nl empli.i>i>. IVilMpN 
(111- iun>( dr.iinaiic nl Mie>t- dian^^o ocdincd in 
liie >iiid\ ol m(»ii('iai\ >v>iem>— dieic wiir dt* 
(lino ill ilic cmphjsis nn iu>iiiuiiiui in Irdci.il 
luouex and in huei^ii c.>C( Ii:ui<;c, riii> ( liani;r 
iiile! pielalilc in mmcxM of (he i>olaii(»n ihai 
evnlxt'd dm in;; ilii> liiiie in our na(innal Iii>ini\ 
and I 111- :;inu-iiii; laiiiili;nii\ wiili ilii- dciinial 
lUoiieiaiA >\Nieiii. Tin- M>li(tili( ailoii id (he ob> 
ji«ii\i- of (I'evclopiiit; (niiipru'inx in ilic jrr- 
foimaiue ol aiiiliiiie(i( operaiinii.> mi ih' 
poNiiiii' iiiici;viN and (lir poNiiixc- nuioniiN .iv 
well aN ({euuniNiraiiii;; >kill in ilie inanipnlaiinp 
(»f decimal iuiiirkiU and laNVN ol pcMiiUa':;'- 
iN aNo (diH'i \able in die pi(»piiilii»iiN lepmU'd 
bv the iii\e>ii<^;uinii>. riic rnipliaNi> on "pr.ti tic a I 
aduh * appliiaiioii ol (lic.Nr skills iN :i()| ob%ei'\- 
able frcHii ihe>e (i:tta. (»ilier ili:iii in ilic nlivit»ii> 
de( line in cmphaNiN on the (nloiiial-pciiod appli- 
caiioiiN Midi as laie. (ici. and clc)ll: p:iriiiei>liip: 
:ind biirier. The- inipau ol the- iw(*uiirili ( emiii\ 
>ci( i:d iiiiliiv on ilic mailieiiialic > cnrricuhim 
was slid .>c»nic* de(ade> oil'. 

TUT.NTirril.CK.Xri'RV 
COXTRHU'TIO.XS TO TMK 

Kvoi.r^nox oftmi: TKX"rr>ooK 

*I'he I wen lie ill (enuii) brotiL;Iii iiciiieiidons in- 
( re.i>e> in ihe .school popnlntidn. with the (oiii- 
nioM s( li(»ol ;;r(}wiii;; in ihe diirc licMi ol iiK liidint; 
ionrieen years ol lormal insirtK (ion. This 
.(;iowih has becMi ac ( (iinpaiiicd l>y fads such as 
(he aiiempi lo jns(il> a place for maihemaiics 
in ilu* ( <)iiimon>s( ho(»| ( nnicidtmi In liniti<; 
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ii III ilic "(.iidiiKil iniiuijik's of oiiiLaiiou." the 
\icu" of iii:iilicns:iii<s uiiliiii ilic purpose ol 
M«i:il iiiility. ;iiul ihc xicu* o5 iu;iiliein;iiir< as 
ilie piiiiiioiiiiii III (lis( ipliiian hMiiKilisiii .nui 
iit;or. The icxilioiiks. :t\ ilic .same liiue. iiiuler- 
uciu lei linii|ot;i(aI lelinenu iiis .iiid ininxhueii 
se\r!:i! iiiiioxaiidMs— ihc iea( hers echllon.s he- 
caiiU' an expire icd pan ol an cleuieiuaix 
luailieiiiaiics Nerle.s. toUtr was «feuerou>!y used 
i!3iinii;hi»iii ihc vnhuucs» print was uiatk- hu«;er. 
coiisiiiii^dik' MihuiRs hii sHidriiis ueic uiaikirted. 
.iiid papeiiiatk vtduiucs were made avaihd>k-. 

The laic nineteeiuli and early lueutietli eeii- 
nirki; also hnup^Iii several iuiportant chauges 
in the icxihiink. .Nhni.s view id hiuisell hci;aii 
ui inukii;!! a iach'ial <haMi;c. I In* udik (d 
William jaiiio (l!l>. |nliii Dcucy (II). C .Stan- 
k\ I lall. Ktluaid MhiiMulike (:;7). and Ivan 
Pavlov (lifi) is iiT special si^juilicaisLe. Pie.ssuies 
ici alur die text luniks Inmi the expcriiucnial 
ps\f liohi(;isis ueic i niiipk-uieuied hy the husiucss 
cfiinnniuiu's tksiie it* eliiiiiuaie die siiidy (if 
uli at was (iiii.sideied "iih.MiIete and luiiietcssai v 
icipics," I*iiuher i«* »iiilie.s ilic.se (lian;L;Ls when 
his iep<)U i< conipaied with die Uiirry and 
Siiiilh Ijiiiiii studies. Tiipio such as paitial pav- 
incnis. paiiiiciships. pci inuiatidiis. and Cdiuhin* 
aticiiis were i;ivi;n less .space iliaii lr;\(tious. the 
met lie svsteui. and hcinkkeepiii*;. .\ppe:i(h"res 
weie ciilaii;ed and cilien a((|uired material slated 
to l)C leuii.ved ficnu the next cdiiidii df the text. 
.Many tiineN the Kipics thai hiiiiid their uay into 
die appendices weie old fainiliar Cdiiieut lhat 
often iiillueiiced the select ioii df a Iicidk. The 
Miniiher cif rllk^ tii he iiieiUdri/ed was reduced. 

Lessons at templed to luili/e play in the tlesiY;u 
of insli IK lioiial ac'livities for yoinijijer childieii. 
The iiilrodiictioii of actual iiieasiiriu«; iiis:ru- 
iiieiiis lor field wcnk l)e«;aii to he ( oiiunoiiph'K'e. 
r>o<ikkeep!ii,*;' lelated to peiMiual accounts as 
well as hiisiness was iiitro(hiced with the in- 
elusion of topi(Ssuch as family I)n<li;eti'ng. postal 
money orders, order forms. I)ills. and receipts. 

In .\>el.ellan and Dewey puhlislied Thr 

Rsxrhohfiry iff Xmnhrr (22). In this lexi^ they 



pieseiiied ihe posiiion ih.n .itiempied lo link 
piohlenis in elemental} inaiheniailcs m die 
plixsicnl cnWroiimem. 

The nii«! :weniieili u»niin\ s.iu ihe iiniodiit 
lion ol a siiikiniiK new nuuh* ioi ilu- ueaiion 
of niailiein.iiij s uxdiooks. die u«lllinaiu e<l 
massive m.iieiials development piojetis. Teams 
ol niadiemaii( iaiis ami inaihemaiics edinaiois 
lie«;an lo coll.dioiaie in ilie prodiuiiou ol nuilie- 
iiiati(s \<ilmne.s fiisi foi the .secontlaiy school 
kxel .ind snhsec|ueiid\ loi iheelemem.nx school 
lex els. The spiili cil "(lian«;e ilie coiiicni to make 
it !n«Hlern" >ut|ii die laud. Sthmil s\sieiiis 
iluoii«;hoiii t* e <oiintiy participaurd in held 
iryoins of 'Vxpetiiueiual" maieiials. 

I>\ die sixth deiade ol die tweinieih <eiuiir\» 
ihe (oiiniioii M hool ediuaiional iustiiiiiioii had 
expeiienced a fantastic i;rowtli. It imw x\\is n 
htj^ husiness with die choice and inipleineina 
lion of iiisiriietioiial pro«;rains a suhsiainial 
poriion ol this iiisiiniiions annual liiisiiie.ss. 
The elemeiuary inatlieuiaiics lexthook with an 
ac((impaiiyini:; leachers j^uidc has now firmlv 
esialilislied ii.self as die principal iusii nctioiial 
devi( e. 

TMXTliOOK.S AS PROnrCTIVK 
INSTRirCTIONAl. AIDS 

\ common operational defiiiiiioii for a matlie- 
inaiies curriculum is one thai uses a descrip- 
tion ol ( (intent Meiiis lioni one or iiioie 
uiathemaiieal specialties. The iiiiplenieiitati«iii 
of such a cmTicnIimi is said lo occur hy the 
s(de( lion and use of pariieular lexthooks. .Should 
an\one seriously challeu.'^e this c oncepiuali/a- 
lion, he need only leexaim'iie any <iiic of the 
popular cnrriciduni deseripiions called 'smpe 
and se<pience charts * x) <iften included as a part 
of a comnienial lexthook seiies in mathematiis— 
or he could read either the .syllahi hy which stale 
deparimenis of education and school systems 
deMTil)e :» mailiematics cuniculnm or die "cre- 
ative ihinkiui; ohjeclive.s" of a mailiematics series 
as iliey often appear in advertising copy de- 
s< rihriio; die .series. Siaiemeiiis of this .son appear 



nil- riA I IU)()lv \S \N INM Kl (. HON \l 



ill CN'|)CI iiiiciii.ii U'M linoks .In U'cII .in in (oni- 
iiicn.:;il icxihook.N. Miu.li ol ilicsc dcNcripiioiiN 
cnIi':iiP4C'(I fioiu lilt' .Kiu.il ( ()n>iniicr^ilii* 
le.inirr .nid. unioniiii.iu*!). (Iioom-.n iiiNi(:;i(l lo 
liuiiN oil ilic iii.iiiiiiKiic pic'NChUuioii ol iimiIic* 
iii;iii(.>. 

Such :i ( OIK i*|>iii;iIi/:iiioii ol ilu* in:iilii:ni;uiLN 
( 111 1 i( iiliiiii istlciiK iiiiN.iiiNl.K ioi\ uoi hc(.lll^c 
of u'li:il is N.iid .il>oiil ilic pui.Niiil oi oii;.iiii/jiioii 
ol iii.uIk lll.lli(^. i>iil !).'(. iiiM ol wli.ii is not >.ii(l 
.iboiti llu U ;Miit'i •■■1(1 uli.il iN.il)M'iiI .IS !;iii(l.iii( c 
lor I Ik* iiiNii'iK lot . 

OhscYvadotis on Tnichcy's Mmiuals 
The ic;ii licr*> ciiiiioii has a>iiic \o be ilie source 
lA ihc |}ic>rri|>iioiis lor ilic >:i:iic;;ics ol iusuuc- 
lion. II iIionc u*Iio ohNCivc iI:i>niooiu ic:iiltcr> 
ill .Kliou arc ol>jc(li\c .ilioui lllcii ol>M:!\.ilioiis. 
lew icadicLs iiiici|>ici llu* uuiiiual oihcr iliau 
>r!\iii»; aN .111 01. il iii(>Ncii,i;cr. lu llic cxiicuic, 
iIun >ci of picM I ipiioiis In .III uii.ilici.ihic .source 
of "The Till ill" for ilie UMclier and by lepeaied 
expoMiKS c'\ciuiiall\ bccoiucs such a .Noune for 
ilic learner, hi ihis iiisidioiiN ra.sliiou (iiildreii 
arc iraiiNfoiuied fioiu leaiuci> iiiio iniiuics. The 
icxibook ill .Niuh ail iu.^iriu lioiial sxMeiii de- 
leriiiiucN llie (ouieiii aiul ilic oidei ol loiiieiii 
|)ioeiiiaii()ii for the leaiuer and. of ioiir.se. lor 
the eleiiieiiiaiy luadieuiasics leather. TheiXTpore. 
u'orkiui; u'iiliiii any insiruciioiial .Ny>ieiii. llie 
(!cvclo|)iiieiu of a >CL ol pnu cdiires For llie .se- 
leciioii ol a lexibook becouies a re.^|)Ollsil)il!ly 
ili.'d iiiiisi be .'iNNit>;iK:d ilie liiglie.Ni of priori ly 
raiiii£;s. 

DrvrU)f)mr}it of a Fnuciiounl 
Menus of Drscrihing Textbooks 
How do(\N one (k'xclop a ruiKiion.il desdipiioii 
ol a r JlllenlaIi(.^ UNibook which (an be .ipplied 
in llu* ( .>u.sii IK lion of ,111 i ircdive procedure [o\ 
llu; .seleciiou (»i inaihriiiauc.s ie\'il)ook.s? The 
le.sson 10 })c learned from ihe lu.siorx ol' luaihe- 
iiiaii(.N iCNlbook developiiteui i.s dear: (he (ou- 
lent and ilu' Inst run ioiia I puxTdutcs have un 
derij;onc (oiuiuual diani»e. and ihere 15 every 
reaMMi lo believe ihey will coniiuue lo diange. 



riic lii.siory ol iiiailieiii:u i(.s icxibook develop- 
iiiciii (oiipled uiili ob>(!i \.iiioiiN on ilie c\ol\iiig 
diai.Kier ol ilu* mail eiu.iii( s dis( ipliiie .iii^iies 
Nlioii<;l\ .ii;.iiii.Ni I he iiNeridueNS oT de\dt >piiii; 
lexibook >eleiiioii piocedino b.i>ed on ilie ap- 
peaiaiue ol panic iilai (oiiieiu or ihe piCNeiKC 
of .special vocibiilary ov die oii;air * • ion ol 
niaicii.d according: lo a lecouinieudcd mode of 
iiiNii IK lioiial preNeiii.uioii. M'lie dyiMiiii( sijie 
of ihc iii.iilK'Mi.iiic.N di>(ipline .lud ol ilie iiiNliiu- 
lion.il .Mi.iic'*^ie> einplou-d in ihe (oiiiimiiii( .i- 
lion of ilie dixipline reiidei's ihe app!i(aiioii 
ol Midi rriieria ineHiciein. 

Search for Feasible Criteria 

bill wliai. then. coiiNiiiiiie.N a fcMNible >ei of c i i- 
leii.ir Wliai eleiiieiu of (Ies( 1 ipiioii (Jii be em- 
plo\ed wliicli is indepemleni ol .iii\ diange.N in 
(oiiieiiL 01 iiiNiiiK lioiial pro(edme.N and .Niill pro> 
\ide> .111 objeiii\e means of coinparisonr Qiiiie a 
.siick\ t|ne.siion. indeed! The aNse.vMiieiu and sc- 
let lion \i\ !iiailiema!i(.N lexibook.s i.s a pei.Ni>lent 
problem For .m boot .NX.sicms. The inai hemaiicN 
lexibook.N available lodax are (piiic ver.saiile. 
There ate lexi.s for aliiio.si an\ learner aiidieiK'e 
one (an ima,i>[iiv ai :lie elcnieinary or .Ne(oiidnry 
.school level. In lad. many of ilie laii^e piibli.sli' 
iii(|; lioii.^es have nnnieioiis inaihemaiics lexl- 
books compeiiii!^ for ii.>e aiiion^ ilie .same 
audience. 

.Suppo.se. jusi for ilic inomeui. lhe.^e 
( ()ii(liiioii.> did UOI hold. liiNie.id. iiiia,^Hie llial 
all inaihemalics iexib(>()k.s iiiiended for a £;iveii 
ai»e .i;ionp of learner.s possessed ihe.se four char- 
acieris(i(s: (!) contained a one-to-one corrc- 
spoiideitce beiween ihe conient and ilie order of 
pre eniation. (2) were wriileu in the same .stde. 

used ilieName xocabulary to de.scribe niathc- 
inaii(al la.sk.s. and (1) provided ecpiivaleiii space 
for .similar lopics. Hiat is. imagine conditions 
for which a.sse.ssment and .scdcction would be 
simple— it would be based upon reliably observ- 
able crileria .such a,s ihc co.st of ihe volume, the 
con.siru( lion of llie binding, the aiiractivencss 
of presentation, the weight of the paper, the 
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siye of ilic priiu. and so on. Such a set of coiuii- 
lions, foriiniaich. docs not prevail— ronuiiaicly. 
hccaiisL' (onicm and organi/anonal difrcrcnccs 
produce compel iiion. and conipciiiion is one 
principal caialysi of innovaiion. 

Why boihcr wiili such a conirivcd simaiion? 
Because of the clue provided by die characier- 
isiics of die items which did reniaiii nnafTecied 
and do provide possible ciiegorics lo !)e em- 
ployal in ilic jndgniciu. The categories are 
chaiacterisiics whose description „ yields lo rr- 
liably observable m'teria. is it possible lo em- 
ploy an clenieni of description ihai would \ield 
lo leliabh observable criieria lor ihe dcscrip- 
lions of lexibooks. even ihough all lexis are 
diffcrcni by varying cicgiccs? Clearly coniciu is 
not a candidate for such an element, nor are any 
of the nondearner-iclatcd categories, but reliably 
observable f/erformancc does come through loud 
and clear as a likely candidate. 

Suppose we agiee to describe each textbook 
in terms of reliabh observable performances the 
learner is expected to ac(p:ire from the instruc- 
tional lessons. Further, suppose we also agree 
to provide descriptions of the situations diat 
can be stnictuied so as to maximize the learner's 
probability of ac(piiring these specified (and. 
in the authors opinion, desired) mathematical 
behaviors. What does this mean one would need 
lo provide in a textbook description, and how 
would it be accomplished? 

Four (piostions may be employed as a means 
of characierizing the requirements: 

1. What (that can be reliably observed) will 
the learner be able to do after he has 
completed work with a particular instruc- 
tional secpience that he was unable to do 
before he was exposed to it? 

2. Wh at is the e v iden ce tl la t i he lea rn ei"s 
exposed to the particular instruction actu- 
ally accpiirc the slated bdiavior? 

Given the statement of an objeclive in 
terms of a reliable olxscrvnble behavior, 
what capabilities must the lenrncr already 
po.ssc.ss which will optimi/c his piobability 
of ac(piiring the desired behavior? 



•1. What is the evidence that the .stated be- 
havioral prcrecpiisitcs a.ssist the learner in 
the ac(piisition of the b'eliavior (lescril)e(l 
by the objective? 
Hie four (piestions are purposely learner- 
oriented and attempt to focus on the (piestion of 
assessing success in terms of reliably observable 
outcomes. 

Advaulages of licliavioral Dcscrif)lion 

Consider the consecpienccs of accepting the re- 
sponsibility of pimiding a detailed response to 
each of these (piestions. What advantages will 
accrue from accepting such a re.sponsil)ility? In 
other woids. why undertake such a task? 

The advantages of having available a be- 
havioral description for each collection of 
mathematits materials aie especialh diamatic 
for those chaigcd with the lesponsibility of 
designing or selecting a mathematics cnrricnhmi 
foi a school system. Such descriptions would 
provide the .school personnel with an objective 
means of comparing various instructional pro- 
grams in mathematics. The school system will 
be able to select a mathematics cnrricnhmi by 
means of a well-ordered sequence of events: 
(I) a collection of human capabilities that were 
desired as ontcotnes of an instructional program 
in mathematics for that schooLsystcni would be 
identified by the local .school personnel. (2) a 
sy.stcmatic examination would be made of the 
behavioral descriptions and the supporting evi- 
dence of actual learner accoinpli.shments pub- 
lished by each of the mathematics curricula 
being considered as candidates for adoption. (3) 
a .sorting of the mathematics curricula that best 
.satisfy the behavioral requirements specified by 
the .school .system in task I would be conducted, 
and (^1) the .selection of a particular instruc- 
tional .se(|uence would be made on the ba.sis of 
experimentally verified responses to the exami- 
nation. ia.sk 2 of the .sequence, included as part 
of the package of instructional materials. Figure 
3.8 traces this series of events diagrainatically. 

Behavioral descriptions of the intended out- 
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IDENTIPYING THH PARTJCULAR 
INSTRUCTIONAL SEQUENCE WHICH 
PROVIDES THa MOST COMPREHENSIVE 
COLLECTION OF BEHAVIORAL 
MAPPINGS OP LEARNING SEQUENCES 
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TASK 4 



DISTINGUISHING BETWEEN THOSE 
COLLECTIONS OF INSTRUCTIONAL 
MATERIAL WHICH BEST SATISFY 
THE BEHAVIORAL REQUIREMENTS 
CONSTRUCTED IN TASK ONE AND 
THOSE WHICH DO NOT SATISFY 
THESE BEHAVIORAL REQUIREMENTS 
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TASK 3 



IDENTIFYING THOSE AVAILABLE 
INSTRUCTIONAL PROGRAMS WHICH 
CONTAIN BEHAVIORAL DESCRIPTIONS 
AND SUPPORTING EVIDENCE OF 
LEARNER ACCOMPLISHMENTS. 



TASK 2 



IDENTIFYING AND CONSTRUCTING 
STATEMENTS OF THE DESIRED 
MATHEMATICAL CAPABILITIES 
FCa LEARNERS IN TERMS OF 
RELIABLY OBSERVABLE BEHAVIOR. 

TASK 1 



I 'iGijKK .'5.8. 'links in the sclcciion of an insirnctional sctjucnce 



comes ol .'III instniclioiKil progiisiii in inallic- 
iiKitics arc as valuable lo the chLssiooni in.sinicior 
as I hey are \o those who nm.si .seled niailieniaiics 
|)r()<»rains. With ihis infonnaiion the in.stnictor 
is cx|)liriily inroiinecl as to ihe tlesiied oiiuonie.s 
ol each iiisinu tional roniponeiu wiiliin the 
entile niatheniaiics anricnhnn. for which he is 
ic.s; ' ibihle, 

.So now yoii are saying. " OK. OK, I'm con' 
vinced. yon vc sold me on ihe possibility of 
Msini^ reliably observable behavior as ihe fim- 
(lamenial imii for (Icscribint"; instructional ma- 
terials such as the niathenruics textbook" (so 
pr^cend if you ie not convinced or go on to the 
nexi chapier in ihc yearbook)— bin now yon 
ask. *'\Vhat can I do about it?" If one attempts 
lask 2 in Figure *^.8 using the madiematics lext- 
books coimnercially or experiinenially available, 
one would prol)ably find that he has identified 
the einpiy set of mathematics icxts. A like out- 



come will be obser\ed whether iJic \olmncs arc 
inicndcd For the elementary or the .secondary 
.school level. Textbook publishers simply do not 
provide .siu h information about their products 
and do noi appeal lo be intoiesied in provich'ng 
Mich inlormaiion. Ii is an inieresiin<j cxcicise 
in lutilit} to wriie to die publishing houses in 
I he Ihiiied Stales and recpiesi. for a particular 
textbook .scries, the evidence .supponing ijie 
claiin.s. The ambiguous nature of 'imderstand- 
uvj^," "matheniaticai literacy." and "appreciat- 
in.g" arc seldom better illustraied than in the 
responses one receives as a result of such ie(piest.s. 

What can be done to alter the situation? One 
possibility, of course, is lo relusc to purchase 
any textbooks that do not provide a behavioral 
descripiion and supporting evidence of acuial 
leaiiiei a((omplislnnents and to cncomage the 
funding agencies to relu.se funding to "cxperi- 
meniar* mathematics development projects that 



CI I \VV\'A< I IIRLK 



<l() iioi |M<)\ i<ic >iiniLM <l( >< i ipiions jixl c\ idciuc. 
A <lijsli< >i(p. U'>I liui :i nc<(.'s>ai\ one if [\w 
<ksiic'<l (h.iiigcs jic lo l)C ic;iii/C(l. In rc;ilil\ ilic 
|)}(>ICNsi(>iMl (oiMMiiiniu of nMlhcin:iiics cdu- 
(jloiN wouhl l)c jskini* lor very linlc Iroin ihc 
pKxitK CIS ol iiislUK hoiKil in.ilciiiils. Hone wiitcs 
insiMKiion.il in.ilci i.ils ,in<l c\|>C(is oUick> lo m^c 
ihcsc in:nc'ri:iLs. lie suich should he :ihlc (o 
idcniiiy ^iKccsslnl IcaiiR'i.s ol his in:ilcri:d l)\ 
(he |)C'iioi iii;iiiccs ihcy cxhihil. All the (oninni- 
iiiiy of proTcssioiKil users would he <:illin<» for 
is ih:il \bi' :iuilior sIkmc this inlorinulion. If. 
liow'CNCi. .Ill author <l<jc*.s not supply (his inloi- 
ni:i(ion. wc arc l)cin<» asivcd (o use ins(i'U(:(ional 
ni:i(crials for Avhirh c\cn (he author docs mo( 
])ro\i<lc* a means ol dis(iiii^uisIiino a muccssIuI 
learner h'oiu an unsucccsslul one. I'urdicrinorc, 
u'ilhoul evidence ol {earner an'oinplishnieiK we. 
(he <onsinners oi ieN(l>ook.s. .ne i)ein<> asked (o 
|)ur< hase ina(erials wlio>e uordi is un('s(al)lishe(l. 

RccoinmouUitions 

A( this juii(*(urc in (he discussion ii seems 
appropi ia(e lo pause and make (liree recoinnicii- 
da(ioiK hased upon (he ol)serva(ioiis descril)e<! 
up (o (his poiiK. 

R :•:(:< )M mi:. VDA'i'ioN I. The \a(ionai C'ouiicil of 
'IV.ichei's ol .Ma(Iieina(i<'.s slioui<l cons(ruc(. en- 
d<'*^e. and puhlisli a se( of (eciiiiical s(an<lards 
for m. heina(i<s ruiri<'ulum evalua(ion. 

Rr.(:oMMi:.\i)Ari().\' 2. I hc Na(i<)nal Clouncil ol 
reacheisof Ma(hema(ics .should I)e chaii^ect wi(h 
(he I e.spousil>ili(y of revicwini^ all insn*ii<'(ioiial 
nia(erial iiiicnded for eleinen(ar\ and secondary 
school ins(ruc(ional programs in ma(hoina(ics. 
I'*.a<h I e view pui^lished l)y (he .\Cn*.M should 
inclu<le a s(a(emen( of whedier die ina(eria1 
mee(S (he.se cri(eria: (I) perfoimance deserip- 
(ions ol ol)jec(ives. (2) da(a on (he ac(pnsi(ion 
of (he hehaviors described as ol)jec(ives. and (15) 
a .s(a(cinea( of where die |)erfonnan<e lis( and 
<lala .ire availal)le. The cri(eria es(al)lishe(l hy 
(he sc( of (echnical s(an(lards recommended 
a hove .should he used in <()ns(ruc(ini^ (he review. 

R('.c:().MMi:.vi>ATioN .8. A mora(orium should l)e 



de<Liic<l on die pun have ot eleiiK-iK.ii \ .ui<l sc< - 
on<lai\ ni.i(lieni.i(i< > (r\(l>ookv oi <ollc<Mons 
insli union. il iii.i(<>i i.ilv uinil du- audioi an<I oi 
puhlishei pio\i<lesa d(s(iip(ion ol peifonn.nxe 
ol)je((ives ami evideine of .i(< oniplishmeiu ol 
(he s(aled pei loimanccs for die in.Keiial. \ 
e\iden<c .should he olxaincd horn .i sample of 
(he in(end(-<l popula(ioii of uvcis. Iiodi die s.un> 
pie and die popula(ion shouhl he < lea) h 
dcsci ihcd. 

A dive 'rrarhrr hwolvonoii 

The audiors and dis(rihu(ors of ins(iuc(ional 
ina(erials are no(. howe\ei. (he oiilv ones in nee<l 
of change. CA)nsi(ler (he piohienis iiiliereiK in an 
ai(enip( lo a<<oniplisli (ask I in I-^i^inc j.«S. l iie 
nios( peniiieiK (pies(ion would appe^ir (o he 
"ilow does one describe inadiem:i(ical (apahili- 
(ies in (eriiis ol reliahly ohseivahle hehaviois?" 
Assuming d)a( ac(ive learner par(i< ipa(ioii is de- 
sirable. (he following secpienee was developed 
widi (he objec(ive (ha( af(er coinj)le(ini; (his 
>e<|iicii(e \ou. (he iea<ler. will he able (o— 

1. (iis(in<»uisli between a behavioral and a 
non behavioral obje<'(ive: 

2. describe one deriin'(ioi. of :i behavioial ob- 
jec(ive; 

\\. dc'M'i'ibe one procechne lor cons(ruc(ini» a 

woikin<» se( of ac(ioii verbs: 
I. consd'uci a behavioral ol)jec(i\'e liom a 

<»iven nonbehavioral ol)jec(ive. 

A SKT OF PROCir.DURKS KOR 
nKSCRIBING AND CONSTRUCTING 
BKMAVIORAI. OB JI-XHTVF.S' 

|us( wha( purpose do s(atemen(s ol objectives 
serve/ Do \ou use the s(ate!nents of objectives 
found in (ex(l>o<)ks or (our.ses of s(ud\ (o plan 
\our ins(ruc(ional program? 

^'e.s or no? _ 

I. ChN insO IK (ioiKil inatcii;il N ;i<l:i|)ic<l ficun **Scn>k»k 
I wihI 2** of \olmno I of die Mmylaud flUniivutiny Mathe- 
matics Insnvice PiOgutm (MK.MIP) of the I'nivmiiy of 
M;ii>l:in(l M;Hliciii;iii<s Piojcd |)U*[Kiic<l un<lcr ;i 

giant fiorn (he U.S. OfTKc of KdiMation. 



\'\\\ ll \MU)()k \S \N INM Urc.MONAL 



Ik' lioiKsi Mou. MO one is ^oiiii* lo (ollcn yoin 
ic.NponscN. Suppose )ou |>].ii) .in insinu ti()M:il scv 
sioii Hroiii ;i icidicrs (onnncniai \ lli.il coiiciins 
I he UMial slalciuciu,s ol ohjcc lives. Xow' suppose 

I he sen em cms of objenives in your hook \\*eic 
eliniinaied. lor example, by covering Uicm u iih 
(ape. How \v'oul(l \oiir iuslriiciional piaiiiiino he 
ol)seival)l\ allecied? Would your plaiuun<» he 
dilleient? 

^'es or no? 



There aic lew teachers I'lom ihc inexperienced 
lo the experienced who would .say that tiie UMial 
hroad siaicmeni.s ol curnculum ohjectives (as 
ihey are usually consirucU'd) actually conirihuie 
to ihcir planning Tor. or execution of. instruc- 
lion. Why is this? Is it simply that ohjectives can 
serve no useful instructional purpose? Must cur- 
ricnhnn oI)jective.s lemain an instruetional win* 
(low dre»ssini»;. or can ihey he made to assinnc a 
more fin ut ion a I role? 

\'ou aie about to paiti(ipate in an nisiriu- 
tional program. The pio^^iam is intended to .jid 
the leader in the ac(|uisition of certain com])cten» 



(ies. Amon^ iliesc (ompetciuics aie ihc abilii\ to 
idcniih ambimions dcs( i i pi ions ol object i\cs 
and the ability lo (haPi»e ambiguous descrip- 
tions ol objectives lo iiisti iictionalK fumtional 
descriptions of objectives. 

For the lemainder of this section \ou will he 
asked to lespond at vnn'ous internals b\ wiiiing 
on a response sheet. II \ou aie to ac(|uire the 
competency expected liom this portion of ihe 
exercise. \ou must rcsj)ond when asked to do so 
in ihc proi*iani. It is important tiiat you i)C an 
active participant. 

Vhe objectives ol an} insti lutionai maieri.ils 
should stated in a clear, unambiguous inan- 
nei'. (.eiiainly iheie arc lew* who \\oidd refuse to 
a(kno\clecIge this as an important characteristic, 
applicable to all statements of ciu'riculinn oI)jec- 
tives. .Statements of objectives for mathematics 
programs usually do not satisfy this re(|uirement 
of specificity and clarity. 

Consider the illustration in Kigme .^/.) with the 
staicmeni of a familiar objec live— one (onnnon 
to expeiimental and (Oinmcicial mathem.itics 
nnricida available todav. 



The learner will build 
an understanding of the 

system ot whole numbers. 




What diaraciciisiics would you abcribc to an 
instruct ioual j)rograni in niathcmntics if it is 
attempting to adiicve tins objective? Is the state- 
ine:\t of the objective |)hrase(I in such a manner 
thai several other mathematics teaciiers, working 
independently, would arrive at the same inter- 
pretation ol the meaning of this objective?" 
Ve.s or no} 

Hajfc you made your sclcdion^ Go ahead, 
xorilc down a choice! 

The illustration in Figme 3.10 idenjifies a 
slated objective of numerous modern mailie- 




The learner will acquire 
an appreciation of the 
STRUCTURE of mathematics. 



matio) jnogiams which you aie almost (citain 
to reco<»ni/e. 

What a(ti\ijies woidd be ne(c.ss.n\ to ^uhieve 
thi.s ol)je(iive> Do you .supj)o.se otluM mathe- 
matiu ediuaioi.s would idcntifv the .same (om- 
j)oneius a.s nexebsan to adiievin*^ ihi.s obje(ii\e? 
Ves or no?" „ 

Have yon made a wiitten response? Kinel Is 
ihe vaiiei) of possible interj)i eiations for thcbC 
two obje( lives surprising? Not ai ail. when one 
(onsider.s tiieir Luk of .speu(i( ii\ . in iact. that 
wliich i.s truly remarkable is ihe skill textbook 
authors have demonstrated in ( on.structing ambi<»^- 
nous statements of objertivesi Perhaps the most 
startling observation, howcvei'. is not the wide- 
spread use of the.se statements, but lather that 
mos( teadiers so complacently accept these state- 
ments! As teacher.s. we acknowledge, or at least 
tacitly accept, these statements as rca.sonahic de- 
scrij)tions of om* goals and use them as the basis 
for justifying the selecn'on of certain instructional 
materials or the performance of particuLar instruc- 
tional acts. Kadi of these decisions is made or 
acjion initiated even (hough there is this dis- 
agieeinent as lo the meaning of these objectives. 
C:onsider tiie statement in Figure .*?.l 1 of an objec- 
tive for an instructional progrnm in niatbeinatics. 

Wh'M specific instructional activities in mathe- 
m a lies would you design to achieve this objec- 
tive? Do you suppose other inatheinaiic.s instruc- 
tors would reach a similar decision as to the 
meaning ol this objective? Come on now. make 
a choice. 

Ves or no? 

Certainly this third objective is unlike the first 
two in (hat it names a particulai- portion of 
mainemaiics. namely arithmetic .skills. However, 
narrowing the content from all of mathematics 
to arithmetic skills is not a .sol lu ion to the intcr- 
pieiaiion dilemma. A large number of varied 
inicrj)ietaiions can still be made. Siu'h specifica- 
tion is useful but is not sufTicient. 

The throe previous illustrations suggest that 
the do.scription of an objective needs to be .spe- 
cific if there is to be any hope of attaining uni- 
form interj^retaiion. I hc need for each maihc- 




FlOURK 3.1 i 

The objective is to strengthen 
his arithmetic skills by relating 
them to basic principles. 



injiics objcciivc lo l)C iiilci prciahle Ls cspccialK 
iinpoiiam lor ihosc chaii^c'l wiih lUc (oiiMnK- 
lion and oi' iinplcinciuaiion ol an insii ik lionai 
pioj^ram's objectives. 

However, iniplenu'iiiors ol inailicniaii< n cmi- 
ri< nia are not alone in ilu'ir a< <vj)iance ol ainl)ii^- 
non.s ol>je< lives. C.on.sidci- iln\s Maiemeni (Fi<»Mre 
:\.\2) ol an ohjecMve of couieniporary maihe* 
inaiirs te.\tl)ook anihors. 

Now .suppose \on are one ol lour (onnniitee 
nienibei.s < hai<»e(l wilh the ia.sk ol indcpendenily 
observing .sKidenih who have been exposed (o in- 
siuK lionai niaieriaLs dc.si<>ne<l lo aid the learners 
in aapiiring this object ivc. Further, let's suppose 
that, based on these ob.servations. you aie to 
make a decision as to whether each student \ou 
observed had or had not attained the objective. 
Docvs the des<ription of the objective in the pie- 
\ious illustration identil) the specific perfor- 
inance-s which you would look for in your 
observations? 

Ve.s or no? 

just whai pcrlbrinances one would be expected 
to observe in icai'ncrs who had ac(|uired a fami- 
liarity with these properties is not contained in 
the statement of the previous objective. 

The description of an objective must identify 
the observable behavior that a Icarnei who has 
successfully achieved the objective is expected to 




The purpose is to help the learner 
gain an appreciation of the structure 
of positive fractions. 

3 




The purpose of this material 
is to describe long division. 



Ii;i\<" .i<<jMiu<L Rr;ul ihc <>l)jc<li\e M;ual in Imi*- 
MK* *.\Al\ wiih iUc i)urj)<)H' <>1 idcnuhiiii; ihc 
<)l)s( r\;il)lc' l)oha\i<)is a .sludeiU should ()r .d)l<' lo 
c.Nhil)i( il he li:is .i<liic\ed [\w <<>ui|KMcni\ (Iv- 
><i il)c<l l)\ I he ohjecuvc. 

Arc ihcic <)l)^CTv:ll)lc l)ch:ivi<)i.s idcinificd hi 
(he >l;UcineiH ol (Iun ()l)jeclivcr Aic ihcic !)('• 
haviois (k'Mril)cd hi n (h:i( would cnahio 

< cnnI uI ono.v' 

or nor „ , _ 

Shut' \<)n <lc<idc<l us. ihc <icMn|>non dot's 
idcntilv the dt'shcd ol)scrvahlo Schaviois. and 
\<)M can. ol coniNC. name ihcnu Oh? Wni hay von 
dc<idc<l no? (.^xxl for \on! The suncnicni docs 
noi contain an\ stu li pcrforniaiH o s|)c< ification, 
and ihcrciorc the a|)|>ro|>i iatc icsponsc is no. 

The .statement of an ol)jcctive .shotdd dexrilx* 
dcsiied learner hehav ior.s. In order to he a hie to 
inter|)iet an objective, the.se behaviors .shoidd he 
clearly dcMrihed. The intent ol ati ohjccti.o is 
rcliahl) < onnnnni< ated by descriptions of observ- 
able I)ehavior. CIoMsi<ler this next obje<*tivo (I'ij^- 
nie :{.l'l) in the context of how ellectively the 
statement (ouuntmic ates the desired behavior of 
the ol)je< ti\e. 

Does this objective describe the behavioi' to 
be accjuired by the leinner? 

Vcs or no? ^ ^ 




rill" n-N I nook \s \N i iowi 
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Docs (he >iaicnicn( in (he previous illuN(r.i(ion 
(lc's(iil)C an cnviioiiinciu th:(( ic(|tiiic.s (he pics* 
ciKc ol a h'anicir 

^'c.s or nor ^ 

lla\<' \oti made a \vri((un Ksponscr l)on'( lead 
on nniil \oti ha\('. 

.\n voii uic lo h:i\(' < (uu liuicd ahcad\. 

ihc dcM rijxion ol ihc iods oI)jtr(i\<* <h)c.s no( 
i(hMuih ih'^ lu'havior.s ihc Icaincr i.s (o ac(|ttirc. 
Nor. |)('(nliarl} cn()n<;h. i> :» learner even ne<es- 
>at\. sin(e (he ins(in((oi niii;h( deM}il)e \vi(hoti( 
an\ h':n'nei\ l)eini; |)i(>en(. 

Read (hc^ (h;.s( ri|>(ioM ol (he ohjeeiive con- 
(ain(*d in I'ii;tn'e !t.l5 and decide \vhe(her (he 
leaincr is necessary lo (he aehievenicn( ol (his 
objec live. 

\Vha( did \on de'ideai»on( (he ne<essi(\ of a 
learner in (he a('hievenien( of (Ins <)l)jee(ive? Is 
he necessary, or is he lux MC(e.ssar\v 

.\ learner is necessaiv (o (he a( (|in.si(ion of (he 
hehavior.s (les(ril)ed in (he p^eviotis ilhi>(ra(ion. 
\\)U <lon'( ai'iee)' A (le(ailed 'dysis inii»h( he 
••i\en e\en (hou.i;h ro learnei is |)resen(. 

C)l)jec(ives nnis( he (()ns(rn( (ed .so as (o be 
s|>e( i(i( (les('ri|>(ions of wh:i( a learner is (o do or 
say. {)nl\ hy ft i Killing (his (le.s<ri|)(ive retpdre- 
nK'n( or learner perlonnai.te cm ol)jee(ive.s he- 
(onie linu(ional lor (he innova(or. planner, 
developer. (ea< her. and learner. ()l)je<'(ives nn(S( 
he (ons(rn((ed .so a.s nrx lo allow for (he eschi- 
sion of a learner inider any in(orprc(a(ion. 

And)i*»in(y is oheii rioaked in (he i;annent ol* 
pies(ii>ions phrases. .\ lew ol (he most (onnnon 
ol (hes<* phiase.s aieNlioun in I''i<»(ne DAii (o<>e(her 
\ri(li .1 iin*;ei -one pliiase tha( doe.s no( heloni; 
hetanse i( < (>nve\.s spe( ifi( ally a de.siied behavior. 

Ideiuih (he phrase (h:n doe.s deseribe >in ob- 
servable |>ei lornian( e. Whidi one is i\} 

.Selee( one. l)on*( hesi(a(c. \vri(e i( down. Now! 

Did \oti sele< ( "bnilds an inider.s(antlin<^'7 U s 
no(. yon are' on (he ri<>h( (rack. Perhaps yoti 
picked om (he "appreeia(in*>'* pinase. or (he "feel- 
inj;*' phrase, or (lie "awareness" phrase, or (!»e 



Present a detaileo analysis of finding 
the square root of a number. 
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••<o:i\c\s*' pIn.iM. Xc»? (,oo(!. "l*oiiiiin«; m" \s 
ilir .ippinpri.iu' (lioia- :iikI slioiild h.ivc lurii 
iciciiiihc'd witlioiii (imunhx. 

Suppose J \:iiici v c)l ilnccMlitnriisioiKil (n 
Midi :i> iIiDM" in Fit^mc :M7 ucir pl:icc(l in lioiii 

Lci > Mippo.sc you have hccii a>kc(l lo idciilify 
ilic ci:l)c. Would idciuifyiiio^ be iiucrpicicd :i> 
dciuaiulinjr sonic >ori of :in oh^ci vahlc aciioii on 
your pan? Observable or vairnc^ 



A 



The learner will comprehend 
and fi'lly understand the 
procedures used in the 
division of fractions. 




li ictpiius ail <il)NLTval)Ic :u lion, ol coiiisc. Voii 
ini!;lit uiiiy oiii die I'dciiiiK iiii^ l)\ poi'iuin;^ ic> 
aiiobjuc Loi l)\ piac iiii> \()in (iii«;crN nii anohjec t. 
or l)y actii.'dU pickiii!; up an objct i. 

Ill Fi<;i!K' :I.IS. wui obja lives aic dcM iibcd. 
Rc:id diciii (au liilK and >clc< j ilic dcM iipiioii 
ol ihf objcrdvc' uliidi would have ilic lew ani» 
l)i.:^iii[\ . 

Did \oii .seled siaieinein A or l>? 

UcciiinC' "InlK iindei.Niand" h:i\ many possible 
ine;min^N. die iiioie specilir objcriive u<»nld 
.seeiii lo 1)4- .siaieineni. I>. 



B 



The learner will be able 
to identify the closure 
property in finding the 
quotient of two fractions. 
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Kxjiiiitir llic illiisli aiii'ii in Fi<;u!c ".y.WK wiiidi 
conuiiiiN luo I ipiions (>l ol)ja lives. W liit li ol 
tlu'sc oi)jc(ii\c'N is I he inou' spa i (it (kst nplioii 
oi (IcNiicd lc:trncT pt'iioniuiiK c-r 

A or lir _ 

1 MippDsc uMi (lc( idal tli.it ncitlici of 

ihc-sc u.is .1 i)L-lKivi()ijI (»l)jc(tivc. No: Oh! Voii 
made A i\nmv ih.it (miI\ >i.ilnnriii A was a he- 
ha\ioMl I iptioii oi that statcincnt 1> was 
:i l>cliavi()ial (K'm ription. Nor C;()0(I! Did \oit 
(k'(i(Ic i)oth A and 1> aic hcliavioial dcsci iplions 
oi (Ic.siicd .siiulcnt pciToi iiian( c: IT >o. you have 
a((|iiiicd iho i>cIiavior ol l)ciii(>' ai)lc to iilcntifx 
Ix'havioial ohjcclivo. 



Shoidd an ohscixahic pri h>i inan( c oi at lion i»r 
identified in ihc dcstiiption ol a hehaxioial 
()l)jcrii\(*? 

\\\N or nor , ^ - 

\\\L't\ ilic niosL caMial ton.sidciation ol the 
nacNsarx ictpiiicinciii.N of a pci loriiiancc- dcstrip- 
lion >u<;i'c.Nl> that each (U'Miiptiou nut.si (oniain 
.Nona- ac tion woid or phra.sc. What ( la» of words 
most oltcn (k'M iihr.N at lion in Kn^ii.sh^nonnN. 
vcil)s. adjcdivcN. or wliatr 

Ol (onr.sc. nio.st often at t ion is tonnnnnit .itcti 
l)\ verbs. I>ni xvliitii attit)n verbs sliall \vc n>c? 
.All ol tlicni Ol' jnst a fcwr Aic tlicic sonic par- 
licnlar tartics that arc nunc cllcttivcr 



The learner will be able 
to identify names for ten. 
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riie lollowinj^ in;ucTi:il (lcMTil)Cs one tccli- 
iii(|iie thai lias l)ccii ibcd willi .saiisiactoi y results. 
'I'lic laclir is lo dcniic ea( li aciion vcrh in Mirii a - 
w'ny llial a class ol |>ci Ibriiiaiiccs is dclincd. I'lic 
I)Cst way u> (Hnciins die lC( !iiii(|iic is lo have yon 
|)aiii( ipaie in il. So lei'.s have yon do just that! 

\'oii w'lW neni the iollo\vini» niaieiials for \onr 
pan., ipaiion. 

Reriaii;;le.s: red. f) cm l)\ S cm: while. S (ui hy 

10 cm: blue, f) cm l)y h) cm 
IVianglc^: red. e(|nilaieral: whiic. ohinse: hhie. 

isoscek'.s 
Spherical piece of liaid candy 

One nece.s%ary component in die (le.scripiioii of 
a heliavioral ohjeciive is an aciion vcri). l>iu now 
jiisi wail a iiiiniiic! How many possible aciion 
veibs are ilieie in Kni;li.sli— a lew or a <^ieai many? 



Vou (onld decide lo n.se any ol a lar<>e variety 
of aciion verbs. The variciy ii.scif, however, may 
coniribine as much or more lo inaiiiiaiiiing the 
aiiibii^iiity than to facilitating clarity. 

"I'lie problem would now a|)pear to be one of 
I educing ilie iiiiml)cr of possible action verbs 
used in the de.scription of objectives wit bout 
reducing the \ariety of learner performances 
being called for by the objectives. 

Spread oiii the materials in froni of you. You 
^vill be asked to make .several performances. Carry 
out each task as best you can. 

1. Pick up a blue reel angular region. (Go 
ahead, don't be bashful, pick it up. Put 
that object back with the luaierials.) 

2 . iN ( )w .sel ec t a bine ree t a iig u I a r reg i < )ii . ( H a ve 
you made :i selection? Good! Put that ob- 
ject back with the materials.) 

identify a blue leetangular region. 
Notice iliat ihrce dillereiu action verbs were 
ased ill initial iug the three performances yon 
made. One of the action verbs was sdart. What 
were the otlier two action verb.s? 



Did you write fMi up and iiknlify? Wonder- 
ful! 



What aie words that have similar meanings in 
Hngli.sli called? 

Think back, you are certain to li:ive encoun- 
tered the term before. Since words that have 
similar meanings are called synonyms, action 
verbs that elicit similar behavior are called bo 
havioral synonyrns. 

Are the three verbs idcnlify, pick up, and 
srlrcl behavioral synonyms? 

Yes or no? 

Of course they are! 

Why n.se all three of these action verb.s? If i)e' 
havioral objectives are to be specific and describe 
ol)servaI)le behavior, would it .seem sensible or 
not .sensible to use one verb in place of all three? 

The sensible thing is to agree upon one action 
verb and use it as the name for a class of per- 
formances. Which one of the three verbs shall we 
agree to tise? Since it does not seem to make 
much (lifTeience, let's agree to use identify. 

Identify all of the triangular regions in the 
materials and place them off to the side. Do you 
have them all? Arrange the iri angular regions 
from the one with the least area to the one with 
the greatest area. Now order the triangular re- 
gions from the one with the longest ba.sc to the 
one with the .shortest base. 

.After identifying the two sets of objects, you 
performed two tasks. The instrtictioii for each in- 
volved an aciion verb. One of the action verbs 
was arransre. Name the other action verb. 



Were the |)erfornianccs you exhibited alike or 
different? 



If you are reading this before you have writ- 
ten a response to the last question, you are not 
playing the game. Go back and try to write a 
respoirse to the (piestion. The conclusion that 
.seems justified is that these two action verbs 
are behavioral synonyms (call for a similar per- 
formance). Let's agree to use order whenever 
.such a behavior is called for in the description 
of a I)eliavioral objective. 
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Wliai do )(>ii an objcn shaped as sliou'ii 




Wliai is (he name of a ihree-dimeiisioiial oi)* 
jeci .shaped as .shown heU)u ? 




Tell the nuinher ol iiiaii<»les pictured here. 




Aie die pcrroniiaiice.s required by ihe.se three 
tasks .siinihn* or dilFereni? 



Similar, of coui.se. What action verb would 
you use to describe these l)ehavior.s? 



Any number of diirerent action verbs arc pos- 
sible candidates. A few of these I)ehavioral syno- 
nyms are icll, sfxxlfy, call for, and name. Let's 
agree to use name. 

The agreements al)0ut action verbs made up 
to now mean that when you describe a behav- 
ioral objective and the performance is — 

1. ^'choosing the rectangles/' you would write 
*' the icciangles"; 

2. "classifying the objects from the lieavie.st 

to lightest/' you woidd say *' 

the objects from heaviest to lightest"; 

3. "telling the colors in this painting," you 

woidd write " ^ the colors in 

this painting." 

If you're reading this before you have respond- 
ed to the previous three ta.sks, go back and res- 
pond. Did you write idcntifyintr, ordering, and 



naniin*^/ Thai .s a (ollection of acceptable i espou- 
ses. Now you're really catching onl 

Look at the irape/oid.s in Figures IJ.^O and 
Show how \ou would decide whether the lollow- 
ing .statement i.s true or fal.se: 

Segment /// is longer than .segment //. 
Jemousiiate how you woidd decide whether this 
.statement is true or fal.se. 



m 
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One of the action verbs used to elicit these two 

perloimances was .show and the other wa^ 

- Demon.slrale and .show arc 

....... i)ecau.se they elicit the same type 

of performance. Let'.s agice to use denionsiralc as 
the action verb for thi.s class of performance. 

Con.sider the spherical object among yoin* 
materials. Suppose diat .someone in another city 
had an object just like yoiir.s, together with a 
number of similar objects. Your task is to iden- 
tify and name a sufTicicnt number of character- 
istics of your object so that the other person will 
be able to identify the object you are talking 
about. Start naming! 



If you have identified and named only color and 
shape, yom* description is not adequate because 
it fits most of the objects the second person has 
in front of him. Add a few more characteristics. 
If you added mass, volume, diameter, and thick- 



The learner will 
understand place value. 
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ncss yon would l>c iimch closer lo :i .s.ii ishicioiy 
clcscn'piion. 

WU'M shall \\*cc:ill Mich bchn\ioi? What .iciioii 
vnl) shonld wv iihC? Could we mc identify^ 

C;on!<l we UhC ordrr/ 

Since ulmfify lecjiiircs ihc individual lo select 
an objccJ ihM has I>ecn named lor him. (his 
action verl> does not secni saiisfaciory. In the 
.same way. oYilcr does not seem an appropriate 
choice. The distinctive characteri.stic of this new 
behavioral class is tliat the learner identifies and 
names the characteristics or properties. Afore 
than (Hie characteristic is iisuallv inclnded, and 
I here must he a sufficient number of these charac- 
teristics so that a second individual will l)e able 
to ideniify whai is being discussed. 

Mow then shall we name this class ol' behav- 
iors? .Suggest a possiI)ility. 



Many choices could have been made. The par- 
ticular action \erb that seems most appropiiate 
is describe. *i'he describe behavior involves the 
individuars identifying a sufficient number of 
characteristics of an object or action so that a 
second peison would be ai)le to identify it with- 
out having it pointed out. 



The preceding a<ti\ities should stigi»esl llie 
procedure that might be lollowcd in the <on- 
stuicMon ol a working set oi ac tion verl)s. 

Xow that we ha\e agieecl on the nuraning lc)r 
a (ew ac ion words in the construe t ion of behavi- 
oral objectives. Ict'.s turn our attention to the 
pioblem of constructing a behavioral objective. 
Read the objective in figure .8.22. 

Is the objective described in the illustration 
above behavioral? 

Yes or no? 

No. of course it is not. With the use of one oi 
our agreed-upon action verbs rowiiie the nonbe- 
havioral objective clesc:ribecl in the illustration 
al)ove and make it a behavioral o!)jecii\'e. 



If you have not completed rewriting the ob- 
jective, do not icacl this part. Co back and 
do it now. W hen you have completed the task of 
lewriting the oI)jective. icnicI it over to see wheth- 
er you have: (1) used one of the action \erbs. 
(2) described the situation in which the learnei 
should exhibit this partic uhn beha\ioi, and (.8) 
indicated the nature of tlie pioduct the leauiei 
is to produce. Learner products may be cpn'te 
varied: a sentence, a word, a chawing, a series 
of check marks, and so forth. 
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I'l.mnc :\.2l> (onniiiKsa leu ol [he j)<)ssil)lc <lc 
s(ii|)ii()ns of ]>clM\ioi.ii (>l>jc( I i\cs uhidi uoultl 
Iki\c been ( onsM IK led Iroin ilu* n<)nl)ch:i\ ioral 
ohjcdivc. XoM((' ih.ii ii is iioi j (iiliknh i.isk u> 
n.iiishilc ihis |KMli(nl:M ohjc-divc inio a I)ch.i\- 
ioial ol?j('(n\f. I'Ir- hanslation a( < oini^lisiicd 
l)y staling wiiai owe would look foi in wruis of 
leaincr j>crf()nnan( c lailuT ihuu in u rnis of ilic 
non|>(n'lonnan( c dfs(rij)Mon ihai die word ////• 
(lr)\sia}ul <on\<'\s. 



The learner will identify 
the units, tens, and hundreds 
place, given a numeral 



I'Nannnc iIr- o!)jc( li\c dt'sd il)C< I in I'ii>nic !>.2'l. 
Rcwiiic (his ol>jc(h\o so iliat i( Is I)(h.i\ioia). 

When \ou ha\c < onij)l(*i((l ilu- (ask oi ivwii(^ 
ini; (he ol>i('((i\(> and making i( a l)(ha\i(»4d 
ol>jt ( ( i\c. lead (hcsc nc\( s(a(('intMns: 

1. Did \oii (i^c one ol (he a(iion xcihs uo 
have a.mfcd nj)on: 

^'<^^ ov no? . 

2. Is du- siination in whidi (he learner is (o 
f\hil>i( (his lorniaiu f <k-arl\ >j)c< ific<lr 

^V^ or no? .__ , ^ 

Ls [\\v na(nr(* ol (he ou(|)ni (hat (he leainer 
is (o j>ro\ idc < IcarK sj)f( ilicd. as well as anv 
res(ii( (ionN on (ha( |)ar(i( (dar o(n|)n(? 
or no? . , . . 



The learner will acquire a familiarity 
with the commutative property. 
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If you wcic not able to respond yes to each of 
the tliree Cjuestionx j^o back and correct what- 
ever difficidiies you have identified. Does the 
description of the objective in the ilhistiation 
identify the .specific performances you woidd 
look for in your olxservations? 

Ves or no? 

The precedin<,^ material on behavioral objec- 
ti\es .serves as an introduction to beha\ioral de- 
scription. J he instruction is incomplete. The 
reader should have accpiired sufficient compe- 
tence .so I hat it is possible to pur.sue the relation- 
ship of behavioral description and instructional 
aids just a bit farther. One way to characterize 
die potential effect of behavioral objectives, evi- 
dence, and learning hierarchies on textbooks is 
dej)icted in Figuie 3.25. 



INSTRUCTIONAL AIDS AND 
BEIIAVIORAL OBJECTIVES 

Insnuttion and instructional aids are intimatel) 
related to one another. In particular, insiniciion- 
a! activities include the selection of instructional 
aids, the design of the instructional se(|uence, 
the identification of prerecjuisite behaviors, and 
the desciiption of tho.sc observable perfoimances 
that signal siicx.ss and those that signal failure. 
The textbook is an excellent example of an in- 
structional aid that exhibits these inlhiences on 
instiuction. The magnitude of the textbook's in- 
fluence on mathematics instruction in the United 
States is clear fioni educational history. The 
textbook, more than any other single instruc 
tional aid, affects the content of instruction, the 
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Imcurk ;5.2r). The sliiftijig emphasis of the mathematics texlhook 
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sc(jncnf:c of iihirnciioiial nciiviiics. die level of 
c*xi>eci:»iion lor ihc learner, and ofien even the 
iiKsnnctional environment. To observe thai the 
textbook currcnih otcupies a position o( sinon- 
lar iniportanre in mathematics instruction is to 
holder on nndeistatement. This .shotild not he 
and is not intended to l)c an endorsement ol'thi.s 
state ol allairs. it is merely an ol)se! \:ition oi the 
cmient reality. 

'I1ic picsent activity ch'iected at the sttidy ol* 
teacher l>ehavioi*s may idtiniately bring about 
-sij»nilic:nu chan<^es in the u'a\ teaiher.s teach, bnt 
thi.s bus not yet occuncd. The mar\elous tcch- 
nol(M»y of the twentieth cent m y may completel) 
rcmolcl om- everyday means of instruction as it 
has om* means ol commimiiation. bnt this has 
not happened \et. The data on success or fail- 
tire are not \ei in the literatme. And these 
realities leave ns with the present, where the 
textbook remains the dominant instructional 
aid (and on occasion, the instructor as well). 

The textbook conmnmicates instructional pm- 
poses. iiodi the teacher and the learner arc 
expected to receive and act on the pm'poses 
connnimicatcd by die textbook. Instructional 
pmpo.ses are expectations. Some woidcl agree 
that certain of these expectations (the "really 
important" ones) cannot i)e translatc^i into ob- 
serva!)le performances. The existence of such 
learning expectations is qiicstionablc. Because 
such desired outcomes cannot be translated into 
observable action, it is not possible to iccogni/c 
who has achieved the objective and who has not. 
It woidcl appear that such statements of pur- 
pose fdl lines of print in a text bm have no sub- 
stance in the context of learner otttcc)mes and, 
therefore, serve no instructional purpose. 

The pioponcnts of such objectives (those that 
cannot be translated into observable perfor- 
mances) espouse a nu)st pecidiar position. Some- 
thing OI other is a pmpose of instruction, biu 
the amhor of the instructional activity cannot 
tell the teacher how to recognize when the ob- 
jective has been achieved. But don't be too criti- 
cal of such stupich'ty: perhaps there is a place 
for vague, ambiguous statements of goals. A 



possible ptn pose loi the dest liption ol expected 
()Ut(omes that do not identih observable per- 
formances is to chspla) an ignoiancc ol desiied 
elfcct withom the penalt) of public ridictde. 

'I'lie conditions that allow the teacher to iden- 
tity when he has sutceeded and when he has 
failed are funthnnental to the instrtutional act, 
liasit to this idcmilication is the description ol 
what behaviors (observable performances) aie 
expected to be actpiired by the learner. If the 
description of objec tivcs for instructional activi- 
ties in behavioral language is desirable, and it 
would ,secm that such is the case, then the teacher 
nmst be gi\en assistance in acquiring the com- 
petencies necessary for the construction of be- 
ha\ioial objectives and learning setpientes made 
up of behavioral objectives. .A previous section 
of this chapter briefly describes one collection of 
procedmes for constructing' behavioral objec- 
tives (2,'5: There is a growing literatme that 
deals with the acquisition of these cc^mpctencies 
associated with die construction of behavioral 
objectives. The literature on learning setjuence 
construction is small and less well known, btu 
some representati\e work is piovidcd by Gagtic} 
(10) aiul Walbesscr (^10). 

The assmnption now is that the reader is will- 
ing to accept (at least for the remainclei of this 
chapter) these axioms: (I) instructional goals 
can be described in terms of ielial)ly obsenable 
behaviors. (2) each instrur tional act has at le<ist 
one behavioral objective associated with it, (3) 
a nn'nhnal set of behavioral objct tivcs can be 
constructed lor any instructional activity. (^1) 
madicmatical learning is subject to the accimui- 
lative acqm'sition of l)chavior, and (5) behavi- 
oral objectives can be sequenced imo descrip- 
tions of accunudative learning sequences called 
learn i ng h iorarch ics. 

'I'his set of assumptions affects five activities 
associated with instruction: (I) the selection of 
an instructional aid, (2) the organization of in- 
struction. (3) the lecognition of success or fail- 
uic in instruction, (I) the icvision of instruction, 
and (5) the design of instructional sequence. 

By way of illustrating the rclatioti between 
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lK'iM\i(>i.iI .111(1 iiisii IK licni.il aids, ihc 

(cxiijook i\ ( hoNCii .1^ [\\r iiisli lu lion.il aicl inidcM 
cli^(:^^^i<)ll. I he sclcciion of a icxibook is dealt 
with ill Miain |)ni>li>li('(! <>iMdc^. Stu h .t;uid('.N nia\ 
\)c liMs ul blc|Jb io be lakcn. oi ilic\ nia) he de- 
tailed illnsnaiioiiN ol ilie piocednre heiiig ap- 
jjlied--<>i sonieihiuii; beiween ^lle^e iwo. '^11 1 esc 
i*nide.s come in inaii) \aried loiinai^. Si«He de- 
|jaiinienLs oi edncaiion. ediu aiioiial book divi- 
.sioiKs ol pnblishiut^ ho(l^e^. local .school NVsieiiis. 
and |jrole.ssi(>nal oroani/aiioiis .such as ilic 
NCr.M are iiK hided among' ihe sourees issiiinj^ 
lextbook .seleeiioii |)ro<:cchMeb. 

The procedmes lecom mended vary lo i>ome 
extern, but not as much as might be expected 
considering the variety of .somce.s of amhorship. 
Some ie(oinmeiuled procedmcs ie<piire the n.ser 
to employ a li.st of objective criteria; .some mix 
objective criteria with sid)jective value jtulg- 
menis. 'I'he de[i( ien( ie.s ol the>e .selection prac- 
tices are well known and need not be emnnerated 
here. Let ii mi Mice to ob.scrvc that the criteria 
(omnionly .snggesied are items such as these: 
time cost con.sideration.s. general attiaciivene.sb. 
judgment of the relevance of examples, level of 
v()(al)ular\. graded variety of exercises from easy 
to difiictdt. variety of examples, atuhority (pei- 
.son. project, or school system) endorsement, 
publication date, dmability, needed iuservicr 
training, and ie(piired e(piipmenl. Alt!u>ngh such 
a \ii>[ contains many characteristics relevant to 
the beleciion of a textbook appropriate to a par- 
licidar codection of instructional tasks, the 
chai act eristics aie incomplete. The cliaracicr- 
ihiics iden tilled are adjinicts of an elfeciive selec- 
tion procedure, but they ignore the fundamental 
cpiestion ol learning outcomes. An cllective selec- 
tion proccdine must contain some criterion for 
dealing with the (piestion of what the learner 
will derive from the instruction. The reviewer 
nui.si be provided a proceduie that results in 
an.swer.s to the.se two <pie.stion.s: (I) What will 
the Icnrncr be obsovnbly able to do after in- 
struction with these tnaterials that he could not 
do before instructioti? (2) What is the evidence 
for any claims of learner acijuisitionsi If the 



.selection procechne tails to cle.i! with tlu (pies- 
tion ol leaniei accpiisitions. then die wouli ol 
llie pio(eduie is negligible. 

riieie .ne (Cit.iin (ondition.s extern. il to .my 
list ol pKxediues which olteii .dieci ihe selection 
oi an in.structional aid. lMC(pientl\. these condi- 
lion.s aie the principal factors influencing the 
.selection of .i paiticul.ir textbook. Mow ol'ten 
lia\e you licaicl any one oi more of the ica.son.s 
illu.stratecl in iMgures .').2()~'J.IJ2 being .advanced 
in .suppoit of one choice c)ver anothcn*? 



iMcitJKK .'i.2(i. Endarsemeni by Anlhorily^ 
*']Vrll, ill is (ex I is endorsed by so-and-so and 
so-and-so f who are well-huown figures in 
niaiheniaiics. So Ihe lest niusi certainly be 
effective** 
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l-i(;iiRK :;.27. The Bmuhtuiirou Effaci^ 
**Look at the lis! of school systems that 
have already adopted this text, it 
surely iaiisi he nood'' 




FiGUlu: :{.28. The Advautages of iligli 
I. (). (Identify atiou duotieut)-'! like 
this series hecanse ihe.\e authors have 
ahvays xvritteu good material'' 
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I-K.rui Old I'lirmh ,h<^ llr^si 

"IIV .slioiiUl adojfi ihis (cxlbook b**- 
ntusr the impornnu, famiUar Ideas air 
sfill traUrd as ihcy aht*a\s have been'' 



Vmaukv. :!.:!(). ••77/r illnsirnfious are 
maf^uifucul and .should }eally help 
motivaic and retain interest,*' 
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FiciiKK /a//'/ nrlirf Wondcrfull 
**'rhr .s<(lrs rcl)rrsnitaiivr\s l)i<\\nit(i 
tiou was (IctoiUuL well on^anizcd, 
ihoitirhijul, (ukI authniitativc. lie said 
tJuii the s(Ujuciice of rxrr(i\rs nuts (arc* 
fully thonirhi ou( and (he v(uaUiilat\ 
level is aimed our sindmis," 



Here is the proof that 
the sequence works!" 



Fu;uRK :i.:52. *']Vhy, ihis malarial is by 
someone wlio xeorhed ou the wriiiuif 
team that fn'oduced XEIV. It follows 
iheir outline l)nt doesn't have the 
tyfiooraf}hieal errors: it has more ex- 
arrises, and the voeahulary is f)itched 
at a r>iore af)f)iof)riate level!* 




(.11 l U I IIUKK 



Now. <>l (oiM.sc* iioi all ol ihcsc (ondiiioiiN pic- 
\aii Ai LM(lt K'Nihook .ulopiion. jiuI luuw 
I>c |)icbciu «i( .sonic» 'I'lic cliaiiLcs arc. dioiigli* 
iliai .sonic one or moic of ilic^c arc urco^ni/ahk*. 
h is (Icploiahk* dial ihc .sclcLiioii ol Midi .i (ihi- 
(.il iiisli U( lioiial .lid iini>lu be iiifiiiciK cd I>\ .sikIi 
oiMsidc (lilciia. The (|iic.slioii now l)C(oiiics one 
ol ulielliei i( i.s possible lo oigaiii/e a piOLcdiuc 
ol (c\d>oi>k .sclcclioii which is ol)jc(h'\e. (oiucii- 
liaU'soii insiiiuiioiK Ux iiscs on cxpedcd Icarnci 
oniLoincs. and i.s a puxcchuc dial a local .sdiool 
.svsicin can cany ouL 

A POTENTIAL 
SKLKCTION PROCKDURE 

Suppose a le.Mhook .sclcdion coininiuee has 
hecii gi\en ihc (haii>e of (hoosin!> ariilnnclic 
le.MS lor giades K-C). What niighi he the .sc- 
(jueiiLe ol piOLednies il it h ai^ieed thai in.sluu,- 
lional ol>Je(ii\e.s are to he slated in pcrforninntc 
lan<(iiai'C? 

l or a while* ai lea.st. the fiisi siep in the .selec- 
liou proLednre is lo .sec lo ii that each mcnihcr 
of the .sclcdion (onnuiitee a((pnre.s ilie ronipe- 
iciK ICS nc(c.ss.n\ to (onsliiut l>cha\ioial ohje(,- 
li\CN .ind leainini( .sc(pien(cs h.ised on the .stated 
ohjec lives. Once these conipeicncie.s aie ac- 
(piire(L the .second step can he taken— the iniiii- 
nial |>ci rorniance e.\pcciaiioii.s for each of the 
seven years of instruction can he constructed. 
TIic descriptions of the^c performance expecta- 
tions for each \car aie statements of what a learn- 
er is expected to he able to do after the year of 
instruction that he could not do before instriic- 
lion. These statements should, of coiir.sc. be 
written. This reduces the likelihood of misinter- 
pretatioii as well as facilitating memory* 

The ihiid stcj) is to examine the behavioral 
objectives of each le.Mhook consideied a (andi- 
date fo! adoption, '^fliosc textbooks wh().se ob- 
jectives match at least a simple majority of the 
objectives stated by the commit tee would be le- 
taincd for further consideration, and those that 
do not meet this criterion would be discarded* 
The next step is to examine the evidence that 



the objc(ti\c> ol the >ck(ic(l iv.xtbooks aic 
*i(hic\cd. 1 he cxick'iKc picscnicd should *ii k.ist 
dcMi ibc the pci(eina«;c of \ouni;s(Lis exposed lo 
the UKitcii*d who *i((niiic c*i(h bclMxioi* A dc- 
Miipiion of the popuLitioii Mippbini;^ the data 
Nhould *dso he pio\idcd. H cxidciuc is ptescntcd 
*ind the lc\cl of *u(piisiiiop isacicpiabk foi the 
populaiion ass;.NsccL then the ie.\i bhould be ic- 
taiiied for luilher (oiisidciation. U no evidence 
of leal nei acipii.siiioii is piescnicd* the lc.\t 
should be di.sLaidecL If the le\el o( a((pii.sitious 
reported is consideied loo low% then the text 
should be leiiioved Iroiii iniiiiediale coii.sidcra- 
tioii but not completely discaidcd* An a((Cplable 
level of ac(|iiisition will vaiy anioiig ^y^lcllls. 
Perhaps a reasonable ciiteiion can be that 00 
percent ol the exposed leaincr.s accpiirc 90 per- 
cent of the l)elia\ iois de.sLi ibed b\ the objec lives. 

For tho>e texts that have not been climiiiaicci 
a content check should now be made. Kac h text- 
book should be exaiiiiiicci in terms of the iiitcg- 
lity of the Lontent. More ihan 2 percent erior 
(2 errois per 100 items chccke/1) would climi- 
naie the text (rom rurther consideration. 

The learnin*; .sccpiciKcs ol each ol the ic*xts 
remainiiiir altei the content examination should 
he exaininccL togetliei with the supporting; e\i- 
dciicc of leariiin;; dependeiu y, l exts without 
sulIi ini'orniation would be eliniinaied from the 
li.si of po.ssible choices, keniaiiiing texts w*ould 
be ranked for acceptability on the basis of how 
many of the desired objectives are part of the 
piogram and the elficicnc} of ilie learning .se- 
cjucnce in assisting the Icaincrs to accpiirc tlie 
stated behaviors. l*igure :>.33 Mimmari/cs the 
.suggest cd proc'cd u re. 

Becaii.se few (if .my) cunenil\ av:tilal)le com- 
tnercial or experimental mathematics textbooks 
contain .statements of objectives written in be- 
havioral terms, the suggested pioccdiue w*ould 
piobably eliiiiiuate all of the possible textbooks 
at tlie .step tliat calls for behavioral objectives. 
This would result in the outcome that no text- 
books would be purchased for a short lime. **A 
short lime" is predicted l)c:cause the profit mo- 
tive will .supply the necessary motivation to 



ARE DESIRED LEARNING OUTCOMES DESCRISSO IN BEHAVIORAL LANGUAGE? 
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□ YES 
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□ NO 



DOES THE TEXTBOOK PUBLISHER PRESENT WRITTEN BEHAVIORAL OBJECTIVES? 



T" 

□ YES 



□ NO 



DOES THE LIST OF BEHAVIORAL OBJECTIVES INCLUDE AT LEAST 51?o OF THOSE 
LISTED BY THE LOCAL SCHOOL SYSTEM? 



T" 

□ YES 



□ NO 



IS EVIDENCE PROVIDED OF ACCOMPLISHMENT OF THE STATED OBJECTIVES. 
AND DO THE OBJECTIVES MEET THE SPECIFIED MINIMAL LEVEL? 



T" 

□ YES 



□ NO 



IS THERE MINIMAL CONTENT ERROR? 



1 

□ YES 

t_ 



□ NO 



DOES THE TEXTBOOK PUBLISHER PRESENT A SPECIFIED LEARNING SEQUENCE 
AHD EVIDENCE OF ITS VALIDITY? 



□ yes 



□ NO 



CONSTRUCT A RANKING FOR THOSE TEXTBOOKS REMAINING. HIGHEST RANK 
IS GIVEN TO THE TEXTBOOK WITH THE GREATEST NUMBER OF OBJECTIVES IN 
COMMON WITH THE SYSTEM'S OBJECTIVES AND THE HIGHEST EFFICIENCY 

OF ACQUISITION. 



SELECT THE TEXTBOOK WHOSE RANK IS THE HIGHEST. 



ELIMINATE 
THESE TEXTBOOKS 
FROM FURTHER 
CONSIDERATION. 



Kicimr I-Unv clmn of fnoaulurc for llw .yclnliou of a tcxthooh, based on hchavioml oh- 
jcriivrs and Irarmuir hirrarrhirs. /njnil h all Icxihoohs under ronsidcrafion. 
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(.ui.sc Mich inlonnauon lo be piovidcd. 

Compromise Procedures 

should \ou wi.sh to delay ihe advent of mailie- 
inaii(s textbooks containing behavioral objec- 
tives and .supplying- evidence of the objectives 
aecoinplislnnent by a substantial |)ortion of the 
exposed learners, you may have the .selection 
couiniittee try to .sccoiul-guc.ss the authors. The 
conunittee might try to describe the objectives 
for each potential .selection. M'he limitations of 
this compromise procedmc are obvious: (1) the 
guesses the conunittee makes may or may not be 
the objectives the author iiuendetL (2) no evi- 
drnte of Icaiiier acuMUpli.shment of the objcc* 
tives is available, and (3) the time iuvolvcti in 
(oustructing the behavioral descriptions is be- 
yond a reasonable expectation for such a com- 
niiiiee. Ilowever, if there is a pressing* desire to 
ch ange textbooks and uo willin^uess to wait out 
the assumption of responsibility for objectives 
and evidence by the authors of textbooks, com- 
mercial publishing houses, and the developmcuL 
projects, then an attempt at the local level may 
be the best recourse available. 

If the local school sy.stem undertakes this task 
the principal difficulty is the time recpiired to 
produce behavioral descriptions for each avail- 
able textbook. The service propo.scd by the 
Penn.sylvania Retrieval of Information in 
Mathematics Education project is one example 
of how this task might be accomplished for 
elementary mathematics, grades K-6, and the 
results shared among school .systems. The United 
States Office of Education s project ES 70 sug- 
gests another way :r -vhich behavioral descrip- 
tion may be made available. 

One of the school .systems in the state of Mary- 
land, when faced with this problem, adopted 
still another strategy worth describing. The 
Frederick County .school .system appointed a com. 
mittee to select elemeut.M\ mathematics texts lor 
grades K-G. The committee invited the state 
su|)ervi.sor of mathematics. Thomas Rowan, to 
assist them in the .selection, and he accepted. 



TIun working giouj) discaidcd the (onveutional 
j)ro(e(hues of textbook >ele(tion and decided to 
include behavioial objectives among their cri- 
teria to be aj)j)lie(l in the selection of textbooks. 
Members of the comniittee iccogni/ed the lack 
of stated behavioral objectives and aecomjxmy. 
iug evidence of accjui.sitiou on the |)art of the 
available textbooks, but they decided .some .selcc- 
lion U' cdctl to made. Thev also acknowledged 
that there was neither the manpower nor time 
available to write objectives for all the available 
texts, hut they wanted to try the behavioral pro- 
cedure. So it was decided that the bciiavioral 
objectives and leannng se(juences would be con- 
structcd for a few .selected content themes they 
con.sideied critical to the eleineiuar\ ma the- 
matic .s currieidum of theii* (ounuunit). .Sainj)les 
ol the pi od nets |)roduced by the eoimnittce and 
used in the comj)arison of three volumes are 
included next. The illustrative material deals 
with the deNcri|)lion ol behavioral objectives for 
measmement. Observe the diflcrencf^.s in the 
number and (piantity of objectives in the three 
textbook series, as well as the differences in .sc- 
(]uential oigani/ation. 

TEXTBOOK \ 
Gkauk I 

I. Demonstrating mea.surement of length using 
a nonstandard unit (does not introduce inch, 
foot, etc.. and advi.ses against these; no line 
segment: inecpiality signs u.scd. but poorly 
related to concept of older) 

Oka UK 2 

1. Naming and identifying line .segments 

2. Naming and identifying standard units of 
meaMuement 

3. Demonstrating oider on the number line 
using inecpiality signs (number line shown 
by rider) 

'I. Naming the length, width, and height ol an 
object 

5. Naming closed figures 

GUADK 3 

1. Demonstrating tneasnrement with linear 
measuring devices 

2. Naming and identifying inch, foot, and yard 

3. Identifying circles, .S([nares, triangles, and 
parallelograms 



i-iir iixnsook \s \n iN.M*kr(.i ioxai. aid 
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1. DcinoiKsh ;itiii<j liiiciir incasuicmcms using 
n()i)-.siaM(l:ii(i iiiiiis 

2. Oi<!< riiio (he icmiIis oI linear incasurcnienis 
iiiadc w ith ii()iiMaii(iai(i iiniLs 

D(MnoiisM aliiii^ linear incaMircinciUs using 

(he inch as a .staiuhnd uuil: using smaller 

nniis sn( h as ^ inch 
'I. Deinonsiiaiiiig ihe reading ol a ruler whh 

various degiees ol accuracy 
T). Naming, ideinilving. and desciihing a mile 
(). Oonsiruciing n sum thai represents mileage 

on a i'oad map 

7. Ideniilv ing and naming a region 

8. Naming and desruhing ihe area of a region 

9. Deiermining ihc area of a given rectangular 
region by couiuing the number of units it is 
subdivided into 

10. N aming (he number ol .subunii.s contained 
in a hnger unit 

11. Di.sMuguishing beiween area and ])erimetcr 

12. Nannng and identifying parallel lines 

Gkadi: f) 

1. Naming- and idemifying triangles, circles, 
,s(|uare.s. rectangles, and polygons 

2. C-onsiruciing triangles 

II Ideinilying Iciigth. width, ba.se. altitude, and 
height ol figures 

'1. l-inding areas by measuremeiit and con- 
st met ing I -inch s(|uare.s 

i"). Naming and identifying perimeters of 
.s(|uares. rectangles, :\in\ circles 

6. Stating rules lor linding ]>eri>neters 

7. Ideinilying and naming .square innts 

<S. Distinguishing between comiting a quantity 

and measuring 
9. Ideinilying which lunt of measurement to 

use 

10. Ideinilving fi actions on nmnber lines 

GRAi)K 0 

1. Naming and identilying .solid regions and 
closed snrlaces 

2. Constructing a volmne 

3. Interpreting volume 

'1. Com])ining volumes ol .solids 

5. Stating rules for finding volumes 

(). Ideinilying perpendicular and ])arallel lines 

7. Identilying plane sm laces 

8. Identifying and measuring a diameter 

9. Identifying and measuring an altitude 

10. Constructing a rectangle, triangle, and circle 
IL iMea.suring the aiea of a rectaiigle, triangle, 

and circle by u.se ol scpiares con.structed with- 
in the figure 

12. Demonstrating nieasuremeni of volume by 
use of cubic units 

IS. Stating the rule thai all measurements 
slunild l)e in the .same unit when ii.scd for 
finding volume 



M. Apphing ndes lor finding vohnnes of solids 

13. Naming .uid ideinilving iik trie iniits 

J(i. Idemifying the oider ol linear iniits in the 

metric system ol measuremem 
17. Deinonstiatiiig that lecianglcs and parallelo- 

giains ol the same dimensions have ecjual 

aicas 

CJU.VDK 1 

1. Identilving. naming, and <onstMi<ting line 
segments 

2. Ordering line .segments 

3. Denion.strating and naming ineasmemeiu of 
length using standard uin"i ol measin e (inch) 

^1. Applving rule that 12 in< hes =r I loot 

I). I<Ieinilying and naming triangles, e<pnlat- 

eral !riangles. circles. .s<|uaies. and rectangles 
(). Clonstiucting and identifving lectanglc, 

.s(piare. triangle, ar.d e<piilateral triangle 

7. Ideinilving inside .nid outside of clo.sed Hir- 
uie 

8. Apphing concepts ol inside and oinside 

9. Identilying sizes and shapes 

Gradk 2 

1. Applying rule that 12 inches = I foo; 

2. Ideiitil ying inside, outside, and on a closed 
fig in e 

3. Applying concept ol inside, out.side. and on 
a closed figine 

^1. Identilving and naming jjcrimeter 
5. Constructing a liguie for use in finding ])eri- 
meter 

(). Applying definition of perimeter by tising 
standard unit of measure 

7, Identilying and naming length, width, and 
area of rectangle 

8, Stating rule that length x width = area 

9, Naming and identifying the area of a sur- 
face by couiuing the number of units used 
to cover the surface 

10. Demonstrating linear measure, using inches 
Gkadk 3 

K Identilving and naming length, width, and 
area of rectangle 

2. Constiucting a rectangle of a given area 

3. Stating the lule that length X width = area 

4. Applying the rule that length X width = 
area 

5. Naming units of measure (feet, pounds, de- 
grees, inches, etc.) 

6. Identifying and naming an appropriate unit 
of measure, given an object to be measured 
and a choice of units 

7. Naming i inch on rider 

8. Ap])lying' rules for changing yards to feet 
avid feel to yaids 

9. Apidyiiig* rule for finding perimeter 

10. klentifying and naming standard .square 
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11. 
12. 

18. 



1. 

2. 

i\. 
7. 

8. 

9. 

10. 
11. 

12. 
1.^. 

M. 

15. 
li). 
17. 
18. 

M). 

20. 

21. 
22. 



25. 
2'l. 

1. 

2. 
3. 

4. 
5. 

G. 
7. 



units ol mca.Mirc (M|uare iiidi. square foot. 8. 
.s<]iiarc yaid) 9. 
Cousiruciin*,^ aud uauu!i<j^ line .sc^quicuis 
l(lcmil\ing and naiuiuo open and dosed fig- 10. 
ures 

Idcniifyino inside, ouisid';, and on a closed 
n^ure 11. 
Gradi: 'I 

IdeiuHying and uaunn<f line segments 12. 
Identifyintr and uauiiug- triangles, c]uadri- 
laierals. aud pentagons \\\ 
Identifying perimeter of closed figures 
Applying^ rule lor finding- perimeter of closed 
figin-es using nonsiandaul imius of measure 
Identifying and naming* iueli aud cenii- 15. 
meiei 

Denionsirating- measuremem of lengUi using 
inch and centimeter as units of measure 
Dem oust rating* measujement of perimeter 
using incli and centimeter as uniis of meas- 17. 
ur? 

Identifying and naming open aud closed fig- 13 
ures 

Identifying and demonstrating* inside, out- i<). 
side, aud on a closed figure 
.Stating ride for finding atea of rectangle 
Applying rule for finding area of rectangle 20. 
using nonstandard scjuare um"ts of measure 
Jdenti lying and naming a rectangular prism 2I. 
Stating fonuula for finding volume of rec- 
tangular j)rism 22. 
A|)plyiug lule for finding vol tune of rec- 23. 
tan^^idar prism 

Identifying and uann'ug a cube 94. 
Jdeiuifying and naming a cubic inch 
Identifying and naming a cubic centimeter 2h. 
Naming^ munber of subuniis contained in 26. 
laiger unit (inch, fool, yard, nn"le) 27 
Applying rules for changing units of meas- 
ure (rule is applied without being stated) 
Constructing and identifvinga circle, radius, 
and diameter ^• 
Identifying, on a ruler, A, and i inch 
Demonstrating linear mea.suremeuts using 
the inch as standard unit and accuracy to « 
A inch. ; inch, and l inch ^|* 
Jdenti lying and nann'ng right angles 5 
Constructing and naming angles * (j' 

Gradiv 5 

Ideiuifying and naming line Kegment.s 7. 

Constructing congruent line segment.s 

Consti ucting line segments, given ruler and 8. 

compass 

Identifying and naming congruent angles 9. 
Constructing angles, with use of compass, for 
purpose of comparing measures of angles 10. 
Jdeiuifying and constructing interior angles 
Identifying and constructing ec|uilatcral, II. 
isosceles, and .scalene triangles 



Constructing lines of symmetry in triangles 
Demonstrating lines of synnnetrv in tri- 
angles, using \oh\{.\\ shapes 
Apphing lules foi changing linear measures 
(small to large, large to small, invohing 
inches, iect. yards, lods, miles) 
.Applying information aboiu linear measiu'e 
to solution of story problems 
Demonstrating reading oi ruler to the near- 
est i. 1 . and i inch 

I^emonstrating reading a measuremeiu to 
the neaie.si stated unit 

Apj)lying rule for finding aiea ol closed fig- 
uie 

Applying lule lor finding perimeter of closed 
iigurc 

Constructing scale drawings of rectangular 
and triangular figures, given neces.sary re- 
lated dimensions 

Identifxing and nann"ng plane and space 
figures 

Identifying and describing triangular, rec- 
tangular, peiuagonal, and hexagonal pri.sms 
Identifying and describing !riangular. rec- 
tangular, pentagonal, and hexagonal pyra- 
nn"ds 

Identifying and nann"ng spheies. cylinclei*s. 
and cones 

Stating rule for finding volume of rectangu- 
lai* prism 

Naming the cubic inch 
Applying rule for finding volume of rec- 
tangular prism 

.Applying rules for metric system of linear 
measiu'e 

Oidering metric units of measiu'e 
Identifying and naming right angles 
Demonstrating and constructing 
angles, using folded paper 

GUADli 6 

Identifying, naming, and constructing lines, 
rays, and line segments 
Identifying, naming, and constructing con- 
gi'uent line segments 

Identifying, naming, and constructing angles 
Constructing circles and arcs 
Constriictinur congruent angles 
Demonstrating angle measure, using com- 
pass 

Demonstrating measure of angle, using non- 
standard inn't of measure 
Demonstrating measure of angle, using de- 
grees on protractor 

Constructing ecjuilateral and isosceles tri- 
angles 

Constructing a triangle, using straightedge 
and compass, given lengths of base and sides 
Applying rules of linear measure for chang- 
ing feet to inches, rods to nn'le.s, rods to 



right 
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Icvi. Icei lo ),U(l.s. and miles lo nxLs 
IL\ I<lcinil\in<» :mcl (lcs( i il)iii<»- Mpiarc iiu h 

1. *). I<lcmil\ini» Mjuaic looi 

I I. IVMn'l)i!l<» MpKMV looi 

If). A|)i)i\in<» nilr loi' lincliii^ aic.i in Mjiiaic 
miiLs (looi. \aKl. mile) 
I(lcniil\in<> aoc 

17. Xpplyinj' lulc loi nnclini,^ aica o\' rcrian^lc. 

Msijll» a( ICS 

18. Aj)j)l\ini^ vu\c lor Inuliiii; aica in Mjuarc 
nnils lo .soluiion ol .sioiy problcin.s 

19. Idcniilyiijo mid naming a cube 

20. Idcmilyino and nann'ng cnbic inch, cubic 
lool. and < nl>i( \ard 

21. Dnnon.si rating volume of rcciangidar 
j)i*isms 

22. Slating inic lor finding volume of reci angu- 
lar |)i-isms 

2. '). Aj)j)lying rule for finding volume of recian- 

guiar prisms with given dimensions 
2-1. Applying rule lor convening all dimensions 

ol < lo.sc<l figure lo like units 
2:"). Constructing leciangle.s with sides of given 

lengili.s 

2(i. C^onsti ncting s(juaie given length ol .side 
27. Coiisiructing a triangle with sides congruent 

to given .segments 
2«S. I<leniil\ing units ol measine in* metric svs- 

tem 

29. Oidering units of measine in metric system 
.^0. Applying i ide for changing large to'smali 

an<l small to larg(* nieasin^'.s in metric .sysiem 
'{1. Aj^pKing nde for finding area of a rectangle 

in metric units 
.H2. IdemilXing and nann"n<» relationships he- 

iwecn Knglish imiis ol linear measuie and 

men-i( unii^ ol linear measure 
T). Aj)j)l\ino inles lor converting Knglish iniits 

ol linear measure to metric nnit.s of linear 

measiu'e 

S\. Oonsti nciing a ciicle. given the radius 
Jif). Identifying and naming base and altitude of 
a triangle 

Ai)i)lying nde loi' finding area of triangle 
.^7. Aj)j)lying rules lor finding area of a rectaiigle 
and area of a triangle to find areas* of por- 
tions of lectani'les and triangles 
r{«S. Jdeniifying and naming an octagon 

30. Applying rule for finding area of a circle 
K). Applying rule of scale drawing using various 

objects 

^IT:X TBOOK C 
Gkadk 1 

1. Identifying scpiares. ciirles, and triangles 

2. Naming unit of mea.sure-nonstandard unit 
*^. Demonsiiating measmement of height using 

blocks 

'I. Constructing ruler with red and black scales 
(red for centimeter, black for inch) 



.'). I )cinonsi latino measmement ol hcii»hi bv 

two scales on same lulei 
(i. Identil\ini> and nann'ng an inch 

7. IdeniiUiuo and nann'ng a (eniiineier 

8. Demonsiiating ihe measurement of length 
Using an inch and a ceinimeier (on same 
ruler) 

9. Demonstrating measmement of lengtii that 
does not (oine oiu '*just riolu." hence the 
ideniilVing of appioximation 

C;ra!)f 2 

1. ideniilying circles and polygons 

2. Constructing ruler and pasting on caid- 
boai'd. nann'no units on black scale indie.s 
and on red .scale <entimcters 

.1 Demon.strating ineasuie of heiglu by two 

.scales on the same ruler 
•I. Identifying and nann'ng an inch 
f). Identifying and naming a centimeter 

6. Demonsirating ihe measureincnl of length 
by using the inch and by using the ceini- 
meier (both .scales on same nder) 

7. Demonstrating the ineasuremeiu of length 
that does not come out ''just right." hence 
the ideniilying of approximation 

«S. Constructing h'nes ol given length 
9, Distinguishing between inches and cemi- 
meteis foi* a giv<.Mi measurement 

10. Naming the unit along with the measure- 
ment 

11. Demonstrating the measurement of a given 
Icngih by usiiio both scales 

12. Demon.strating ihe measmement of li<pn'ds 
and of time 

Gkadk *^ 

1. Naming and identifying a fooi 

2, Naming and identifying a yaicl 
Naming the lengih of an objeci 

'1. Naming and identifying the area of a sur- 
face by comuing Mpiare units used to cover 
the surface 

:"). Naming and identifying the volume of solids 
by counting number of pieces of cake 
(block.s) . 

(). Demonstrating informally the three tyi)es 
of measurement: linear (wiie.s), area 
(.squares), and volume (blocks) 

7. Demonstrating measuring of area by cover- 
ing a .surface with congruent shapes 
(scpiares) 

8. Distinguishing types of measurement using 
examples from environment 

9. Naming and identifying unit of length as a 
segment 

10. Naming and identifying um't of aiea as a 
scp'iare 

11. Naming and identifying tnn't of volmne as 
a cube 

12. Naming the length of an object 
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11 
M. 
If). 

17. 
IX. 

19. 

20. 
21. 

22. 

2.1 

21. 



2(), 
27. 

28. 
21). 

31. 

32. 
33. 
3L 

35. 



36. 
37. 
38. 



3<). 



•10. 



Nainiiii^ and iclcmihing ilic area of a sur- 
face hy coniuing unii.s used to cover the 
surface 

Naming aiul identifying the volume of a 
.solid by coiuuinjr the units u.sed to fill the 
solid 

Demonstrating length by coiniting steps 
(segments) across classroom 
Distinguishing between small, medium, and 
laige steps 

Naming the stej) as a segment 
Demonstrating that the smaller the unit, the 
gieater the number for a given length 
Constructing individual units of measure 
(piece of siring) 

Naming and identifying a mile 
Demonstrating an inch as apj)roxiinately the 
length of a section of tiie forefinger 
Demonstrating a foot as approximately tiie 
length of the forearm 

Demonstiating the mile as approximately 
the length of a train with 120 boxcars 
Demonstiating the yard as approximately the 
distance between the wrists when arms are 
outstretched forming a straight line 
Nann'ng an apj)ropriate imit of measure 
given that whicii is to be measured and a 
choice of imits (inch, foot. yard, or nn"Ie) 
Demonstrating that a centimeter is shoriei* 
than an inch 

Naming the length of pictured ol)jects using 
both units, inclies and centimeters (all an- 
swers aie whole mmibers) 
Constructing centimeter ruler at least 13 
centimeters long 

Naming the measiuement of length to the 
nearest inch 

Naming and identifying half-inch as a 
"Innch" 

Naming the length of j)ictured objects in 
"hinches" 

Naming i inch on a ruler 
Nann'ng 2 centimeter on a centimeter ruler 
Naming the measurement of length to the 
nearest i inch 

Naming the mmiber of subunits contained 
in a laigcr unit (I in. = 2.5'i cm, 1 ft. = 12 
in., I yd. = 3 ft., I ycL = SG m.) 
Naming and describing a square inch 
Naming and describing a square centimeter 
Naming and identifying the area of a variety 
of geometric figuies by coiniting tlie number 
of units (scpiares) 

Naming and identifying the area of a variety 
of geometric figures drawn on *'sc]Uared** 
|)aper by comiting scpiares 
Demonstrating that two triangles (isosceles 
right) make a scpiare 



11. 

•12. 

13. 
•II. 
15. 

-I(). 

17. 



8. 
9, 

10. 

11. 

12. 

13. 
II. 

1.0. 

I(). 

17. 
18. 



19. 

20. 
21. 
22. 

23! 

2-1. 

25. 
20. 
27. 



C'onsiiuding geonieiiic figuies (oniaining a 
gi\en number ol s(juaie units 
Demonsiraiing and naming an estimate ol 
the number of scpiarc units in very inegular 
figures 

Naming and describing a cubic inch 
Naming and describing a cubic ceniinieier 
Denioiisiraiing and naming an estimate of 
the number of blocks in an arrav 
Demonsiraiing and naming the volume of 
block arrays by couufing the blocks 
Naming and ideniirying the volume of a 
variety of geometric solids by counting the 
number of cubes 

GRAni: -1 

.Applying rule changing feet to inches, feet 

to yards, and yai ds to inches 

Naming and identifying area 

Naming and identifying volume 

Naming and identifying terms used for mea- 

sming length (segment), area (scpiare). and 

volume (cube) 

Identifying and naming iyj)es of measme- 
ment with nonstandaid units 
Naming line segments 

Demonstrating linear measurement using the 
inch as a standaid unit and accuracy to the 
lialf*iuch 

Naming and identifying lengths of objecis 
Naming and identifying harf-incli on a ruler 
and with objects 

Demonstrating that a centimeter is shorter 
than an inch 

Inteipreting distance on a map 
Intcrpieting scale drawing, using a map on 
which a ccntinuiter represents a mile 
Naming and idc;ntifying a scpiare inch 
Naming and ideniifyiiig a cubic centimeter 
Naming and identifying the area of variotis 
objects 

Naming and identifying area by coiniting 
units of area 

Naming area of a given figure using a grid 
Demonstrating the perimeter (given the 
term), using a standard ruler and using a 
centimeter ruler 

Estimating the diirerences in j)erimeter ol 

various objects 

Identifying a triangle 

Constructing a scpiaie 

Naming a length using a centimeter ruler 

Applying the idea of using a ruler to find 

the j)erimeter 

Distiiigiiisliiiig between volume and surface 
aiea 

Naming a scpiare centimeter 
Apj)lying a rule for changing a mile to yards 
Naming the number of smaller units in a 
larger unit 
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DiNlin^mMiin^ the .ippropi i.itc iniit ot inca- 
Miic— incli. loot, yard, mile 
Ulcntihiiio licjuid incaMiiv.s 

N'ainin^ and idcmilyino unit of lcni»tii a.s a 
sci;nicnt 

Nann'ni» width of index fini»er as a be^ment 
(-onsti u( lini^ inlci w ith width of index ^in^e^ 
as I lie -sei^nient 

l)enu>nstt'ating nieasni enient of length hy 
ronininj*' nnnihei' of sei»nienis 
( ion struct in i> liall-sej»nicnts on ruler (wheie 
segment is width ol* index linger) 
l)i^tin^nishin^^ which of two nieaiurenienis 
on the hand is the ^i»reaier 
DenionstratiuL^ nieasuiemenis with results to 
n ea r es I h a I f-sej* n i e n t 

Construe tin<; a "shoe" sei^nieni and dividing 
it into eij»hi ecjual parts, each called a ''toe" 
Demonstrating measnrenieni with "siioe" 
1 uler 

Demonstrat in<; use ol accepted uniis> such as 
centimeter, inch. Toot, aiul yaid 
Demonstraiinj* measurement with standard 
units 

Staiinj* a rule foi* findin<> the perimeter ol* 
a j>olyj»on 

Applyin<^ the lule for finding' the perimeter 
ol polygons the measures of whose sides are 
whole mnnheis 

Determining the measuies of the sides of a 
polygon by using; a ruler and then applying 
the rule for Ihuling tlic perimeter 
Determining' the measures of the .sides of a 
poKgon l>y rolling polygon along the ruler 
and thus finding perimeter 
Naming and identifying ciide, eiicumfer- 
ence and diameter 

Demonsiraiin,g that both perimeter and eir- 
cum Terence mean ilic disianee around a 
circle 

Naming and identifying area of rectangle 
by couming s(piares 

Naming and identifying area of rectangle 
by nudiiplying two dimensions 
Interpreting the formula for the aiea of a 
rectangle, // = / x 7/' 

Naming and describing parallel lines and 
parallelogram 

Demonsiiaiing the formation of a reciaiigle 
from a parallelogram by cutting triangular 
seciion bom one side and fitting it along 
other side 

Interpreting the fornnda lor the area of a 
parallelogram. A ^ h X h 
Naming and identifying surface area lor 
sj)ace figures 

Demonstrating surface area by counting 
septal es in a plane figure 



2i). (ioiisti U( t ing >p4uc ligme (cube) Iroiii plane 
figuie and again finding surface area by 
counting same scpiaies as in item 2.^) 

27. (ionstruciing rectangular solids and demon- 
stiaiing snriace aiea 

28. C!onsiru( ting a (Cylinder and demonstrating 
surface area 

29. Demonstrating sm face <ui\i with a \ariet\ of 
.space figiucs, gi\cn their dimensions 

*M). Naming and identifying formalh time (/), 
rate (r). and distance (d) 

.SI. Interpreting the formulas <l = r X /. 
y=: (I ^ /. and / = J -i- r 

112. Describing the use of the alxne distamc for- 
mulas 

.'J.S. Naming and identiljing volmne by count- 
ing cubic units 

.SI. Naming and identil\ing \olmne of ledangu- 
lar solid by niultipl) ing the three dimensions 

'}:). Interpreting the formula V I x lo X h 

%. Applying the rule to rim\ the volume of 
rectangular solids 

87. Applying the rule for changing cubic inches 
to gallons 

S8. Applying the rule for changing cubic ecu- 
linieiers to liters 

30. Demonstrating measurement of an angle by 
counting angle units 

10. (ionsiruciing and counting measure of right 
angle using unit selected 

11. Naming and dcscrii)ing standard angular 
units: radian and degree 

12. Describing the protractor as a device to mea- 
sine angles 

IS. Constructing a protractor and demonstrat- 
ing its use 

4-1, Naming the angle unit on the piotraeior as 
a degree 

15. Applying the rule for changing one Ihicar 
measuiement to another 

^f). Demonstrating the conversion of smaller 
units into larger units (as a result of addi- 
tion) or larger units to .smaller (as iiecclcd for 
.subtraction) 

'17. Demonstrating the reading of a ruler with 
various degrees of accuracy: I inch, i ineii, 
,'<:inch, A ceniinieicr, lo centimeter 

•18. Demonstrating relative lengths of two seg- 
ments 

19. Demonstrating measurement of sides of poly- 
gons to nearest 1 inch and finding the pe- 
rimeter 

50. Naming and describing metric units: meter, 

decimeter, and millimeter 
5L Describing use of decimals in measurement 
52. Applying rule for changing one metric unit 

to another 

5S. Naming and describing the comparison of 
two sets of objects as a ratio 
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51. I)csn il)in^ distances fioni scale drawini^s 
').'). N:unint» a scale and drawini^ a map sh<)\vin<^ 
yoiii' home and s( hool 

Gkadiv () 

1. Namin<> and i<leniilyin<r unit ol length as a 
set; men I 

2. Namini; and idemilying sum of lcni>(hs of 
I he sides of a poKgon as ihe perimeier 
Demonsiraiini; measurement hy tise of Indies 
and centimeters 

•I. nistin.miishino hetwecn lengths by nse of 

centimeters and in(hes 
T). Demonstrating that the length of a given 

segment will ha\e more (entiineiers than 

inches 

(). Distinguishing i)et\veen distances by tise of 
nn'Ics and kilometers 

7. Describing use of kilometers in variotis 
countries 

8. Naming and identifying statute mile and 
nautical niiU* 

{). Applying a rule and measuring lengths to 
find perimeteis of various polygons 

10. Naming the length of the side of a s<piare 
when the perimeter is given 

11. Naming the length of each side of a rec- 
tangle, given the length of one side and the 
perimeter 

12. Naming the length of the third side of a 
triangle, given llie length of two sides and 
the perimeter 

13. Describing the perimeter of a ciirlc ins<ribed 
in a s(piare (whose sides are to he jneasured) 
and circumscribed about a hexagon (whose 
sides are to he measured) 

1 1. Naming and identifying area of plane figure 

and surface area of space figure by counting 

scpiarc tinits 
L"). Naming and identifying area of lectanglc l)\ 

nHiltipl)ing two dimensions 
if). Interpreting the formula for the area of a 

rectangle, A — 1 X w 

17. C!oiistru< ting space figures (cubes, rectangu- 
lar solids) and finding surface area 

18. Naming stir face area, given space figmes 
with dimensions 

li). Intel preiing word proI)leins involving linear 
nieasureincnt, aiea. volume, time, rate, and 
distance 

20. Naming and identifying hand (unit of mea- 
siu'cmcnt) and horsepower 

21. Naming and identifying volume by count- 
ing ctibic units 

22. Naming and identifying volume of rectangu- 
lar solids hy imiltplyiug the three dinien- 
.sions 

23. Naming and identilying lectangidar prism 
2*1. Interpreting the forimila F = / X it^ X // 



lif). N.nning and idenlil\ing vohunc and stiila(e 

area of \arious solids 
2(>. Naming length, width, and height a> dinu ii* 

sions 

27. Interpreting restiliing aiea of loctangle when 
one dimension is doubled: when both are 
(lotil)le(r 

28. Interpreting resulting volume of leciangular 
prism when one dimension, then two. and 
(inally tliiee are doubled 

2*). hiierpretiiig resulting volume of i ectangtdar 
prism when eadi dimension is tripl<'d 

'10. Demonstrating and coiisti uciin-^ the iiiea» 
stiremeni ol an angle by < otinting angle tmits 

31. Demonstrating and ideniifving syinl)ols for 
angle and degree 

32. Naming .si/e of given angles in terms of 
drawii protractor on which 18 e(jual divi- 
sions are used 

33. (loiisli n< ling above i\pe piolractoi and 
demonstrating its tise 

31. Describing piotractor with unit angle 

chosen as 10"^ 
3."). Naming and dexribing standard angle 

units: degree :md nidian 
IIC). Demonstrating nie:isuremeni of ;ingles :nul 

finding the sum of the ineasuios of two angles 
;i7. Demonstrating the me:isurenieni of ilie 

:ingles of a triangle and finding the stun ol 

the nie:isures of the three :ingles: s:niie for 

(pi:idril:iier:d. pent:(gon. :uid hexiigon 
38. Describing total degiee.s in angles of above 

poKgons in terms ol number ol tri:nii»les 

times 180"^ 

30. Demonstrating complete iot:Mion. Ij iota* 
lions. :ind .so on. In terms of degiees 

|0. Inierpieiing word pioblems involving track 
recoids: pieliistoric :uiini:ds 

•II. Interpreting dist:inces on :i given in:ip l)\ 
s< ale 

12. Iiiierpreiing disuuues in otir solar s\sieni by 

using sc:ile I y:ud = 1)3 million miles 
•13. Describing weight of di:niion<ls (I c:nat) in 

terms of gniins where I cubic centimeter of 

w:iler at I (! weighs I gr:uii 
^11. Interpreting worcl problems rehiting to 

weiglits of diamonds 
IT). Desciibinm lengths ol animals from pi< tines 

with indicated s<;iles 

Describing !e:ining tower of Pisa and work 
of Galileo 

17. Describing and statini^ rule for f;illiiig bodies. 
(/ r= |() x V 

•liS. Naming :ui<l identi!\ing base of triangle and 
right triangle 

49. Naming and identifying area of rectangle; 
then taking half of it for aiea of triangle 

50. Naming :irea of triangle, given base and 
altitude 
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51' ConsiHK iini» M|u:n'('s on ilncc mMcs oI nj^hi 
ni.'iMi;l(' Miul fnidini; :ir(':i of carh 

52. Nainini; ihc hvpoicniisc :iiul l(\i;s ol i ii'lu 
li'ianj^lc 

TkS. .Stating and a|)|)l\iMi; the IStlKii^oican 
thcoi cm 

51. Inicrpiclinj; word prohloms involvini; jnoa- 
.sinrinciu 

5.'). N a mini; and idcntilvini; iiiiii o! Icm;^iIk 
incUT; tinii ol \a'i.i;hi. i-rain: and tinit ol 
(apad'iy. liter 

5(>. Xainini; and dcsoihini; nicttic tnnis 

57. Inici |)i ciinn woul piohlcnis involving nicnic 
and Ijii^lish nicasincs 

5.S. iVaniini; and idcntifyinj;- ciicnnifcicnrc 

!)[). Clon.stinctin;; circle .'5 ccntinicicr.s in diain- 
c(cr. ( nil in;; ii oiii. and nicaMnin;^ circtnii- 
Icrciuf hy rollini; ii alonj; a drawn line 
(cminicins loni»: icpcaicd Tor circles wiih 
dianicicr.s of 1. 5. (k 1. «S, and 9 cc'uinjctcr.s 

<)(). Xaniiuj; .s|)C(ial lac lor in each < ire nnilcicncc 
hy dividinii^ ciidnnlcrcncc hy diameter 

(il. Dcscrihini; icsuhini; lactor as nioio than .i 
and less ihan and nannn<>^ it tt 

iVl. .Staling and applying the ude that circnni 
IVrence ^ tt > diameter 
Denionstrauni; procedure for cstiniatint^ aiea 
of < in le l)y cotmlini; ntnnher of S(piai'e cen- 
tinjeier.s (tlii.s will he an estimate!) 

(M. X.tnn'm; and identihins; radius of a circ le 

(55. Den ion. st rating area of circle as close to 

()(). Slating and applying rule // = irv- 

Tlie techni(pie emploved hy the Krederick 
Count) lexihook .seledion (onnnitiee did re.stdi 
in M)me ohjectivc desoipiion ol the various 
lcxilK)oks under ccmsideration. Se(|ueuce defi- 
ciencies in ternis ol" missing pieiecpusites weie 
ideniilied lor the topics examined. C ion tent erioi.s 
u'eie also identified for these topics. 

'I1ie limitations of this procedtne are appai- 
eiiJ. 'l^he resiricted nmnher of topics exann'ned 
may prt)tluce a di.sioried description of a text. 
However, for the topics exann'ned the applica- 
tion of the piocedme does yield an ohjective. 
detailed description. 

Cilearlv the pnucdm es adopted it) the selection 
of insti lutional aids can he std)stantiall\ altered 
hv the use of hehavioral descriptions of expected 
outcomes, 't'he puxedm e detailed earlier in this 
chapter is one means of employing hehaviorai 



desdiptions to just such a purpose. The ad- 
\ashages ol ujoving to the use of .i selection pio- 
cedme hascci on hehaviorai descriptions aie t!u' 
change horn a sul)jecti\e hasc to an ohjeciive 
one, the a\ailal)ilii\ of evidence thai au instuu- 
lional aid ac complishes its slated piu poses, and 
the consinuiion of instructional secpiencc*s from 
considerations of what is lo he learnc^l and the 
conditions inuler which it is to he learned. 
Under such a procedure the hiirdeu of p!ool 
that an iusiruciional aid cloe.s accomplish its 
staled purpose would lest with the distrihutor. 

IVo recoiumendatioiis concerning the selec- 
tion of :i teNthook follow. 

Ki:cc)M.\n;Ni)A'iic)N I. 'I'lie procedure employed 
ill the selection of a lexthook should inc lude (I) 
the desciipiion of the desired instructional out- 
conies in terms of hehaviorai ohjectives. (2) a 
comparison of tfie siatecf heiiavioral ohjectives 
ill availahlc lexihooks with those stated hy the 
sciec iioii comniiitee. in comiec lion with the pro- 
cetlme ouilined in I'ignie (*)) examiiialioii 
of the text hook puhlisher's evidence iliai the !)e- 
iMviois desci ihecl as ohjec lives were ac cpiii eel and 
l)\ whom ilie\ were accpiirecl. aiicL fuially. (1) 
an examination of ifie teariiiiig sccpieiice and ttie 
evicfeiice lo .support ifie fiypotfiesis ifiat ii is a 
secpieuce. 

Ri:c;c)MMi;M),v*ric).\ li. 'f'fie .sefectioii of every 
iiisirtu lioiiat aict sfioutct iiictucte at feast tfie first 
ifiiee .steps as suggestecf in tfie pievic^us recoiii- 
iiiencfatioii for textl)Ook sefcic tic^ii. 

KPILOGUE 

'I'fie acf vantages of hehaviorai cfescripooiis and 
feaiiiiiig fiieraic flies extencf l)eyoiicf ifie sefec tioii 
of iextl)ooks to incfiicfe assistance in tfie cfesigii 
of iiisiiiictioii as weff a.s provicfiiig guicfaiice in 
tlie supervision of iiislriic tioii. t\ f)otcf proposaf, 
iiicfeecf. itiat as teacfiers we sf)ecif\ tfie expectecf 
outcomes of otn leacfiing. fiiiagine pioposiiig 
tfiat tfie iiieastue of oui coiiipeteiicy rests witfi 
evicfeiice of of)ser\af)fe fearner accpiisitioiis! 
Tfie c iiaffeiige is iiiacfe. Tfie next .step is yours. 
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NoiwiMi: 1711(1. 
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tttt o\ thr Sihool ttj Edtttatiott fof liidiaii:i Uni- 
\e|^^^^j 18. MO. (; (.Voveinher 11)12). 
riionipsoii. Oeoij'e. 77;r Aitirtiiau Ttttoi'.s (Utidr. 
Ml»aii\: K. K: I'. Ilosioid Co.. 1808. 
I lioiiidike. lidwaid I.. Atiittial Intclligctur: Ex^ 
Ifctintrtital Studies. New Voik: Mannillaii Co.. 
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N'eneiiia. Pieier. Anthittrtua of Cytfct*Koust, New 
Vtnk: j. Peiei Xeiijier. I7.S0. 
W'alhesser. I lent y II. Cotisttuttiutt lidutvioral 
Ohicilivrs. Rev. cd. C(dlei;e I'.iik: .Maiyland l5<jok 
K-NclKiiij-e. 11)70. 

— .'/// Evaliuitiou Model and Its At)l)lna^ 
tiou.Snotid Hr/fott. W ashin<»i(ni. D.C: Connnis. 
Nion on .Stieiue Mdiuaiion ol the Ainciican Asso. 
(iaiitni lor the Advaiu eiiieni of .Science. \.AAS 
.Mistcllaneoiis Pnhlicatioii (iS-l. 11)68. 
W'aid. John, Yftutiii Mothrttuttu ion's (iunh\ l.on- 
th»n: .Samuel Fiillei. 1707. 
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A variety of primed inricrials that can be used to supplement 
a njaiheniatics progiani is examined in this chapter. Reasons 
why such materials should play an important role in a 
well-rounded mathematics curriculum and specific ways in which 
they can be used effectively are also discussed. Fifty detailed 
examples illustrate exactly how a teacher can use a wide range 
of Other Printed Materials. Each example specifies an OPM, 
a fimction, a technicjue. and the grade level recommended for 
the introduction of these materials. 



4 A FILM THAT SPANS ANY CLOSED FRAME assumes a contour with 
mininiuni area. This property can be illustrated with soap film. When air 
drying plastic is used, the resulting film is permanent. The models shown 
in the picture were formed by dipping wire frames in a substance called 
Formafilm. 
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4. orill-K PRIXTF.D MA^PKRIALS 



Have you ever wished you could vary ihc con- 
icni :uid appioacli of ilic luadicmaiics program 
you arc icacliiiig wiilioui abandonino iis basic 
oioani/;ui()u? Have you ever ui.shed you ronid 
divide your liiuc .so ihai you might help siudcms 
who uced extra praciice and at iUq .same lime 
renew ilie moiivaiion of siudenis wliose iiiicr* 
est is waning? Perhaps OPM (Odier Print' :I 
Maierial.s) can help you reahze your wi.shex 

WHAT ARE OPM? 

In this chapter, OPM aie considered lo be in- 
siriiciional aids in niathematics con.si.sting of 
paniphlcis, library books, reference books, re- 
somcc books, paperback book.s. .skill kits, inde- 
pendent units, curricuhnn guides, charts, pictures, 
"free and incxpen.sive" uiaierials, newspapers, 
periodicals, student journal.s. bibliographies, and 
so on. Standard and programed textbooks, pre- 
pared to be used for regular class work as basic 
insiructional aids, are not considered to be OPM. 

Why Arc OPM Being Produced? 

Curriculum development in school mathematics 
is in a state of continuing change. Since it takes 
lime for textbooks to be written and published, 
OPM, which can usually be produced more 
speedily, are being used to obviate the time lag. 

Furthermore, until the experimental aspects 
of curriculum development are thoroughly 
tested, it is financially impractical to include 
them in standard textbooks. However, many of 
these experimental concepts and approaches can 
be publi.shed in OPM form and used in con- 
junction with a standard textbook niuil they 
arc popularly accepted and integrated into the 
curricnium. 

Another rea.son for the pioduction of OPM 
is that authors of textbooks frecpiently follow 
cmricuhnn guides pioduced by state and local 
school systems, and these do not include every- 



ihmg there is to learn about mathematics. 
As a result, much of tli- material that is not 
re(piire(l by various curricuhim guides is often 
published oidy in OPM form. 

.Some materials, particularly those whose 
primary purpose is rerreation, application, or 
individualized drill and practice, are not adapt- 
able to the stanchud textbook format. These can 
be presented most effectively as OPM. 

hi suunnary, OPM aie produced to help keep 
the curriculum up to date and to give it balance. 
How OPM can be u.scd to accomplish these goals 
is the most important concern of this chapter. 

HoiCf arc OPM uscdF 

To learn how OPM are actually used in today's 
schools, the Yearbook Editorial Committee sur- 
veyed nearly a thousand mathematics supervisoi-s 
across the country. Here are illnsiraiions of what 
the comnu'ttce I'oimd. 

Jn one junior high school, a teacher uses the 
local newspaper in general mathematics classes. 
Giocery ads are con pared in preparing a .shop- 
ping list. Advertised prices of various kinds of 
cais are compared with the total cost when pur- 
chase is made on an installmeiu plan. 

In another school, a teacher capitalizes on the 
enthusiasm of airplane bull's. .Attention is tuined 
IVoin tossing paper airplanes out of classroom 
windows to reading The Greai Inlernutional 
Paper Air plane Booh (OPM Example 3, de- 
scribed later). From this book, students who are 
interested in airplanes learn about the relation- 
ship between the centM- of gravity and theceiuer 
of the lateral area of jxiper airplanes. Mean- 
while, students who are not interested in the 
mechanics of airplanes arc challenged by the 
problem of creating fabric designs that illustrate 
the renowned four-color problem, moire pat- 
terns, or one of the network problems from 
topology. These concepts can be investigated in 
one of .several OPM, 
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111 another junior lii<»li .sch.ool, icaiii.s of four 
nIikIciii.s each coiiipcicd for two iiioiiih.s in an 
iiivcMiiiciil project. Each team l)c:^aii with au 
iiiiagiuaiy SiVH). which couhl l)C iiucsicd in any 
iiic team nienibcr.s a,i»iee(I ou. Sales and new 
puichascs were also agreed on by the team. After 
the initial oigaiil/atioii iti chiNS. all iiive.stigatioii 
of news media and professional literature thai 
led to agreements coiiccniiiig the iiiiaginary 
transactions and all record keeping were |)cr« 
foriiiod outside of chis.s. except for a weekly up* 
(hi ting of progress diat was kept on a chart in 
the chissi ooni. Intel est ran so high that several 
of the teams continued the project for the school 
year and even longer. 

Tl ie.se and otiicr examples that could be cited 
aie perhaps some what mi usual. Others that were 
leportcd in the siiivey were more chwely ichitcd 
to the ciuTicuhmi under .study, of shorter dura- 
tion, or le.ss demanding of the students. Mo.st 
examples repoited can be ehis.sified under one or 
iiioie of the following .seven functions: 

1, iNfotivation 5. Drill and practice 

2. Di.srovcry (i. Application 

*$. Eiiriclimeiit 7. Professional growdi 

Change of pace 
'I he techuitpies for iibiiig OPM ran the gamut 
fro III occasional iiichi.sioii of interesting asides 
In tlic tcaclier to iiidepeiideiit .student rcscarcli. 

The foMowing .sections contain examples that 
ilhistrate liow various OVM can be used to serve 
each of the .seven functions listed above. To 
make the ex.iiiiples .specific enoiigli to u.se as work- 
ai)Ie models, each is ba.sed on a particular OPiXf 
and a particular techiiitpie. Where the OPM is 
ii.sed diiectly by the students, as in the ca.se of 
workbooks and drill kits, directions for u.se arc 
not detailed. They are given in the teacher *s ma- 
terials that acroiiipaiiy the OPM» For other types 
of OPM. the examples are explicit. 

The.se e.KanipIes are by no means exhaustive; 
they constitute a .small .sample of the available 
OPM and the many ways that OPM can be used. 
Since the fiinciioii of an OPM is a basic coii.sid- 
eratiou in its .selection, the examples are classified 
according to fiincliou. Any one of the tecliiii(|ties 



(and nian\ moie than .ire dc.sc Til)C(l in the ex- 
aiiiples) can be (ombined with each fiinc* 
tioii, .\hlioiigh main OP.M aie miiltifiuK tional, 
none was cla.ssifiecl under more than one rmic- 
tioii in ordei to include as gicat a lepresentatioii 
of OP.M as |)ossiblc in the fift\ examples given. 

MOTIVATION 

Motivation is a very per.soiial thing: what moti- 
vates a particular ^tmlent may he quite apart 
from the ^:oiii>c content. Within the course con- 
tent, however, motivation is generally more pre- 
dictable. I'or the pur|)0:>e of the examples, theie- 
forc. motivation will be considered the |)ie.scnta- 
tioii of content intended to promote student in- 
volvcniciit in learning. 

EXAMPLE I 
OP.M: So(ij) Bubbles, M\ ed., by Charles V. Boys 
(New York: Dover Piiblicatioii.s, 1951)) 
GRADES: 7-12 

TECHNIQUE: Class demonstration (presented 
by two iiieiiibci:s of the clay?) 

Refer the students to the OP.M and ask them to 
experiment with the following |)rol)lenis in mind: 

1. Why arc bubbles that arc blown from a pipe 
or flicked from a .small metal loo|) always 
.spherical in shape? 

2. How do the areas of soap films compare when 
the film is bounded by a loop tliat lies in a 
plane and when u is bounded by a loop that 
does not lie in a plane? Why? 

3. Can you predict the slia|)e of the .soap film 
that will !)c formed if the wire frame is made 
into various geometric forms .si:ch as a three- 
dimensional ngiire-eiglit loop or .\ .s|)iral- 
.sliaped threedimensional loop? 

1. Can you piedict the slia|)c of the soap film 
when the wire frame forms a cube? A tri- 
angular pri.siii? A tetraliedron? 
Incidentally, although the OPM .suggests for- 
mulas for soap .solutioiLS, the sohuion iiiclmled 
in soap-bubble kits dial can be purchased in any 
variety store or toy store works very well. Per- 
manent models (an be made b) u.siiig Fonnafilm, 
(See die picture at the opening of this chapter.) 
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KXAMPI.K 2 
Mathcmatiial Snapshots^ Amciicm 
C(I.. U'\. :iM(l cmI.. I))* Ilnt;() Siciuhau.s (New 
^"(>rk: Oxiord Univcrsiiy Prcs.s. 19()9) 
GRADK.S: 9-12 

1*KC*II.\1QUK: IiUi'oducino ihc next Ics.son 
A lew (lay.s before :i topic i.s to l)C con.siclcicd by 

the t ia.s.s. ;i.sk one member of the (:la.s.s to invest i- 

<»;uc a related ".snap.shot" and to report on it the 

da} the topic i.s introduced. 

As an introduction to the .study oL* nicasiiie. 

ha\c a student lepoi t on the following- theorem: 
"Die aica ol any polygon whose vertice.s aie 
point.s ol a latti(e i.s e(pial to one less than 
(he snm ol the nninber of interior lattice 
points and hall the ninnbcr of lattice jK)int.s 
on the bolder. 

'I*iiis iheoiem is discii.ssed and illustrated on 
page 9(> ol the OPM. As more conventional 
method.s of finding areas of various polygons are 
.slnclied. ihcir results can be checked again.st the 
resnlls loimd by using this theorem. 

KXAMPI.K :J 
OIWI: riw (ircat luicruatiomil Paper Airplane 
I'ooh. I)\ J. Mandei\ CI. Dippcl. and 11. Gossage 

(New ^*ork: Simon R: .Schuster. 1967) 
GRADKS: (>~9 

rF.CIINJQUi:: Contest 

An active involvement in learning can l^e 
gained l>\ pi(Mn>.sing a paper-aii plane contest to 
be held at some fiitinc date. l*hc .stage for the 
conte.st may be .set by preparing a contest plan 
and drawing up a .set of rides. \ sample of snch 
a set of rides follows: 

1. Kach contestant must make his own paper 
airplane. 

2. An entry specifications sliect must accom- 
pany each airplane, describing as accurately 
as possil)le: 

a) "11 le aica of the lift 

b) 'I'hc lateral area 

( ) The centei* of the lift 

(I) The center of lateral area 

c) The center of gravity 

f) 'I1ie weight (dcterntined with the aid of a 
good balance scale). 



Kach (onte.stant ntti.st demonsiiaie the flight 
thaiatU'ri,sti(.s ol hi.s aiiplane at .i design. act! 
time and place. 
I. The winner will be judged on: 

a) The completeness and accuracy of the en- 
try .specific ation.s sheet 

b) The woi'kmau.ship and neatness .shown iu 
the airplane 

() ^Phe flight characteristics ol the airplane 
demon.strated at the designated time and 
place. 

.\ lew .sample papei airplanes sliould be shown 
and demon.strated U) the .students. Kor each 
.sample. ha\e a prepaied entry .specifications 
sheet, in the carlici' grades, it may be necessary 
for \ou to .show the studems how to ^\nd the in- 
formation on the specilication.s .sheet for each 
sample plane. Older students should be referred 
to the OP.M it.scll or any other .sources they ma\ 
wish to use. 

Set the contest date about a week fioni the 
time that the i ides are given, and reserve part ol 
a cla.ss period in the interim for clarifying the 
lules and answering cpiestions. \'on may wish to 
encomage lecognitic^n ol the participants in a 
newspaper story (school or local) or at a school 
a.s.scmbly. An exhibit of the airplanes in the 
school display case woidd also bean appropriate 
foiin of lecognition. 

KXAMPI.K 4 
C)P.\I: SplirrHand, by Diony.s Bmger. trans. Cor- 
nclic j. Rheinbolcit (New ^'ork: Thoma.s ^'. 
Crowell Co.. .Apollo Kdition.s. ]%:>) 
GRADKS: 7--10 

TECHNIQUE: Question of the week 

Select one of the i)ooks f rom a lil)i*ary or book- 
cart collection, and devise a cpiestion concerning 
a concept that is cliscus.sed in an interesting 
maimei' in the book. Post the cpiestion and the 
name of the book on (he bulletin boauL At the 
end of the week, discuss (be answer briefly in 
cla.ss. 

The following are a few sample cj ties t ions con- 
cerning information contained in Sphorcland: 
I. Why is it that anyone who continues to 
travel dtic west will eventually approach his 
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sianino poim— from ilic cast? (P. 

2. Is the suiv ol ilic nicasnics ol the ani»lcs oi a 
hiaiiolc always ISO^? (Vp. LSn-l-ll.) 

3. W'liai is ihc sll<)Uc^l |)aih l)ci\vccn two 
points? (Pj). l(i.V70.) 

KXAMPl.E f) 
OPM: (U:()inct)i( Exert i.sc.s In Paper Folding, l)\ 
r. .Siiiidara Row (New York: Dover Piihlica- 
tions. I9()()) 
GRADES: 7-12 

TKCIINIQUE: Reviewing properties of poly- 
i»<)n.s by paper folding 

Distribute several sheets of inegnlarly shaped 
|>aj)er lo eacli student in the class, and challenge 
ilie students to fold the paper so that the folds 
fonn a scpiare. In older to form such a scpiaie. 
the students will need to lecall the definition and 
various properties of a scjuare. Depending* on 
their age and ability, most siiidenis slioidd be 
able to Fonn a s(|nare. a rectangle, a rhombus, an 
isosceles triangle, and perhaps a regidar hexagon 
and a regular octagon in the same manner. 

KX AMPLE () 
OPM: FUnhind, by Edwin A. Abbott (New York: 
P>arnes k Noble. \WS) 
GRADES- 9-!2 

TECHNIQUE: Making a movie 

If your school has a photography club (or. 
bettor \ei. il it oilers a course in photography), a 
joint project of the photography and mathe- 
matics groups could prove exciting* to both. The 
visual natin*c of its contents and the first- person 
style in which it is written make FUitUmd a 
naimal subject for such a project. Making such 
a movie— writing the script and then directing 
and pioducing it— takes nnich planning, cooper- 
ation, and hard woik: but it can be an unfor- 
geltablc. involving experience. 

EXAMPLE 7 
OI\M: / Can Ixarn about Calculalors and Com- 
pulcrs. by Raymond G. Kcnyon (New York: 
Harper Row. 1901) 
GRADES: 7-.12 

TECHNIQUE: Mathematics club project 



The dillerenccs in ages and mathematical ma- 
unit} ol club members 'imii the kinds ol proj- 
ects i]i which the entile club can participate. 
The explicit cliiections lor making and using :ni 
orieinal abacus, a .set of Napier's bones, a 
"stepped-wheel" calculator, a digital coiuputei. 
and an analog c*omptuer provide a clndlengc 
for every member. Club members can demon- 
strate the residi— a working- exhibit— in mathe- 
matics classes. 

DISCOVKRV 

If discovery is viewed as student investigation of 
concepts and j oblcms that are new to him. then 
every student can have the satislaction ol dis- 
covery in mathematics whether he is led by a 
programed appi*c)ac*h or left to his own de- 
vices. I'lie technicpies in the examples that fol- 
low may be varied to .satisfy individual students 
or individual da.sses. 

EXAMPLE 8 
OPM: Explorations in Mathematics, by Robert 
R. Davis (Reading. Mass.: Addison- Wesley Pub- 
lishing Co., I9(i()) 

"riiis discussion guide can be used individually 
by .students, or it can !)e u.scci i)y teachers as a 
.source of novel ways in which students can ex- 
ploie a variety of mathematical concepts. The 
lechnicjue discussed below is ba.secl on pages 
77-S.l 

GRADES: ^1-8 

'LECH N I QUE: Guessing functions 

.Ask a vohmiccr who has m:rcle up a "rule** that 
describes the relationship between two vai*iablcs 
to step up to the chalkboard. As members of 
the class suggest values for one of the variables, 
the vohniieer li.sts them and uses his rule to find 
the c*orre.sponcling values of the other variable, 
which he also lists. The object of the game is to 
guess the rulc> To avoid having one or two stu- 
dents always guess the rule before the majority 
ol the class has discovered it, any student who 
thinks he has discovered the rule should write it 
on a slip of paper and show it to the volunteer. 
If the rule was guessed correctly, the gucsscr is 
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io(()<>ni/C(I ;is Iiavint* (Iis(()\crccl ii. hm ilic rcbi 
ol ihc siiidcms can (oniiiuic ihc <j^:u\\c muil 
mosl (or of ilicni know ihc rule. 

KXAMPi.K 9 
OPM: Sh<il)o 0)1(1 Size, a Nufiiclcl Maihcmaiics 
Piojcci piiblicaiion (New \'ork: jolin Wiley 
Sons. 1%8) 
GRADKS: 8-7 

'JKCIINIQUK: Working wiili nioclel.s 

Divide ihe class into groups of iwo or three 
Mudenis eadi and piovide each group with 
paper fasieners and strips of still' paper punched 
near eacli end. Direct ihein to make frames 
ol tinee, loin-, live, and si?: .sides by joining 
I lie strips with the lastcncis. If a frame is not 
rigid, additional strips (struts) should be fas- 
tened until the frame becomes rigid. One .student 
in each group shoidd record the information 
shown in the table. 





Least Number 






of .Su'uis 


Number of 


Number of 


Needed for 


Triangles Wlicn 


.Sides in Fiaino 


Rigid l''i;uno 


Fi*aMie Is Rigid 


:5 


0 


I 


-i 


I 


2 


5 


2 


3 


6 


3 


'1 



^riie niunber patterns suggested by the lirst 
two colinnns ;mkI by the lir.st and third cohnnns 
enable the students to make predictions for 
frames with any ninnber of sides. These predic- 
tions can be tested by making more Irames or by 
.sketching polygons. Older students may be asked 
to express the.sc patterns for a frame with n 
sides; that is, to represent the nmiibcr of struts 
by // — •{ and the number of triangles by // — 2. 

Fm-thci* experimentation leads siudents to dis- 
cover that the sum of the measines of the interior 
angles of a j)oIygon of // sides is (?/ — 2) X 180^. 

EXAMPI.K 10 
0PM: Number Patterns, by William H. Glenn 
and Donovan A. Johnson (Manchester, Mo.; 
Webster Publishing Co., 19()0) 

One of the things a mathematician does all the 



time i.s to look lor paiienis. .Seaidnug loi pat- 
terns (an lead to the (lis(o\er\ ol impoitant new 
mathemaii(al ideas. .Some mathematicians leel 
that the study of mathematics is a search lor 
pattern.s. 
GRADKS: 8-1 1 
TKCIINIQin-.: Clu.ss actiNity 

The activity outlined below i> ba.sed on pages 
l() and 17 ol the OPM. It i.s particularly ellective 
when studying multiplication of polynomials. 

1. :\rultiply: (I)(2)(:5)CI) = 2'l. 
Add I: 2-1 I = 25. 
Note that 2;') is a perfect .square 
Thus: (l)(2)(:!)(-l) = 5--- I. 

2. Repeal step I lor (2)(.'i)(l)(r)). 

lor Q)(-\){jm. 
lor (.I)(r,)((i)(7). 



.'!. C;eiier;ili/e lor (//)(// -i- -(- '>){n -l-.'i). 
{n){n -i- !)(// -r 2){n + .'!) 

= [("-■ + + 1) - I] f(/(- -i- on -i- I) -1- I] 
= (-V- I)(.v-r 1) 
-~ V" — I. where .v = I 
If step :{ is omitted, the described activity is 
appropriate as an investigation or as motiva- 
tion for drill in the lower grades. 

KX AMPLE II 
0PM: Laboratory Manual for Elementary 
Mathematies, by \V. Fil/gerald. D. Bellamy, 
P. Boonstra. j. Jones, and W. Oosse (Boston: 
Prindle, Weber R: Schmidt, 1909) 

This OPM was designed to be used in college 
coiu'ses lor elementary teachers or prospective 
teacher.s. Mowever, the activities can be adap.tcd 
for elementary and high .school cla.ssos. 
GRADES: 5-12 

TECHNIQUE: Laboratory les.son 

Have each student, on graph paper, outline 
s(piare icgions with one. two, three, four, five, 
six, and seven luiits on a side. The smallest 
figm*e contains one square region. The next 
figiu'c contains five square regions, four of 
which have an area of one square unit each 
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Kicnu. I.L'. lUustmtlon.s at OP.M jar discovery activU'u's 
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and one of which has an aica of {oiiv .s(niarc 
Alici .ic( orch'ii<» ihc lumihci' of .s(|uarc 
rci^ioiis coiiiaiiiccl in each of ihrcc or four of 
I he smallest ligtnes, the .siiiclents shonlcl |)i edict 
the nninl)er of s<|Mare regions coniained in the 
nexi larger hmne. The prediciion can be checked 
I)} cotnuini* ihe scpiare regions. The resnlis can 
be generalized as .shown in ihe following table, 
with the first column represent ing the number 
of units on a side and the second cohmm repre- 
senting the iMimbei* of component scpiai e regions. 



Nnnibcr 
of Units 


;\ timber of Regions 


1 

2 


1 

T) = 2- + r- 


:i 


I'l = 4- 2- + 1- 


'1 


lU) = -1^ 4- 2- I - 


// 


//- (// - ])-' -1- (// - 2)- + . . . -{^ 1- 



KXAMPI.r. 12 
OPM: Exjx'ritncnis in Mulhcmaiics, Stage 3, by 
J. F. F. Pearcy and K. Lewis (Boston: Moughion 
Mimin Co., 10()(), 1967) 

This OPM is one of a series of three manuals 
designed to be u.sed by students in a laboratory 
situation. The experimeu's in each book vary in 
.sui)ject matter and dilficulty. Many of them can 
be integrated into the curriculmn and adapted 
for moie traditional classi'oom use. 
GRADES: 5-12 

rECMNIQUK: Designing your own graph paper 
Prepare a few examples of nomeciangular co- 
ordinate grids on^ acetate sheets. For example, 
one such grid ma^' have equally spaced horizontal 
grid lines intersected at angles of ()0® by ecpially 
spaced grid lines. Another such grid may have 
ecpially spaced vertical grid lines, while the dis- 
tance between the horizontal grid lines doubles 
from line to line. For a third grid, space I)oth 
the horizontal and the vertical grid lines at dis- 
tances that double from bottom to top and from 



lelt to right, res|)e( lively. A fourth grid may 
have ecpialK spaced vertical grid lines, while ibc 
inier.secting grid lines all meet in a point. 

After the students have worked sufficiently 
with graph paper consisting of .scpiare grids, 
pioject one of the other grids oiuo the chalk- 
boaid and ask a studeiti to map a diagonal line 
.segment Iroin a scpiare grid onto the |)rojected 
non.scpiare gi id. 

FXA.MPLl^ I:J 
OPM: Geouiclry, F.X|)eriences in Mathematical 
Di.scovery, Unit •! (Washington. D.O.: National 
Comicil of Teachers of Mathematics, I06G) 

This is one of a series of ten self-contained 
I)ooklets designed foi- u.se by ninth-grade general 
mathematics students. However, many of the 
concepts are aj)j)rc)priate for use with younger 
students. 
GRADFS: rVlO 

TFCIIXIQUK: Cla.s.s di.scu.s.sion 

Fach .section of the OPM includes a clas.s cli.scu.s- 
sion leattue that is com po.secl of sec|uemial c|ues- 
tions ba.sed on .some activity the students |)er- 
form. The c pies tions lead the stticlent> to gen- 
eralize the residts of the activity and draw 
conclusions. 

FXAMPl.E 14 
OPM: Maihemaiiral DisiCovrry, vol. I, by George 
Poly:i (New York: John Wiley R: Sons, 1962) 

Phis OPM. written for the readier, can be 
u.sed as :t source of problems :nul ways of investi- 
gating problems that teach students the methods 
of di.scovery. 
GRADES: 8-12 

I FCMNIQUE: Special unit 

On the first chiy, :ui:dyze the following problem 
in class: 

1. A faiiner has hens and rabbits. These ani- 
mals have r)0 heads and I '10 feet. How many 
hens and how many rabbits are there? 
Identify the unknown, the given data, and the 
condition that relates the unknown and the 
gixen data. Then a.ssign seveial pioblems such as 
the following for the .students \o analyze: 
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2. One |)i|)0 c:ui fill :i ()()0<^:illoii lank in 12 
niiiHUcs: anoiiicr pipe can fill it in 20 nn'n- 
mcs: and a iliiid pipe can fill ilic lank in !)0 
minutes. How lonj^ will ii lakc all three pipei 
to fill the empty tank? 

A (lealer has two kinds of nuts: one kind 
costs 00 (ems a pound, the other costs (50 cents 
a pound. Me wishes to make :){) pounds of a 
nilxiuie that will cost 72 cents a pound. How 
many poniuls ol each kind should lie use? 
'1. If the area of a rig hi triangle is S7 scpiarc 
incites and its perimeter is 30 inches, what is 
the lenirili ol its hypotenuse? 
On the .second day, use the groping method to 
.solve problem I. Have the students make a few 
stal)s at the answer and tabulate the re.su Its. 
liens Rabbits Feet 
50 0 100 

0 dO 200 

25 25 150 

From the table it is clear that there nuist be 
more hens than rabbits. Continue the table on 
this premise. 

Hens Rabbits Feet 
2C 2\ m 

28 22 Ml 

30 20 MO 

Tlnis, there are 30 hens and 20 rabbits. 

Assign problems 2. 8, and 'I to be solved by 
the groping method. 

On the third day, use the algebraic method. 
Hegin by stating the problem as shown: 

, ,. , hi Alijebraic 
l.nn|..:.sc 

riicre are a certain minibcr 

of liens X 

and a certain number 

of rabbits y 

The liens |)his the rabbits 

have 50 heads x y = 50 

and MO feet 2x -|- 4y = MO 

Then .solve rlie system of equations. 

Assign problems 2, and ^1 to be solved by 
the algebraic method. 

On the fourth day, compare the problems for 
similarities and differences. 



KXRionMKx r 

Kiiricluneiit is usually considered to be aii\ ex- 
tension of die ( urri( uluni— cither lioi i/oMial or 
vortical. As such, it i.s probably the most general 
of the functions of OPM. Many teachers like to 
encourage iioiisiructurcd eiiricliineiit opportuni- 
ties by giving students time to biow.se in the 
mathematics section of the school librarv or bv 
giving them time to select one of the books from 
the classroom collection. Some teachers, on the 
other hand, like to make definite assigiimeiiis to 
meet .specific iiisiruciioiial objectives. 

Where a classroom collection is not practical 
becau.se of cliange-of-rooin procedures and the 
need for many cla.s.ses to share the collection, 
book trucks that can be moved easily from class 
to cla.ss have proved very successful (I'^igure -1.3). 
A schedule can be planned to coincide with 
cla.ss use, and students <an be a.ssigned the re- 
sponsibility of delivering the book truck to the 
.scheduled class. 

EXAMPI.K 15 
OPM: Measuring Systems antl Their History, 
by the engineering staff of Ford Motor Co. 
(Dearborn, Mich.: The Company, lOGO) 
GRADES: 7-12 

'IKCHNMQUE: Group activity as introduction 
to a unit on measure 

Although the OPM can be u.sed beneficially at 
any one of the grade levels suggested above, the 
following suggested activity is most suitable for 
grades 7-9. 

Assign each class member to one of five com- 
mittees—one committee for each unit in the 
booklet. Each committee .should plan how best 
to report on the unit for which it is responsible. 
Map.s, tables, drawings, and other visual displays 
should be prcpaied to illustrate an oral report 
to the class. 

AJter the initial planning period, the work 
should be done outside of class. The oral reports 
can be given one each day for a week during the 
study of the unit on measure, and the displays 
can be used as bulletin-board exhibits. 
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EXAMPLE 16 
OVM: Mni of Mathematics, by Eri< 'W BcII 
(Xcw ^'oik: Simon i^- Scliu.Nicr, H)37; paper, 

GRADES: 9-12 

TECHNIQUE: Siipplcincnial leadings 

Tins OPiNi c:ni be raid for en joy men i :it any 
lime. Ii is ilic kind of book thai should be in- 
cluded in a eolleciion of 0PM thai Mudenis may 
read in ehisj; after couipleiin** an assignment, 
Siudeu» '.vhcse inieresi is aroused by the IBM 
<liari ^ Example 25) will enjoy re:iding 

about the lives of niiuhematieians represented 
on the chan. 

Reference should be made to the 0PM in 
conjunction with the discussion of concepts that 
:ue studied in class. For example, when the 
Cartesian plane is introduced or when the e(|ua- 
tion of a circle is discussed, suggest that the stu- 
dents read Ch:ipter :i "Gentleman, Soldier, and 
Mathem:iticia;i." When prime numbers arc 
studied, rcccnniicud Chaj)tcr -I, ''Prince of 
Mathematicians/* When complex numbers arc 
considered in class» reconnnend Chapter LO, '*An 
Irish, Tragedy." 

EXAMPLE 17 
0PM: The Gentle Art of Mathematics, by 
Daniel Pedoe (New York: The Macmillan Co., 
196:-$) 

GRADES: 8-12 

IM'CMNIQUE: Adding depth to classwork 

During the class discussion of one-to one cor- 
respondence, lead the class to describe how a 
onc-io one correspondence can be established be- 
tween the natinal numbers and various sets of 
numbers, such as the ones listed below. 

1. The negative integers 

2- The square numbers 

3. The positive scpiare roots of the natural 

nmnbors 
'I. The even natural numbers 
.5. The odd natural numbers 
G. The natonil numbers divisible by 3 

7. The set of positive rational numbers that 
can be expressed with 2 as the denominator 

8. The set of positive rational numbers that 



can be expressed with 7 as the numenuor 
9. The set of integers; that is, 

( . . . . -2. -I, (K I, 2, _ . j 

(e.g^,. when isodd»//»-* ) when // h 

ti 

even, /; ^-^ _ \ 
2 

10. The set ol power^ of 2; that is, 

. . , M, i, I, 2.1, 8. . J 

(e.g., when // is odd, // ^ 2 »)^'" ; vvhen // is 
even, /; ^i>^" ^y 

Point out the need to arrange the menibers of 
die sets in some order so that there is :i first 
member, a second member, a third member, and 
so forth. The students should see that if the 
meml)ers of a set c:ui be :nranged in such an 
order, then they can be put in a one-toone 
correspondence with the natural numbers. 

Then ask the students to investigate whether 
or not the set of positive rational numbers can 
be put in a oncto onc corres])ondence with the 
set of natural numbers. After they have si)ent 
a sufficient length of time on the investigation, 
suggest that the interested students read Cha])ter 
*5 of the 0PM and report to the class the next 
time the class convenes. 

EXAMPLE 18 
0PM: What Is Mathematics? by Richard Cour- 
ant and Herbert E. Robbins (New York: Ox- 
ford University Press. lOII) 
GRADE: 12 

TECHNIQUE: Question of the Aveck 

The following question, together widi the sug- 
gestion that the 0PM may be helpful as a refer- 
ence, may be posted on a bidletin board. 
Can you show that c^^ -h I = 0? 
To find the sum, the students should review the 
infinite-series definition of 6'', as given on page 
of the 0PM, and shoidd verify that 
e^^ = cos X -}- / sin .v. 
Page ^78 may provide the hint necessary for this 
verification. Replacing x by t: gives 

C'^ = cos TT-}- / sin T7 

= - I + 0. 
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liXAMPLK 19 
OIWI: FArmmtary Maihcmaluw: EurUhmeut, 
by Lola J. May (New Voik; Harcoiiii Brace 
|ovanovieIi, 1110(5) 

TIicsc materials u*ere pieparcd to l)e used by 
.students. Tijey are self.cNpIaiiatory and ux're de- 
sij;ned to extend tlic average eniricnlum for cacli 
designated grade. 
GRADKS: :u; 

•IKCIINIQIM-:: individnal activity or class 
project 

Individual activity is suggested (for i)ctter .stu- 
dents while less al)le students are concentrating 
on drill) wlicn class .sets are available and for a 
cla.ss project when class sets are not available. 
Sue! I a project for a fointli-gradc class can be 
centered aromul **calcndar squares/' which arc 
di.scii,ssed on pages 12-15 of the 0PM. 

IF actual calendar pages arc available, supply 
one for each .student and direct cacli .student to 
outline any 3 I)y 3 array of numerals on his page 
with a .s(juare. Tlien tell ilie students to find 
the sum of tlic niunbens in tlic center row, the 
center cohunn. and cacli diagonal of the square. 
Although the sums will vary for different stu- 
dent.s, each .student .shoidd find the .same au.swcr 
for each sum. Kmthcrmoie, the center number 
.should e(pial one-thiid of this simi. 

Similar results can be foinid for any 5 by 5 
calendar square. Interested students shoidd be 
encouraged to investigate 2 by 2 and -I by 4 cal- 
endar squares. 

KXAMPI.R 20 
0PM: The Franklin Mathematical Series (Pasa- 
dena, Calif.: Franklin Publications, 1968) 

This series consists of the following eleven 
book.s. The first seven are case-boimd, and the 
remainder are [)aperl)oiuul. The series was de- 
.signed specifically to extend and enrich the 
mathematics curricidum. Each book is activity- 
oriented and directs the students to construct, 
experiment, analyze, and generalize. 
Learulug about Mcasurcmcut, by Sylvia Home 

(grades 3 and A) 
Mathematics around the Clock, by Margaret F. 

Willerding (grades 5-7) 



i^altcrns and Pnzzlcs in Mathcnnitics. hv Svlvi:i 

Morne (gnules 5-7) 
Vrom Fingers to Cotnl)n(rrs, by Mrngaret F. W'il- 

leiding (grades TkS) 
Probability: The S< inne of Chance, hy Margaret 

F. Willerding (grades 7 and 8) 
Mathematics: Man's Key to I ^r ogress, by Richard 

A. Denliolui (book A. grades (5-8; book B, 

grades 7 and 8) 
Learn to Fold^Fold to Learn, by [anetS. Abbott 

(grades 3 and 1) 
Mirror Magie, by Jjuiei S. AI)bott (grades 3-5) 
F(;l)er and Pencil Geometry, by Susan Roper 

(grades *!-()) 

Maliing and Using Graphs and Nofnografdis,, by 

Richaid A. Denholm (grades 5 and G) 
GRADES: 7 and 8 for the tcchni(|ue that follows 
TECHNIQUE: Studying in small groups com- 
posed oF .students who do not recpiire help in a 
current unit 

When less aiile stiuleuis recpiire extra help in 
fiuulamental .skills or on the current imit. .stu- 
dents who do not need such help can study From 
Fifigcrs to Computers (foin th book of this 0PM 
series) in small groups. The membership of each 
group .shoidd iem:iin con.stant diuing the study 
of cwli of the five parts of the book. 

The study group .shoidd function indepen- 
dently with almost no help from the teacher. 
During the study of Part 1. *'Fingcr Comput:i- 
tiou." the .students should study the descriptions 
and diagnnns and then master the computations 
by performing the cxcrci.ses. Discussion and 
group criticism .should be part of the learning 
process. 

Although Part 2, "The Abacus/* cau be 
studied from the diagrams in the 0PM, a com- 
mercial abacus— or one the students in the group 
make— would be even more satisfactory. 

In Part 3. "Napier's Rods," and Part 4, "The 
Slide Rule," the students are directed to build 
instruments and use them in computing. 

Part 5, "The Electronic Computer," may be 
separated into several smaller units to allow the 
membership of the group to change during the 
time it is under study. 
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F.XAMPLK 21 
Ol'M: Cnntitiual Fraciions, by C. D. Olds, New 
Mailicni:aical Lihniry. bk. [) (Xcw York: L. \\\ 
Siiiircr Co., 1003) 

Alihou<»li concepts (li.sc^^sc(l in iliis OPM can 
l)c presented to students as soon as they can add 
rra('ti()ns. die OPM is not intended for inde- 
pendent icadini^ I)y students below the ninth or 
tenth grades. 
CRADKS: 9.12 

'!T.C:HNIQUK: Intension of classwork 

When studying the solution of (piadratic C(pia- 
lions by factoring, some ecpiations are found that 
(annoi be factored in the usual manner. Ordi- 
narily, Uiis situation is followed by the innncdiatc 
development of the (piadratic formula. You may 
wish to introduce an intermediate jncthoc, as 
dcscril)ed on pages fw of the OPM. The equation 

.V- « :\x -1=0 
may be expressed as 



secpiente converges U) the value 



providing .v pi 0. 



X 



Since .v = 3 H--, this value may be used to re- 
place .V on the right side of the c(piation, giving 

Continuing to make the replacement gives 
1 



3 + 



1 



3-1^ 



I 



3 + 



3 + -^ 

.V 



Note that this continued fraction gives successive 
approximations for .v: 



3, 3 + 1, 3 + — !— , 3 + — 

S .1 ... 1 



3 + - 3 + 
3 



3 



3 4« \T3 



3.3()277r) 



Evaluating these fractions suggests that the 



found by using the cpiadraiic lonnnhL 

EXA.MPLE 22 
OP.M: .Mathematics in the Making Hiostou: 
Houghton .Miniin Co.. 1907, 1908) 

This OP.M consists of the ''ollowing booklets. 
The booklets were designed .o be 'jsed by the 
students. If classroom sets are not available, 
many of the activities described in the booklets 
can be adapted for use by individual students. 

1. Pattrrn, /Irea and Perimeter, by Stuart Iv. 
Hell 

2. Ilinary and Other Xianeratidn Sy.yteins, bv 
Stuart K. Hell 

3. Looking at Soli<ls, by Stuart K. Hell 

•1. Rotation and Angkw, by Stuart E. Hell 
ih Cimfcs, by Stuart E. Hell 
0. .V<v//c* Draxoing and Sinveying, by Stuart E. 
Hell 

7. Transformations and Symmetiy, by Stuart 
E, Hell 

tS. iVeti(forl:.\, by Striari E. Hell 

9. //// Sorts of Numbers, by Stuari E, Hell 

10. Sets and Relations, by Stuart E. Hell 

1 1. Grajihs, by G. Long and K. A. Hides 

12. Statistics, by Irene Ciampbell 
GRADES: 3-8 

TECHNIQUE: Laboratory lesson on drawing 
curves 

Adapt the directions outlined in Cnn^es (bk. 
:"))» pages 22-2:"). 31 and 32, for classroom use. 

EXAMPLE 23 
OPM: Theory of Equations, by Cyrus C. Mac- 
DnMee (New York: John \Viley & Sons, 1954) 

(Actually, any ie.v:tbook on theory of equa- 
tions could be used.) 
GRADES: II and 12 
TECHNIQUE: Independent research 

After studying methods for solving polynomial 
etpiations, ask the students to suggest ways to 
.solve the cubic equation 

.v^ 4. 3.\- - 15.V - 127 = 0. 
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When ilic f:iiiiili;ir iiJcihotls of faciori/aiion and 
trial by syiiiliciic division fail, sns»^csi subsiiuil 
in<r y — 1 foi' .V. The rcsiiU gives 

I8y- 110 = 0. 

Then let y ^ s -H 7 to obtain 

r« - IIO2' + 210 =: o. 
Since the resnhinjj^ polynomial e(|natioii is in 
(|ua(lrati(: foiin, it can be M>lved by nsing the 
(piadratic formnla to give 

r, z= 3V^ and z.^ = vS. 
To relate 7i and to the original e(|natioii, 

sni)stitnte ilie valnes of z^ and z.^ into y =s z -t- - 
10 give 

y = HI- 

Thns. -t — 1 is a solution of the original 
cubic e(| nation. 

Ask the students to verify this solution and 
then to generalize the solution procedure for 
ax^ H- hx' cx ^ <l Z2 0, 

Interested students may wish to compare their 
lesults with iliose in :he OPM. 

EXAMPLi-: 24 
OIWI: \Uiiuhn\\ Old aitil Xcw, by Irving and 
Ruth Adler (New Vork: John Day Co., 1900) 
GRADES: 15-0 

TECMNIQUE: Student preparation of a class- 
room chart 

This activity is particularly suitable for days 
when absence is very high because of bad weath- 
er, a religious holiday, or high incidence of ill- 
ness. Any new work introduced on such days 
would need to be retaught later; but students 
who are present should be able to participate in 
a meaningful learning experience. 

An opatpie projector can be used to project the 
numerals of the ancient Greek numeration sys- 
tem, as they arc given on page 11 of the OPM, 
onto a sheet of tagboard. Ry adjusting the dis- 
tance of the projector from ihe tagboard, the 
chart can be enlarged to cover the available 
space. Individual studenis can be assigned to 
trace pans of the projection. If the students use 
grease pencils or feJt-tipped pens with broad 



tips, the resulting (harts can be easil\ lead Irom 
a distance and can be iinde part of a permaiieni 
collection. The Ancieiu I lebiew innnerals. 
shown on page lr> of the OPM. coald be used to 
make a companion piece for the chart described 
aI)ove. 

Such charts, made l)y nienil)ers of the class, 
will be moie than classroom de( orations and are 
likely to be studied by .students before and after 
class. 

.Many other suitable materials fiom die publi( 
(hMualii can be (opied in this maimer without 
violating copyright agreements. ArithwciiV 
Charls Ilandhooh and Charts for the New Math, 
by E. Dumas, C. \\ Howard, and j. K. Dumas, 
provide collections of charts prepared to be re- 
produced by means of an opa<|ue projector. Mali- 
i;ig and Ushit:^ Charts (rev. ed.). by A. I.iediti 
and J. Chappell, is aiiother .source of informa- 
tion on charts. These three books are published 
by Tearon Publishers. Palo Aho. California. 

EXAMPLE 25 
OPM: Mm of Modmi Math<'wntt(.\, a History 
Chart of Mathrniatirs froui JOOO-rJOO (Arnionk, 
N.V ; International Business Machines Corp.) 

This 150 by 2'{ inch chart illustnues the devel- 
opment of mathematics on :i timetable back- 
ground of iinporiaiu his[oric:il events in all 
fields. 

GRADES: -1-12 

'I'ECHMQUE: Wall-chart reference 

This chart can be :i valuable addiiion 10 any in- 
struciional .sp:ice and particularly lo small grou|) 
.spaces. One of the e:isiest ways to use ihe chart 
is to make frecpient reference 10 it as one of its 
eniries is mentioned during :i class discussion. 
Siudeins should be encouraged to consult it fie- 
(pienily and to do research on the lives and work 
of mathemaiicians listed on the chart. 

The amount and level of research inspired by 
the chart will vary with the grade in which the 
chart is used, but the feeling that mathematics is 
:i vit:d part of history :ind that it is created by 
llesh-:md-blood men :md women can be fostered 
at all grade levels. 
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CHANGE OF PACE 

TIicic comes ;i time in every class ulieii a change 
of pace is needed. A clian<»e of pace can take 
many forms such as a (juickie pii/zle at (he end 
of a chiss period, recreational material (hning 
ilie hisi chiss period befoie vacation, a competi- 
tion between class teams, or a special unit. 

EXAMPLI-: 2() 
0PM: Coordiiuitcd Cioss-Kntnhcr Puzzles, by 
Williain II. Crouch (Cincinnati: McCormick- 
Mathers Publishinjr Co., 11)69) 

This 0PM is an excelleni .^ource of many 
carofully selected cross nund)er puzzles. Each stu- 
dent in the class should be provided with a 
copy. 

GRADES: 3 aiul I 

TECHNIQUE: End of class-period activity 

Have students start a pii/zIe about ten minutes 
before ihe end of a class period. This will pro- 
vide time to give them a good start and to gen- 
erate intcicst in finishing the puz/Ie outside of 
class. 

p:X.\MPLE 27 
OPM: Mathcnwiiail Models, 2(1 ed., by H. 
Martyn Cundy and A. P. RoIIett (New York: 
Oxford University Press, lOfi!) 
GRADES: -I- 10 

TECHNIQUE: High-ab.sence-day activity 

D isc uss I e.vse I la t i o ns~so me t i mes ca I led t i I i ng 
patterns— with the students and let them form 
their own. There are various types of tessellations. 
Regular tessellations consist of patterns of con- 
gruent legular polygons, all of the same kind, 
Semiregular tessellations contain two or more 
kinds of congruent regular polygons arranged so 
that tlie same combination of polygons meet at 
each vertex in the pattern. Other tih'ng patterns 
are formed by congruent nonregular polygons 
and by congruent curved regions. Examples of 
each type are illustrated and described in detail 
on pages 59-08 of the OPM. 

EXAMPLE 28 
OPM: Mntheuuitinil Cludlcn^cs (Washington. 
D.C: National Council of Teachers of Mathe- 
matics, lOOf)) 



This OPM is a compiiaiiou of MO .^elected 
problems Irom the Mathematics Siudrnt Journal. 
together with liieir .M)Iuii()ns. The problems are 
oigani/ed into geometric, algebraic, inferential, 
and nn\celIaneous categories. 
GRADES: 7-12 
TECHNIQUE: CIa.^s opener 

Write one of the .^hort. simple problems pie- 
.sented in the OPM on the chalkboard so that 
students who arrive before the class bell rings 
can begin thinking about the problem. Use the 
first live minutes of the cla.^s period to discuss 
the problem and its solution. The students 
should then be ready to settle down to the Icss(m 
for the day. 

EXAMPLE 29 
OPM: IVc liuilt Our Oivti Computers, Albeit 
B. Boh (New Voik: Cambridge Univer.Mty Press. 
If)f)()) 

GRADES: 9-12 

TECHNIQUE: Using logical diversions 

Either during or after the study of truth tables, 
a.sk the students how they can use the methods 
of logical rea.soning to solve the murder de- 
.scribed on pages I() and 17 of the OPM. Inciden- 
tally, the complete solution is given in the OPM. 

In the next cla.ss period, challenge the students 
to a game of tick-tack-toe under the following 
rules: 

1. The teacher always plays first. 

2. The teacher always opens with 0 in the 
lower left-hand s(|uare. 

During the third or fourth game, begin to 
(juestion the reasoning behind the various moves. 
Lead the students to express the reasons for the 
moves as implications. With the students work- 
ing in pairs, have them analyze the various pos- 
sible plays in a game and express each move in 
logical form. In order that results can be com- 
pared, nund)er the scpiares from left to right in 
each row. starting with the top row. 

Examples of various logical conditions u.sed in 
i^ame are .sliown in Cliapter 8 of the OPM, 
and a computer-wiring diagram for the game is 
given on page 7L 
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EXAMPLE 80 
OPM: G (If new for Lcartiing Muthcmatics, h\ 
Donovan A. John.^on (Porihnul. Maine: (. \Vc.s- 
Ion W'alclK 1960) 

This OPM ( oiiiaiiis (ic.s( ripiion.s and cliicdion.s 
lor >c\cniy games ihai involve ariilnMCii( . alge- 
bra, and geonieny. Mosi of dicin are reconv 
nunded for use l)\ maiheniaiicN < la.sse.s. llow- 
e\er. one chapier comainN pari\ games .suitable 
lor niaihemaiics club meetings or dass parties. 
GRADES: r>-9 

Ti:c:i!.\IQlfE: Qui/ panels for a cliapier re- 
view period 

Two panels compete in identilying a .subject. 
"^I'he j)ai:elN take iin n.s asking (juotions to which 
the moderato! (leadier) cm an>wer either \es 
oi no. l*i\e no aiKswcis is the limit per |)anel. 
Rules may \ar\ to a(connnodate i>|)e(ial ciidun- 
.siance.s. 

EXAMPLE 31 
OPM: The Scicnliftc American Booh of Mathc- 
maiiad Puzzles and Diversions, by Martin Gard- 
ner (New York: Simon R: Schuster. lOfH) 
GRADES: ()-I2 

rECHXIQUE: Prevacation activity 

Provide the student.s with strip.s of paper ((on- 
.siruction pa|)er works well) inches wide and 
approximately 32 inches long. \f xher aide 
i.s available for .such tasks, each strip shoidd be 
pre folded into 19 adjacent, congruent triangular 
regions, a.s described on page '1 of the OPM. 

After making the hexahexaflexagon.s in class, 
the .students can form designs by coloring the 
hues, as de>snil>ed on pages 8 and 9. The.se de- 
signs can lorm the ba.sis of an anuising diversion 
for younger .students as well as the impetus for 
seiious resean h loi older student.s. 

EXAMPLE :52 
OPM: Puzzles and Graphs, by John N. Eujii 
(W'a.shingion, D.C.; N:uional Council ol 1 each- 
(M'.s of Mathematics. 19r){)) 

Although this OPM coidd be n.sed as a com- 
plete change ol pace mn't. time does not ordi- 
narily permit such di\ersions. However, using 
ideas Irom it o( (a.sionalh in ( lass ma\ inlhuiue 



.students to read it inde|)endently. 
GR.ADES: 8-12 

TECHNIQUE: Going oil on :i langeiu 

After discussing the definition ol a poKgon. de- 
fine .1 complete g!a|)h as o!ie in which each pair 
of \ertices is connected b\ an edge. Then ask the 
students to determine the gieate.st number ol 
veitices for which a com|)lete gra|)h c«mi be diawn 
with iis edges inter>ecting at some |)oint that i.s 
not .1 \erte\. The answei to this cjuestion is illus- 
irated on page 7 of the OP^L 

The OPM contains many other subjects sin"i- 
able for tangential con.sidcTation, including 
bonu.s puzzles at the back of the book. 

DRH.L AND PRACTICE 

W'hethei it is in s|)ite ol the cinient emphasi.s 
on muler.standing basic piinciples or becau.se of 
it. the lact remains that the need lor drill is an 
evcr-pre.scni one. How to vary the routine na- 
tme of drill and how to individualize it for the 
maximmn i>eneru of students are, likewise, ever- 
p:*esent concerns. 

Cross-nmnber pu/zles. variations of magic 
scpiares. nmnber .sentence flash cards, computa- 
tional skills kits, and practice problem kits can 
all be u.sed as variations of drill. 

EXAMPLE 3!5 
OPM: /, 2. // Booh to See, by William Woml 
riska (New York: Random House. Pantheon 
Bcjoks. I9r)9) 
GRADES: K and I 
IM'XHNIQUE: Icll a story 

Ha\e thechilchen build a storj around the ob- 
jects that are the diaraciers of the book. Number 
and ninneral recognition (from 1 to 10) and 
ouler become an integral part of the story. After 
the book has been u.sed several times, consider 
starting at the back and working forward, or 
woiking from start to fini.sh and then back again 
lor a given story. 

EXAMPLE M 
OPM: Indix'idualized Mathematii.s: Drill and 
P) active Kits, by Patrick Suppes and Max Jer- 
man (Nc^w York: L. \\^ Singer Co., 19(59) 
Eadi of lour kits contains f^OO clin*erent piac- 
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lice lessons, 20 different pretests, 20 different 
posttests, 4 sets of posttest answer cards, 30 stu- 
dent-profile cards, and a teacher's guide. By vary- 
ing the order of the blocks of lessons, each kit 
can be adapted to fit almost any elementary 
niatheiTjatics curriculum. 
GRADES: 3-8 

TECHNIQUE: Independent student activity 

On the basis of his initial pretest score, the stu- 
dent is directed to a specific lesson card. He then 
works independently— administering-, correcting, 
and scoring Iiis own lessons. His score on each 
lesson determines whether he will continue on 
the same level of difficulty or move up or down 



a level. After the fifth lesson, the student is di- 
rected to the posttest. He records this score on 
his profile card, from which the teacher can 
evaluate the student's progress at any time. 

EXAMPLE 35 
OPM: Alike Unalike Strip Books, set 1, by P. B. 
Radnore (London: Philip & Tacey, 1964) ; dis- 
tributed by Math Media Div., H and M Asso- 
ciates, Danbury, Conn. 

A series of four books, each of which stresses 
lecognition of shape and size. The strips in any 
one of three horizontal sections into which the 
pages are cut may be flipped independently until 
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ihc .shapes and si/V.s of all ihrcc exposed figure.s 
are inaiclied. 
GRADES: K-5 

11''C;HN' IQUK: .Small discussion j^roups 

In ,i;rac!.^ K-2, a leachei" or ieaci:cr aide .should 
work with each gioup. When nece.ssar\, the adult 
(an ask Cjuesiions thai lead ilie childien lo lecoi;- 
ni/e similariiies and differences in the shape.s 
and .sizes of the various figures. 

In grades groups of students sliould work 
independently. One member of each group may 
be designated to sketcli eacli group of- matched 
figures. 

EXAMPLK !U) 
OPiM: ]Vhar.s the Number? (Pasadena. Calif.: 

Kvankliu leaching Aids) 

In \\qk I, each of 50 cards (•!>/. by 9 iiuiies) 
contains an addition ov suI)traciion coinI)ina" 
lion in ecjuation form. The answer and ilie 
related subtraction oi' addition combination is 
given on the leverse side. 
GRADES: 3-6 
TECHNIQUE: Contest 

Separate the class inio teams A and B, and di.s- 
play the first caid. If the first person on team A 
gives the correct response, show ihc reverse side 
and discuss the answer and the related combina- 
tion. If the correct ie.spon.se is not given, call on 
a volunteer liom team B. If he gives tiie correct 
answer, discuss the reverse side of the card. If he 
does not give the coi rect answer, insert the card 
at random in the unused pile of caids. Record a 
point (or the team whose meinbei .supplies the 
correct answer. 

Reveal card 2 for the first pcr.son on team B 
and jepeat the proceduie. 

RXAMPLK 37 
OPiM: CrosS'N umber Puzzles (Oaklawn. III.: 
Ideal School Supply Co.) 

Thi.sOPM (onsistK of cards that list operations 
to be performed and individual workbooks in 
whicii the .students iccord their answers in the 
form of cro.ss-n umber pu//les. 
GRADES: 4-7 

TECHNIQUE: Individual drill 



r.ach student can j)ioceed ihiough the work- 
book at his own speed. Because of the iiaiiue of 
cross-nmnber pu//Jes. every pu/zlc contain.s a 
built-in check on the student's an.sweis. That is. 
if all tile answers that are to be recorded hoii- 
zontally aie entered first, the blanks in the |)U//lc 
colunnis are automatically filled and siiould be 
the ( or reel answers to the *'down" opciations. If 
ihey are not. the .student is alerted to the inac- 
curacy of one of the "across" operations. 

APPLICATIONS 

Not all students need to see frecjuent applica- 
tions of what they study, but all students get a 
sense of accomplishment from applying the 
mathematics they learn lo out-of-.school daily 
life situations. 

EXAMPLE :W 
OPM: HFC Money Manageniem Program (Chi- 
cago: Money Management Institute. Household 
Finance Cor|)., 1068) 
GRADES: 6-12 
TECHNIQUE: Special unit 

This program is a self-contained unit available 
in both English and Spanish which includes 
twelve booklets, with a teacher's guide for each, 
and five film strips. It can be used in place of. 
or in conjunction with, a chapter on related 
content in the te>:t. 

EXAMPLE aO 
OPM: The World Almanac and Book of Vacts. 
ed. Luman H. Long (Garden City, N.Y.: 
Doubleday k Co.) 

The statistics concerning heights of moun- 
tains, areas of states, average temperatures, and 
so forth, make e>cccllent information for bar 
graph.s. circle graphs, histogram.s. and biokcn- 
line graphs. 
GRADES: 4-8 

TFCHNIQUE: Class reference 

EXAMPLE 40 
OPAf: Catalog of Sears Roebuck Co.. .Mont- 
gomery Waid, or any other large mail-order 
hou.sc 
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GRADES: 5-8 

rECIINIQUIi:: Use of activity sheet 

If a classroom supply of fliers is available, stu- 
(lems can work independently. Wlien only a few 
copies of a catalog must be used by the entire 
class, students may work in small groups. 

Since a catalog is an item that is not ordinarily 
kept after its expiration date, it would be easy 
to accumulate a classroom supply. This would 
make it possible to compute the percent of in> 
(lease (or decrease) in the price of comparable 
items from year to year and, in any one catalog*, 
to compare shipping charges for dill'erent iiem.s. 
A sample activity .sheet is given I)elow. 

Name Date 

BUYING A REFRIGr:RAlX)R 
The lefrigeraior in youi' home needs to be re- 
placed. It must contain a free/er unit, and it 
must (it into a space 30 inches wide and 68 inches 
high. It may be either white or coppertone. 

1. Select a refrigerator that meets these recpiire- 
menis and record its price. 

2. What is the shipping weight of the refrigera- 
tor? 

3. What is the shipping point of the refriger- 
ator? 

']» How far do you live from this shipping 
point: 

:>. Use the freight information table in the 
catalog to find the shipping charge.^ 

(). What is the total cost of your pur- 
chase? 

Questions con< crning sales tax and installment 
buying may also be included for the appropriate 
gr.7 des. 

F.XAMPLK 41 
OPM: individual income-tax forms (Washing- 
ton, D.C.: Internal Revenue Service) 
GRADES: 9 and iO 
TECHNIQUE: Special unit 

In preparation for filling in the tax forms, de- 
cide with the class on \ital questions concerning 
an imagined family, including the number of 
persons, kind of housing, and so forth. 



Assign grou]xs ol students to piepare inloriua- 
tion necessary for lilling out the fornib One 
grou]) can be res])onsible for infonuation con- 
cerning wages, including all the deduciionb. An- 
other can be a signed to home expenses, such as 
interest on a mortgage if tiie family is buying a 
home. Other gioupb can be lespoubible for med- 
ical expenses, contributions, and so forth. When 
all the infonuation is assembled, it can be dupli- 
cated for each mend)er of the class. 

Work on the forms can be done individually, 
ab a class activity with the help of an opacjue 
projector, or by small gi'oups. 

EXAMPLE '\2 
OPiM: iMap of your state, available from various 
.sources 
GRADES: 

ITCHNIQUE: Special project— planning an au- 
tomobile trip 

This project can be as extensive as you wish to 
make it» After the itinerary is decided on in class, 
students may write for hotel, motel, and othei 
information on which to base expenses. All ex- 
penses, such as cost of meals, rooms, tolls, car 
expenses, car repairs (if it is decided by the 
class that those will be necessary), and admis- 
.sion to museums and theaterb should be care- 
fully considered in conjunction with a piedeter- 
mined budget. 

EXAMPLE 13 
OPM: Better Homes and Gardens Cook Book 
(Des Moines: Meredith Publishing Co.) 
GRADES: 4-8 

TECHNIQUE: Special project— planning a class 
picnic menu, complete with recipes 

Lead the students to include some canned foods, 
such as baked beans; some foods measured by 
weight, such as hot dogs and manshniallows; and 
some foods to be prepared from recipes, such as 
potato salad and cookies. 

Use the tables of weights and measures and 
the table of can sixes on the inside back cover of 
the OPM in planning the cpian lilies needed. 
I Ia\e the students select recipes and then adjust 
the (piantities of the ingredients as necessary to 
feed the entire class. 
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PROFESSIONAL GROWTII 

Too iic()uciuly ;( icaclicr'.s profc.vsioii:il j> row ill 
is thought of cxchi.sivcly in icnns of course 
work. This, of courj^c, is not ihc case. Profes- 
sional growth should take place wiih ilie jnepa- 
ration of every lesson. Each time ihc niathe- 
niaiics io he taught is recoii.siclerecl. new insighi.s. 
new nieiliocK ol approach, and new applications 
can be found. But professional growth shoidd 
also be more extensive. Meetings of professional 
oigani/ations, curricuhnn study grouj^s, text- 
book e\aluation connnittees, workshops, semi- 
nars, and many other similar activities shoidd 
foster professional giowtli. Of cot use, individual 
.study shoidd not l)e neglected. A few hours of 
reading and study each week can lead to a more 
satisfying and better leaching- career. 

EXAMPLE 41 
OPiNL Yearbooks of the National Council of 
Teachers of Matliematics (Washington. D.C: 
The Council) 

The Lrarfiifig of Mathematics: Its Theory and 

Practice, 2 1st Yearbook. 195B. 
The Groxoth of Mathematical Ideas, Grades K-I2, 

24 th Yearbook. 1959. 
Evaluation in Mathematics, 2ih\\ Yearbook. 1961. 
T opics in Mathematics for Elementary School 

Teachers, 29ih Yearbook. 19(M. 
Historical Topics for the Mathematics Class- 
room, l-^lst Yearbook, 1969. 
TECHNIQUE: Reference library 

Every mathematics teacher's personal reference 
library should contain relevant volumes of 
NCTiM yearbooks. The representative vohniics 
listed above could be used as the nucleus of 
such a library. Periodic refresher browsing, as 
well as a search for ans\vers to specific questions 
diat arise in the classroom, results in the kind 
of professional growdi that contributes to satis- 
faction in teachings- 

EXAMPLE 45 
0PM: Random E.ssays on Mathettiatics^ Educa- 
tion and Computers, by John G. Kcnicny 
(Englewood Cliffs, N.J.: Prcnticc-Hall, 1961) 



TECHNIQUE: Reading lor fun 

In the.se c.sN:iys Kemein examines .such j)rob- 
lems a.s outmoded teaching niethodb that Mjuelcii 
the excitement of mathematics, the education of 
the well-roimdc'd man, and the *'vani.shing 
teacher." 

EXAMPLE 4() 
OP;\L State cinTiculmn guide for mathematics 
TECHNIQUE: Informal .study grouj) 

Most state and local cinriculum guides for 
mathematics rcliect the concerted elforts of lead- 
ers in mathematics education to adaj)t cinrent 
trends to local needs. The guides ordinarily con- 
tain an oiuline of the content for each comse or 
grade, coinse objectives, and suggestions on 
aj^j)roach. 

Unfortimately, many teachers are not as well 
ac(piainted with such guides as they shoidd be. 
Acadeniicsubject-matter supervi.sors or depart- 
ment heads might encourage the fonn:ition of 
informal groups to examine the local guide and 
di.scuss ways in w4iich its aims can be met in 
iiidividual cias.ses. 

EXAMPLE 47 
OPM: //// Introduction to the History of Mathe- 
matics, 3d ed., rev., by Howard Eves (New York: 
HolL Rinehart Jl- Winston, 1969) 
TECHNIQUE: Lesson prej)araiion 

Historical references concerning subject matter 
being studied make lessons more interesting and 
give students a greater understanding of the 
overall development of mathematics. Eor exam- 
ple, when studying the sum and product rela- 
tionships of the solutions of a quadratic equa- 
tion, consider demonstrating Euclid's geometric 
.solution of quadratic equations as illustrated 
and explained on pages 73-74 of the OPM (j)p. 
67-69 of the 1964 edition). 

Such a demonstration will review geometric- 
construction techniques and foster a greater un- 
derstanding of the relationship between the solu- 
tions of a quadratic equation. It will also make 
die students appreciate the convenience of alge- 
braic notation and help them to see algebra and 
geometry as branches of the tree of madicmatics. 
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I'XAMPLK KS 
OlWf: Mathnnaiiis: The Man Made Cmvrrsr, 
by Shcnn:in K. Su»in (San Knuicisro: \\\ IL 
IVcrinan K: Co.. 

rK(;lIKIQLM!: Rcadiiio for cxicn<ic<l horizons 
Tcadiens of niathcniaiics in upper clcincnjar\ 
tli!oii<;h x'nior liij;h .school will fnul this OPM a 
source ol niany fresh uiallicnialical ideas thai 
<an he .sliaied wiih their elasse.s. Kurihcrniore, 
ihe inierrelaiions and unu.Nual applications of 
nnnil)er theory, topology, .sei iheory, oeonicirv, 
ali^ehra. and analysis that aie presented in the 
()I\M will provide many hours of pine enjoy* 
HJcnt for anyone who is interested in niatlie- 
inau'cs. 

KXAMPl.K 49 
OVM: Moior TopKs in Modern Mathnnatuw: 
Set and (h'ouj} Theory, by Donald \L Afansficld 
and Ma.vini Brnckheinier (New York; Marcourt. 
P>ra<e Jsr World. Il)(ir>) 
TF.CMIXIQUK: Independent study 

This te.\"t was written c.vprcssly for mathematics 
teachers in Kn^land who are caught up in cur- 
riculum refonn and need to judge ihe mnthc- 
niaiical conient of the ninny new comses being 
suggested for use. The authors never forget their 
jcaders-^iliey anticipate the kinds of cpiestions 
that a teacher would raise when faced with new- 
ideas, and they include approaches and exercises 
that he can use in his teachinj>^. 

n*lic content of the OPM includes work with 
sets, ecpii valence relation.s. mappings, cardinal 
numbers, groups, isoniorphisms. homonior- 
phisnis. geometry as a .study of properties invari- 
ant under gioups of transfonnntions, and "high- 
er" structuies such as rings and vector .spaces. 

I'X.VNfPLF. :)0 
OVM: A i\aif Look at Gconiciry, by Irving 
Adier (N'ew York: John Day Co., 1 966) 

Its clarity, style, and content make ibis OPM 
c|uite versatile— it .serves as a challenging study 
for the amateur mathematician, as a reference for 
the high .school mathematics teacher, as .supple- 
nientaiy reading for the very able high school 
student, and as a text for the high school teacher 
and future teacher. 



TliCI INI(.)rM; Invser\i<e course 

As the content of the traditional high school 
geometry course continues to be criticized and 
altered, it is important lor high school teacheih 
to Ix* familiar with geometries other than Knclid- 
can geometry. These ma\ soon be pan of ihc^ 
high school course. In this OPM the aiuhor ex- 
amines many geometries: pre-Knclidean. Kuclid^ 
can. metric, vector, transformational. non» 
Mudidean, and projective. 

SrMMARY 

In recent yeais the revoliitioti in mailieinaiics 
education has resulted in many changes in the 
curricidum. Despite the rapidity with which 
these changes occni. it still takes thnr or more 
ycar,s for a textbook lo be written and pid)lishc<l. 
Mowe\ei. OPM provide a means of keeping the 
cmricnlum up-to-date and balanced. 

There are a ninnber of bibliographies that can 
be used as .soinc c lists of OPM. The pid)lications 
list of the National Coinicil of Teachers of 
Mathematics is an obvious .somcc. The NCT\\r 
also pid)lishes The High Sehool Mathefnatic.s 
Library, by William L. Scliaaf, in which about 
800 entries are cla.ssiliecl by .subject and anno* 
tated (this is now in a 11)70 edition) and Mathc- 
ntaiifs fJbra)y—rilententary and Junior High 
Sehool, by Clarence F.thel Maulgrovc and I lcr- 
bert F. Miller, now in a 1968 edition. Another 
very usefid compilation is Iiibliogral}hy of 
Matlionatits for Secondary Sehool Libraries, by 
Robert A. Roscnbaum and Louise f. Rosen- 
bauni. published in 10(M by AVeslcyan University. 
Middlctown. Connecticut. Mathcntadeal Book- 
list for High School Libraries is pid)lished and 
kept cnncnt by Mu Alpha Theta, the National 
High School and junior College Mathematics 
Clul), Univcr.sity of Oklahoma, Norman. It lists 
10 periodicals and 170 books that constitute a 
well-rounded m«ithe natical library on a limited 
budget. The annotation for each entry contains 
the price and the publisher's address. The Teach- 
cr*s Libraij: How io Organize // and What to 
Include, which is a joint publication of tlic 



Aincii(.in Anmx i.iiion ol Sdiool Librarians and 
the National (Commission on Tcarlicr Hdnradon 
and Professional Standaids. contains a list of hi) 
[)0()k.s and r> jonrnals considered most essential 
in n library for teaelier.s of mat hematic .s. It is 
avnilal)le from the NEA Pni)licat ion-Sales Sec- 
tion, 1201 Sixteenth Street \Vashin<^ton, 
D.C. 

It wonld be impossible to compile a list of all 
the available OPM, U.sefnl items whose primary 
purpose is noi related to nKithcmatics instruc- 
tion mi^hi be overlooked in preparing snch a 
list Willi its nnliniited possibilities. Such a list 
woidd inclnde Continental Can Company ads 
thai feaiinc pn//Jc-type problems, the financial 
section of the i\'cw York Times, a finance'Com- 
pany infoiniaiion flier thai shows a table of 
loans and payments, an AMTRAK railway 



timetable that .shows the di.st.nue.s iKtwecn .sta- 
tions, and man) other similar iiems. 

Many teacher.s have lomid caul files. ori».nn"/ed 
by .snbjcct and cross reloien< ed for inn< tion. t(» 
be ol t-reat \alne in usini» ()P.\f effectively. Files 
of laborator) le.ssons and a< tivity .sheet.s are also 
very nseful, W'ithont snch record.s, the work in- 
volved in preparini* lor each nse of an OPM is 
io.st; and, understandably, entlnisiasin for their 
n.se wanes. 

No chapter or article can tell you how yon 
.should nse OPM; it can only make sui'i' est ions. 
The when, where, and how of using OP.M musi 
of liece.ssiiy vary with the individual school, 
teacher, and class. However, the better ac- 
(piainted yon are with the available OP.M, the 
more you will u^o them and the richer your 
classes will be. 
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Chapter 5 reviews the history and development of programed 
instruction and teaching machines, and it discusses some uses and 
abuse.'/ of these instructional aids in the mathematics classroom. 
The production of PI and criteria for its selection are sketched 
so that teachers may better evaluate the materials they encounter. 
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A scciuoncc of items, each m|uirinjj ;i response 
lioin a Miideiu wliicli lie cm (lien KMUpare with 
•I niveii answer or which leads him to another 
item in snch a wa) as to increase the elficiency 
and elleciivcness of leariiiiii;, is basic to pro- 
gramed instruction. The need to control snch 
secpiences led to the development of devices 
(ailed teaching mtichitics. Meanwhile, the prepa- 
ration of learn ini^ secpieiices has made a si^ni!i- 
cant contribniion to twcniieih-ceniiiry educa- 
tion by focnsiiii*- the attention of authors of texts 
on the i>onls of instruction and the specification 
of tho^e behaviors a student should exhibit to 
demonstrate mastery. By sirnciuring, or pro- 
gunning, learning experiences, a siiKlcnt may be 
led from wliaie\er skills and abilities he pos^ 
sCsses to whatever new skills and al>i lilies he 
should possess as a residt of his interaction with 
the insiructional module. Programed instruc- 
tion, i!ien» is a method of learning :ind teaching 
geared to individual capabilities and using new 
and diffeient methods which involve new con- 
cepts of preparing instructional materials, new 
methods of presenting these materials to stu- 
dents, new aspects of control of the learning 
situation, and new teduiiques for the determi- 
nation of subject matter maste»'y. Programed in- 
struction is based, in part, on three concepts 
agreed upon by psychologists and educators: 

1. Students best learn nt a rate that best suits 
their capabilities. 

2. Students best learn if they are responding 
to and interacting with the subject matter 
actively and appropriately. 

3. Students best learn when they receive im- 
mediate confirmation or correction for each 
response they make. 

How programed instruction got started, how 
it <lc\eloped, what technological advances have 
been made, and how these forces cond)ine to en- 
hance mathematics instruction is the concern of 
this chapter. A further goal of this chapter is to 
su«<»est some criteria for the selection and use of 



programed materials for mathematics and to 
provide fuither sources of information about 
programed instruction and the devices (hat have 
been developed to present materials to .students. 

In IWaS B. V\ Skinner wrote, "There are more 
people in the world than evei before, and a far 
greater |)art of iheni want an education" (21). 
The decade that followed the publication of 
Sk inner \s article witnessed a rev(*lution in edn- 
c.tional tcclinologv with nianv of its roots in 
psychological laboratories not unlike that which 
.Skinner operated at Harvard. 

A CAVEAT: Btuir in mind that wc arc still in 
the Model T stage of this instructional medium; 
for, xohilc teaching machines have evolved from 
scrolUfed viewers to complex computerized units, 
and programs have passed from sentences with 
fnoperly selected words omitted to intricate 
branching patterns involving both student-con- 
structed response items and multiple-choice 
items, it is still not clear xuhat direction this 
evolution xoill take. 

HISTORICAL SKETCH 

The Socratie method, recorded by Plato in 
his dialogue Mcno, is often cited as a forermmer 
of the conversational method on which pro- 
gramed instruction is based. Such history is in- 
teresting but of little real v.ilue to us, for if the 
responses made by the student are indicators 
that behavior is being shaped from more or less 
random responses toward something scugfit as 
"terminal," the Meno offers a poov example. 

In 1926 Sidney Pressey, of Ohio Stale Univer- 
sity, developed a device by which his students 
might be tested and shown the results innne- 
diately (10). This device is pictured in Figme 
5.1. Pressey's work remained relatively in i known 
and of little consequence in educational circles 
imtil the principle of immediate confirmation 
was exploited in the military trainers used dur- 
ing World War II. For such devices to work, it 
was necessary to have the cpiestions prepared in 
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a ninliiplcchoicc fonnai. This rhnmcicriMit 
.spurred ;i ic-nc\ml iiih-ioi in >i:ui>ii<:i! |)iol):i- 
i)iliiic.N :in<l >iorh:isii< prcx c.s>c>. 

Mcaii\\"hilc B. Skinner and his collcaji»ncs. 
after yc-:n'.s oi hchavioral ic>c-airli on iniialiu- 
mjiis (j>i»cou>. niiu:. ci< .). .su.i»j»c>lcd llial .nUi- 
<Uiu.s would Icam if were rcu;iidcd lor ilic 
ton.siruciioii o! a concci response if) a tpic.siion. 
liy .sc<picM< in<» ilie <pic>lions (licin c ihc lorin 
/>mi^ ///!() and j»radually uidulrauinn^ the 
rlucs. behavior could be shaped. An example 
Ironi an earh < onsu nr(ed-te.spon>e :)io,<;iain is 
shown in I'i^ure 3.2. 

In du- e.xaniple ue see the re<pn'rcd repel i lion 
of a <le.sired response. The riaini ni.ide fo: such 
repeiiiion is ofien based on die assinnpiJon dial 
if W pen em ol ihe .siudenis coiisiruci ihe <*or- 
reel re>|>onse DO pL-rceni of ihe lime, leainini;- 
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I'ici ui: .■).l 

Si(lnr\ i^u\\\ry\s frslitis:^ marhhic 



FiciMu: Exam jtlr from att early (onstrucfed'rcsjfou.sr fno^^ram 



nniiir.il 



niitural 



00)1 



Ihc niimbrrn »sc l»» conni wJih .irc c.illc»l V<»unMnj: nws'l.rrH' 
or 'notural nimilicw". 0. I. 1. clc. arc n.ihir.il utiKijKrr.H. \ 
mu :i n.iltir.il ntinhcr. \s *, :i n.Utir.il nu^nlicr? Cl 1 f) ts or r.tt?) 

0, I..Oxi 2 arc n.iitiMl nu-nlicr.s. 1. -t, 71 , lO.OOl .irr .\U» 
] numhcft . 



.1. 0 is ii f7 J nu'nhcr. 

I. VVhich of the fi»ll(mtng i> n<a .i n.iutr.il nirn!icr^ J 

0. !-J.6:7. 2*:?. ',..■■,-1 
3. Which of follnuini; is .i n.iiitr.ii niimhrf"* Q _J 



No. 

No. 



2 IS n n«iiitr.i| ntimbrr: 3 is .i n.iltiMl niimhcr. If \ott :i<M ihr luo 
n.ilur.il niittilKrr.H 2 :inii 3. U ihc sum ti n.iittr.^l niiinircr/ L j 
() es or ntt/) 



V'lcV .iny two n. iiuMl nnmhcrs: .i<M ihrm. N ihc rc.Htili .| n.itttMl 
niirnhcf? f~ "l (Yes or no?) 



II n.itur.i| niimLcr? 1 f "0?) 

9 Miinv vc.ir.s .igo men ttscil <imIv n.itttr.ii nmnhcrs. IhtX ihcv finmJ 
cvcnlti.illy ih.ii ni«Utr.i| ntimhcr.s were nor .i(lcr']iMir for ajj ihcir 
ncciLs. .Hitch .IS cxprcs.sin^ .i |Mf| nf a **holc. Kor rtt!m{i|c, 
if n h.ilcr 'lividcil a laaf <.f lircuj into l*to r'|».i! jMfjH iiml pivc 
one p.ifi to each of ht.s t**<» ffirmU. tliJ each frienj pet one **hnlc 
loafofhfcaiP f ^ ] (Yes or no?) 



I'iom Modem MaUiniJaiits. a Pio.uKimtd "IVxibook. Uook I by Uwis D. lii^vu, Jvwnic I). Kajflttn, aftd Uuih Huttirsau. 
Colfwight (g) /;v Scinirv fiaatrch /tssocutiv^ liu. HclirbUcd h\' Iwnuhshm of the tnthlixhcr. 
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h;ij» lakcn pl.Kc. A pio^i.ini i (>n^i.^lilll> ol .1 .nci of 
nIioiI. >C'<|Meilli.tl. ^ilI<l»lc•l'C^|)<)^^c. >UKlctn'C()ll* 

NiriicKrd iiciitN w:in olien picpincd 011 a .scroll lor 
puNcntaiion in a ^inipK- vicwiiii* device. 111 
u'liidi eacli iicni (called a fnnnr) would appear 
ill an apenme and ilie correct response would 
remain concealed until the .student had com- 
pleicd hi.s re.spon.se and advanced the scroll 
(Fii^nie r>.:>). 

The .sindent would then compare lIi^ re.^p()n.^e 
with I he aiiNwer .>hown. which, it was hoped, 
would reinforce his tieci.sion. Such devices and 
the pro.i;;rains wrJucn for them piecludcd e.>cien- 
sivc skippinv^. review'hi<i^. or branching and hence 
were termed linear. They were also referred to 
as Shtnncrian, after H. F. Skimier. who initiated 
thi.N format. 

iMCtrur. ;■>.;? 

MIX M/IX III Icnrhifiii ttiachlnr 




Cointc^y of Teaching Machhtcs CoHioiailon 




I'u.UKK J.."). Cydo'lrdthcr huiruim^ aid --li near l)rograw, const rnded-rcslwusc device. This ))ia- 
(hi)iC /,\ iiianualh o Iterated, Studeuis leaai at their onni pace, and handwritten resfyonses a)e 
re CO rd ed o u a .n ef/a )ate ati.s'we / .sheet , Th e j) rogra m a . on c i rcnla r fya l)er sh eets , a re rensa b le. 



The imilii|>lccli()i(c loiiiKit ic(|niial l>\ Pros- 
scy .s early device w;is used in ihe Wiyih lor 
iroiibleshooiers :mkI iniliuiry irainens. Allh()Ui;li 
the .sHideni inii»lu iKse onK :i Mn:dl portion oi 
tlic text, his iiKonc'Lt ch()i(e.s alhnded the .uithoi 
oi' the pro^^rani the opportunity to eorrect bits 
of ini.sinionii.'ition :muI to provide lor a wide 
ranji^e of student ahility. An example from an 
earl\ hranchin^i;' proi^rain is .shown in Figure 5.(). 

In thi.s example the hit ol texl i.s lollowed hy 
a nndtiple-( hoi( e item. .1 li.st ol .dtet n.iii\es, .uul 
a set of directions for fnidini^ the next bit of 
in formal ion. The format .suggests, and was 
olien inct)! porated into, a mechanical device 
(uili/in!!^ a miciofilin \iewe) undei piecoded me- 
ch.mical (ontiol in older to iacilitate the Uxat*^ 
ing of the appiopiiate in.sti U( tional media (Fig 
inx* 5.7). The t(rxt ver.sion. with page-turning 
performed In the ,studcnt. was known as the 



\< )tnnhlrd \)ooh progiam or as the Cinuuhiian 
program, alter Noinian C.iowdcr. who .suggested 
this lorniat. 

In the early lii.story ol piogramed instiudion. 
ntunciotis studies comp.uing the relati\e nieiits 
of linear and blanching piograms were con- 
ducied (\, pp. Il()-I7). The controver.sv raged, 
and the restdt.s tended 10 show no significant 
dilFeiences (II: 2!J). That i.s. when the two pio- 
giaming methods weie (ompaiecL it was .seen 
th.u the degiee of student mastery tended to be 
independent of the program used. 

As positive pi ogramed-iiist ruction research 
findings mounted, in the earl\ I9()()s. it wa.s no 
siu pi isc that hoth I'lCS.M and S.M.SG uudeiiook 
programing cflorts. I^oth gioups. pioneers in 
niaiheinati(s (uriidihmi te\ision. used sid)ject' 
matter specialists, teadiei.s. .md ps\( hologi.sts in 
cooperative writing efforts. The ie.su Its la\orcd a 
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Youu answer: - 
a 



You arc correct. 

You should notice the exception of 0 from tfiis statement. The 

expressions ^ and ^ are not defined. That is, they are never used. 

'I'he reason is that all kinds of foolislmcss can be proven if we assign 
any vahie to the result of a division by zero. 

In algebraic expressions, when two letters or a number ant! a letter 
are written side by side, they are meant to be nmltiplied. Ttuis, 2a 
nieans 2 times a, ab would mean a tinies 6, and so on. For clarity, 
the nun)l>ers or letters to be multiplied are sonietimes placed inside 
parentheses. Thus (n)(\) means n times 1. 

Now, here are a number of very simple statements about numbers. 
All but one of these statements are true. Which one is not true? 



n — n 


= 0. 


page 32 


(")(!) 


= n. 
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R 

- = n. 
1 


pago 40 


n + 0 


= n. 


page 42 


00(0) 


= 0. 


page 43 


« 4- 1 


= M. 


page 46 



I'icuRK :).(). Exumple from an 
early branchiriir f)rogra7U 



Hrlftotluatl, hy Ifct missiojt. ftant i\\ ,1. Ctouuler aud G. 
C, Mai tin, A(hcminos iu Algebra. © I960 by Douhlrday 



Co. 
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7-5. The Additive Inverse 

We have pointed out that 0 is the identity element for addition. This 
is simply another way of expressing the addition property of 0: the sum of 
any number and 0 is equal to the number. 

Suppose we have two numbers whose sum is 0. These two n\imbers are 
related in a special way. 



10 



What number when added to 3 yields the sum 0? 
What number when added to -h yields the sum 0? 



In general^ if x and y are real numbers and if 
X + y = 0^ we say that y is an additive inverse of 
X and that x is an additive inverse of y. 

Since (-2) +2=0, 2 is an inverse of -2. 

(-|) is an of |. 

If y is an additive inverse of x, then x + y = 

An additive inverse of (-j) is . 

An additive inverse of 0 is . 

If t is an additive inverse of s, is it also true 
that s is an additive inverse of t ? 

(yes, no) 

Given two real numbers, each is the additive inverse of 
the other if their sum is 



additive 
additive 
inverse 



5 
H 



yes 



Consider the following pairs 


of real 


numbers. 


Which pairs ere pairs of 


additive inverses? 












-7 


and 


|7| 






k 
3 


and 


h 
' 3 






0 


and 


0 






^ + (-3) 


and 


(-It) + 3 






(-5) 


and 


-(-5) 




(A] all but one 


(B] 


all 


[c] 


all but two 



Since for each pair we can verify that the sum is 0, [B] is the 
correct choice. If you answered incorrectly, convince yourself 
that the sum of each pair is 0. 
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Rrfnodttrnl. hy ffnmisuon. fn/nf Srluttfl Muihrmoius Sln(l\ (ifonff. rioiii.inud l iiM (.oimn< hi AlydM.i (Uc 
Foini II)/fr> /;v SMSG. 

l'i(;iiRK 5.8. Example from a hybrid fnoii^ram 



ri VCniNG MACfllNI-S AND l^ROGRA.NniD I NSTRUCTIOX 



inixuiic ol liMc:n and hiaiuhing iicniN. (ailed 
hybrid or c(lccti( |;ro,t;ranis (27). A typical 
fioin ilic SMSG liyhrid program is rcprodiucd 
ill Ki.mne 5.8 (20. j). 252). 

Noic dial ihc ic.xi is rollowcd by consmicicd 
response items and ihen a inuhiple-clioice iicin. 
Variations in this pattern prevail tinougliom die 
le.Ni, making it difficult lo pie.sent the program 
in a S( roll-like device. However. efTons lia\e been 
made lo cxecnie and present hybrid programs 
using: such devices. One example is shown in 
Figure .5.9. 

.Xlciunvliile. William Unal. then a psy( liologi.si 
:u the HiM Re.scauh Oeiner. suggested that "au- 
tomated instruction may be looked upon as a 
problem in simulation, in which the goal is to 
most (onipletcK imitate the (onxcr.satioiial in- 
leiaction between the student and his human 
luio " (29). To imitate or simulate the coniple.x 
pa:(enis of which the human mind is capable 



h'uM-RK 5.9, Honor tcdch'nivr niachhie—hy- 
hr'ul Inognnu muUilAc-cho'uc rcsl)onse device. 
This halloy-jxmered machine features push 
buttons to advance programs from which the 
student learns. The device has a limited 
bra))rhin<r capability. In the branchinir sec- 
ti(ms of each pioijrram a different button is 
listed for each possible answer. Pressi)nr the 
correct button automatically advances the 
scroll past the explanations oiven in response 
to the incorrect ansioers. 



clearK leads to the introduction of the computer, 
"I'he (omputei has opened up the potential lor 
icseaidi on learning and tc.K liing and has. itsell. 
become a sophisticated tca^ ^ machine. Stoied 
with materials ol the son welnneseen (conven- 
tion.d piogranied instnu tion). the computei 
ma) opei.ite in a tutoiial mode, capable ol (om- 
paring. \eril\ing. suppKing clues, branching, 
and ie\iewing, }et niaint.niiiiig a record of stu- 
dent actions at all time.s. The tiuoiial progiam, 
insofar a.s it sinndates the actions a teacher can 
perform, might be e.xtiemely dilfK ult to piepaie 
were it not foi author languages that recpiiie 
iiiinim.d knowledge ol (oniputei.s on the pan of 
the subject-matter specialist, 

riic potential of the computer as an instruc- 
tional aid is e\()l\iiig lioni an industrial reseaich 
en\iromiient to a .school-iuii\ crsit\ re.searcli en- 
vironment where federal monies arc available 
to underwrite de\elopinent cost.s. Suppe.s at 
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Sianfoid. Mir/cl :u Pennsylvania Siaic, and 
Lanihc a( Siaic Uni^c^si^y ol New Wuk icprc- 
scMi a lew ol I he iniiversii) researcheis in the 
einci<»in<» [ieUI of (onipuiei -assisted insu lu lioii. 

Kx peri men la (ion ai (he Hieniwood School in 
Palo A ho, Cah l ornia, has shown die computer 
(apable of (onooHino a se(|nen(e ol drill and 
piacdce exeuises: expei inien(a(ion in die Board 
of Coo|)eraiive Kdncaiion of \Ves(( hesiei C^omi- 
ly. New York, has dcnK)nstra(cd the (onipntcr 
as a siniulaior lor use in <>anies with elementary 
and secondary school stndenLs (.80): and ex- 
perimentation in se\eral New England piepara- 
tory schools has pio\ed the fcasihilitv ol the 
(ompnter as a pioI)lein-solving- tool. The re- 
scaich i»oes on (II). and the impact of pro- 
gramed ijisiuut ion technic] lies is felt |)eMneai.- 
in<> the developmeiu of a new generation of 



materials ol instruction (I). 

As earl) as nUJI. re.seardi psu IioIoil^Ims at 
S\stem i)e\el()pmeiu C.'orpor.ition i epoj ted the 
(oiistnictioii ol a "C.ompnter-hascd Lahonton 
lor Automated School Systems.** called CL.XSS 
(S). While theie appeal to he main a(l\ antages 
in such a total s\.siem. the widespread accepLuue 
and use ol such systems has been dcLned l)\ 
factors of cost, ledmical de\cl()pment. and the 
lack of instructional mateiials piepaied in this 
way. 

A new era emerges; a new level ol s()i)histica- 
tion ioi piogiained instinction and te.uhing 
machines appears; and a new application ol 
technology in the held ol education emcMs the 
.school situation by way ol le.search. 11 le de- 
\elopnients in this field are rapid and exciting, 
holding much promise lor the lutme ol in- 



FiGURF. r).IO, IBM 1500 computer-assisted itistYnctiou terminal 




ri:\(:i!hvc; maciiini-s \xn rR(x;R\Mii) insiriciion 



.stnuiion. Fuuhci inloniKUioii about (licsc 
(IcvclopinciUN is i^ivcn in Cha|jicr ('). "iiiccironic 
(^oinpuicr.s ami Calrnlaior.s. " 

i)K\m:i.()im.\(; pkockami-.d 
instkictionai. ma tkri ai.s: 
an ovkrvji-av 

(icncnil rclcicnccs on |)U)i;raMi dcvclopnicni 
abound. Those who .seek lo (le\eh)|> pioL^ranied 
niaieriai.s w'lW (ind nuu h i^rneral inlorMiaiiou 
in Uinhoucr (2). P)reih{)uer ei al. Fry 
(10). Chiser (i:;). LuniMhiine u\n\ CMaser (17). 
I.\.sani>hi and W'iMianKs (18). and '!:d)er el al. 
(28). In this section the ( hara( lerisiics of pro- 
<>ranied learnini; u ill be .skciehcd: »he .sul)Ne(|neni 
.sect ion will provide more speeilie details of 
pioi^rannni* based on i^uideline-s used by the 
S^NISC; uiitiui* cllorts in niatiicinatie.s (27). 

Crnnal to the developnieni ol proi^ranied 
materials is the specific at ion ol a set of instrur- 
tionai re(|niicmcnts. <;oals. needs, or proldenis. 
:\Ia<;er has written extensively on the ideniirua- 
lion of objectives (li)). and Hri^i;<;s ei a I. have 
addressed the (|uestion of settini; objectives as a 
vital (unction in the desi<;n ol an instructional 
system (1). S.MSCI (27) includes explicit reler- 
cnces to ujathemaiic s .i;oal setiin<; in the Manual 
for l^rograuicrs which was used in produciu!;; the 
SMS(i Progitiuicd First Course in AU^rhra (2r)). 

After the instructional lecpn'reniciu is recoi;- 
ni/ed and specified in terms of student behavioi.s. 
one must ask the (picsiion "Is programed in- 
Miuciion an appiopiiaie medium?" At least fom 
alternatives arc available at tiiis point: 

1. Another medimii is more appropriate. 

2. A nonius true tionai system is "better." 

H. Fioi^raujcd instruction is part ol the opti- 
mal solution. 

I. Programed instruction is. perse, the •"best" 
choice. 

Such alternatives then demand attention to 
economic, mana.^cment. adnn'uistratis e. and cur- 
ricular constraints, as ucll as the technolot^ical 
considerations concomitant with the i»se of pro- 
Jammed instruction. 



One c the dec ision is made to uiili/e pioi^i.nncd 
institution as .i component of the instiuction.il 
s\.stcm (the thiid or louuh alteinati\e above), 
the nc»xt cpiesiion is '"Are pro<»rame(l instruc- 
tion niaicM'ials a\ailal)le that will meet the in- 
siructioual iec|uirenient?" iiil)lio<^iaphic somces 
of available piot^iams include those* ol l-*enton 
and C;ilben (i))> llicke\ and Newion (IT)), and 
Schramm (2.S), \\V ha\e included in this chap- 
ter excer|)ts from a lc»w ol the mathematics pio. 
i^iamed materials available. 

The cpiestion that thcMi arises is "On what bases 
should a proi^rain be seleeied?" We shall ad- 
chess tliis cpiestion moie lull\ in a later section 
of this chapter: but it should be home in mind 
that if programed materials do not exist, the 
preparation of sue h materials nc»c essitates a thor- 
ough enipirieal validation, as detailed in the 
followini^ section. Such validation is. or should 
be. an intei^ral part of the development of pro- 
(^ramecl instruction materials. It is a tiine-con- 
sumini;^ and dilficuh task, but one without which 
programed instruction may fail. 

V) i: V V. I .() p i x ( ; p r ( x ; r a .\ 1 1- n 

INSTRUCTION .MATKRIAI .S: 

soMF. nF;rAii.s 

I'lased on the experience of constructing^ pro- 
i^ramecl instruction materials in mathematics, 
the authoi'.s propose the followin<>; steps: 

Si'Kr I. Specify the ohjectixesol the pio<;ram in 
terms oi I^ehaxiois that aie to l)e perlormcd b) 
the student. The author ol a program must be 
able to answer the cpiestion "What should the 
student he able to do as a result of comj^lcting 
the program?" The answer must be explicit— 
for example, "lie must he able to factor expres- 
sions like ^l.v-— ()'!.'■ Gagnc!' has suggested that 
such objectives lecpn're the author to go one 
step further and state those behaviors prere- 
(piisite to tile spccillcd goal: to wit. "lie must 
be able to factor expressions like l.v — 12 and 
.v- — ^1" and "He must illustrate the meaning of 
factor"" (12). As tedious as this seems, such a 



hic'iai<li\ ni;i\ ciKihlc ilic author lo addifss Ins 
aiidicMUc inoic nppiopiiaicl). 

SiM' 2. Pic|Mic a MM of (liu'iion iicnis thai 
KM anaiMincm ol Mic siudlicd ^^oaLs. 

SiKi' Ill iciiiis ol .sicpN I and 2 above, picparc 
an iniiial insu ik lioiial .sc(|n('ii(c. Ai (hi.s poiiii 
the anihor imisi accoiiiiiiodaic boili co<;iiiii\r 
Mvlc and desired end result. Tl:ai is. (he auilior 
niuM he aleri [o die ua\s in vliicli a suideiu 
learus (IVoni ihe manipulation of objects, from 
visual images, or fioiii verbal or symbolic state- 
ments) and the terminal behavior of the student. 
II the stnd(Mit is to dis( rimiiiate bel\a'en iutet»er 
Mpiares and n()iis(|uaies. the items iiia\ he of 
multiple.clioiee lesponse t\pe: il the student is 
lo (oii>tMict the scpiares ol t^ixeii intej^eis. the 
items nia\ be ol ( onstrneted-respoiisi' t)pe. 
L'siially. it is some (ombiiiaiiou ol item> that 
will work best. 

Sii:i' I. rr\ out the instructional se(pience on a 
small iuniil)er ol students, with an ob>erver to 
note student dillictdties. Ask students to react 
to the selection ol wording, the len<»th of the 
se(pience. and the amount (more or less) of 
material needed to coinimmicaie the notion. At 
all costs, let the student be frank! 

Sti p 5. Revise the se(pieu(e. Take into account 
the stu(ient reactions, the eflcet of verbal clian<re. 
and the mathematics beiii^i^ taught. While most 
research iiidi(atcN little dilleieiKe between o\ert 
(written) and covert (mental) responses, overt 
response has an initial advantage in the fact 
that it can be assessed (^1. p. 12S). 

.Stki» G. Try out the revision on more students 
who are of the audience to be addressed by the 
program. '^Hiis trial will residi in hnilier sug- 
gested revisions and will tend to refine the 
program. 

Hie process suggested here is not easy. It re- 
(piires intellectual honesty and strains the pa- 
tience of an amlior. The efforts can be justified 
if the result is student achievement. Some (pics- 
tioiis that may help authors avoid I rtist ration 
follow: 

I. Are the goals clearly defined in behavioral 
terms? 



2. Doe> the <oiuent .suggest a |)edagogi( 
strateg\r 

Who aie the students for whom the |)io- 

gram is written? 
!. I Ia\e pieie<pnsite skills I)ecn a<<pn"ied? 
T). I> the (piestion dear? Too long? Too 

short? 

(i. Is the answer to a (oiistructcd lespoiise 

iniainbignous? 
7. Does the lespoi^e leipnie a < liange in he- 

lia\ ior? 

S. Aie mnltiple-< li<^i(e »es|)()nses iealisti<? 

Disira< ting? OI)\ ions? 
9. Is proxision made for rexiew? Indexing? 

Help? 

10. What will a student be able to do after 
completing the program? 

Rea< ting to the abo\e (pustioiis will not make 
a good author ol a bad one. The <piesiions 
represent onl\ a lew ol those that o<ctn-: but 
the\ are not to be e.isik dismissed. While <pies. 
tions I and 10 appear to ask the same thing, 
it is worth noting the dilleRMue. Question I ad- 
dresses the progiaiii goals while (ptestioti 10 
addresses student attaimnein. 

There is no subsiittue lor writing, levising. 
testing, and rewiiting. A tlioiotigli knowledge 
ol content and methods ol teadiing are pre- 
recpnsite.s which 'those e.\peit in progiaiiiing 
bm not in mathematics"' arc inclined to forget. 

SKLKCTION AND FA^AI.UATION 
OF PkOGRAiMF.D 
INSTRUCTION MATKRIALS 
i\fc)si teachei.s will liiul neither the time nor 
the energy to develop progiamed instruction 
materials other than short instructional se- 
(piences on discrete topics. In this section, there- 
fore, some guidelines lor the selection and 
cNaluation of e.\isting piograined insti ticiion 
materials will be sketched. Teachcis of mathe- 
matics who contemplate using programed mate- 
rials should read Kalin (16) and view the NEA 
slide/tape presentation (22). The article by Kalin 
relates specifically to selection of mathematics 
materials*. 
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The liiM ill .sok'('iin,<« ni;i(licina(i(> male- 
liaK, |)r(),i;i aincd oi' iionpiooraincd. is (ho do- 
(cnninatioM ol an iiksHik (ional iicrd. This .should 
iiK hide (onsidcKHioM of ihc (omcm lo he 
iaii<;hi: ihc hc(|iicii(\ ol die olio iii,t;>: die nuin- 
I)CT of suuk'Mis to he .served: ilic lecjuiicnicniN 
ol (he NdideiKs. laciihy. and adniiiii.sdadon: and 
(he availal)ili(y ol nia(erials. 

i.ei lis (on.sider (he .sidiadon where a luniihei 
of availahic |)r(^<«rains do cxis( and (an po(eii- 
(ially inee( (he ins(rnr(ion!d ie(|nirenien(.s pre 
vioiisK deli lied. 'The (a.sk (hen I)eeoine.s one of 
selee(in<; one or more lor e\ahia(ion, I)a(a 
.should he (()lle( (ed al>ou( cadi program and i(s 
adniini^(ia(ioii. |ud<>iiieMt.s iiin.s( (hen he made 
aI)ou( (he level ol each |)ro<>ram. (he (inie re- 
(|uii ed (o(oni|)leie i(. (he mode of |)i e.seii(a(ion. 
(he manpower recpiired (o adniini.sier die pro« 
<>rnni. and i(s economic leaNiI>ilii\. Some daia 
may he olxained Irom (he audiois or prodiuer.s 
of (he various pr(\t>ranis. hiu some mus( he 
i>a(heicd empirically, h h (he empirieally <»a(li" 
eied da(a (lia( will, in (he end. deicrmiiie (he 
local value ol eac h pro|L;ram. Some cpieMion.s (o 
i)e resolved hiflude (he follc)w*in<«: 

1. Are (he audioes kncjwni (o he e.\pcr( in (he 
con (en ( and pedai>oi»y? 

2. On wlia( popuhuion was (he proi^rani vali- 
da(ed? 

Is (he local popuL'uion .similar io (lia( used 
in (he valida(ioii? 
I- Will (he proi^ram sad.sly local iiecd.sr' 
f). Are (he audior.s' ooal.s con.sis(ciu widi dio.se 

of (he I oral .school? 
(). Are pre(cs(.s and pos((es(.s a\ailal)le (o a.sse.ss 

.sdideiH acliievenieiK? 
While i( appeai.s (ri(e (o ask if (he coiKciu is 
appiopriaie. ii is wordi con.siderahle elfoK (o 
cle(ermine (he lesuhs of u.siiii> a pic)i>ram on a 
small nuiiiher of s(uden(.s I)efc)ie i(s widespicad 
use is eoiKemphued. .V very iniponaiK ,s(ep in 
prc),i>ram evahuuion and selec tion is a (rial run 
of a few sdidciK.s i)efore c\(en.sive use is con- 
sidered. 

The (eaelicr of madieiiia(ics who coiKcmphues 
nsin.t^ a .sc( of prc)t(iamed ins(ruc'(ioii iiia(erials 



>lioulcl woik (lncm<«h die nia(eiial a.s a siudeiu 
helore .selec(ino i( lor use. Seleciin<» a (eN(. (he 
(c^.uhin;^ ol which relie.s he.i\il\ on (he (eachei. 
ma\ lecjuiie le.>s (iiiie for e\alua(ic)n (han >elec l- 
ino a .sei ol pro^m'amed in.s(ruc (icHi iiia(eiial>. 
where much of die (e.u liei'.s coiurol i> a.ssumed 
hy (he pic)<>ram. 

.Selec(ic)n ol programed iiisduciional ma(erial,s. 
dieiK nius( lake (he followiiii^ into accouiic 
L Student nmls: (o .sniisl'j course lecpiirc- 
iiieiKs (a cour.se or par( of a course heini» 
(aui'lu): (o pi ec hide cour.se deficiency (pre- 
\eii(i\e medicine): (o iniproxe cour.se per- 
lormaiic e (rai>e a pa.ssini* l)U( low level of 
acliie\enien(): (o aui»niem a cour.se of in- 
.siruc(ioii (supplenieiK or c omplenieiK a 
coui.sc heiiii^ (aui>h(): (o proxide new iiifor- 
maiion (e.siahli.sli a core level of under- 
.s(aiidin<; for a cour.se (o he (aui;;li() 
2. hist)U(t()r nnuls: (o (omplemeiu iii.s(ruc- 
(ion (replace a poriion of (Onveiuional 
iiis(ru((ioii): (o as.si.s( ins(ruc(ion (provide 
iii.s(ruc (ion in addition (o (ouveiuional in- 
s(iU((ion): (o au<>iiicn( ins(ruc(ic)ii (provide 
nia(erial (ha( is iio( or canno( he provided 
I)y coiivemional iii.s(ruc(ion) 
;5. Admiiiistrathc needs: (o ex(en(l olferin<4S 
heyond local c apal)ili(ies; (o provide in- 
.sdaiciional coiurol (uniform i(y of exposure 
w^lieic wide (eaclicr varia(ion ha.s rcsuhcd 
ill .sdideiKs ieceivini« unecpial (eacliiiii»): (o 
meet curriculum dcniand.s in areas w^here 
loads may he exceeded hy sdidciit needs, 
Af(er selec(in<» a proi»ram (lia( iiiee(s die con- 
(en( deniaiicLs and (he .sdideiK. facuh\. and ad- 
miiiis(ra(ive needs, (he evalua(ioii hei[»ins. The 
prooramed iiuuerials should be compaied wMth 
odier media and preseii(a(ion mode.s: films, ma.s.s 
lecdues. .special clas.ses, and .so foidi. 

Variahles widiiii a pioj«iam which hear a(- 
(eiHioii include: die lelexancc of responses: (he 
varia(ic)n of peda^o^dcal pa((erns: die use of 
siiiiuh'uioii: die u.sc of induc(iou: die appropri- 
ateness of cri(erion i(cm.s: (he allowance for re- 
view and prac(ice; and die overall c onsi.s(eiity 
of s(\le in (he pro<»ram. Variahles (ha( arc moic 



iiidunh U) .isscss iiK hide: smdciu .illiindf over 
.111 cNMCMidal ptiiod ol linu : Kiciuion ol in.Ut- 
ii;il: ic.'uiK'i aliinidc Jiid hi. is: .idiniiiisn .ilivc 
|;rol)lciiis (how U) i;radc uoik doiic. how lo 
Mhc(hilc ( l.isscs. L'U.): .iiid hid(h*ii (oms of dc 
vices :muI nhiiei iais. 

As iiioie (lh)H is e.\|)('iided in the cxahialioii 
and scdcdioM ol |)io<;mius. kss will he ,s|)eni in 
desiL;tiin«; a(hiiiiiisM.i(i\e soluiioiis lo le.il u'iik* 
iiisM M< (ional piohlenix I he die luiii "II rhe 
sludeni lails. the iiisn netioiial .sx.su-m has lailed" 
will ie(|niie (oiuiniioiis exahiaiion ol |)ioi;iams 
and |K)ssihle ledelininon ol j^oal.s ol iiiMUKiiou, 

In hn'el. die s{v\)s in .seledin"; |)ioi;i"ained 
materials aie ihe.se; 

1. Dehne die iiiMrndional |>iol>leni. 

2. Identilx ;>ossil>le sohnions. 

Work dnoni^h the piot^i am (like* a .sindeiu), 
1 I i\ :ite |>ioi>Mni on a lew slndenis. 
5. Ikised on lesnhs. (oniinne oi .sele( t an ah 

teniaiixe. 

rSK AND ADMIXiSrRA'noX 
OK IM^OCKAMKD INSTRUCTION 

'^rhe same |)io«;rani ina\ hode ill lo one readier 
and t;()od lo anodic i. Sinilh (2")). May (21). 
and Sdu.nnni {T.U (ile nses and ahiise.s ol this 
inedinin in leseauh .nid pr.idice. .Sexeral .sn,i;- 
i^eslions lollow which nia\ MM\e as a i^nide U) 
leadieiN ol lnalhelna^ie^ who decide lo ir) |>io 
i;iained insiMu lion inaieiials in llieii ( lasse.s. 
The sni;<»eslions .ne aihili.nil) classified Milo six 
aieas: |)ie|).nin^ sindenis. .sindeiii proi^rani in- 
icraenon, eslahlishini; j;nidelines. snpcrvision. 
nieasnreineiii and exahiaiion, and lime. 

Prcf)anng Shut oils 

A perceived need on ihe p:in oi sindeni.s in- 
vohecl in ihe instinciion nuisi he piescni in 
ihe iai<;ei popnl.uion. l{\en ihon,i^h a ical need 
exisis. il ii is noi perceixed l)\ ihe .slndenis, siil). 
secjneMl ac livii\ lo ielie\e ihe need nia\ he 
severely liiniicd. The program innst become a 
\ehicle h) which a need is saiishccL The goals 
of ihc icachci. ihe piograni. and the suideni him 



sell .slionid Ix (le.n. If ihe niedinm is new ut 
suideiiis, .1 s.nnpfc poiiion of die pic\i*i.iiii may 
t)e e.\h.i(l((f as .1 siaiiei. Recoicf keeping, le 
spouse lec fnii'pic's. .iinf meifiocfs of iinf ivi(f n.d 
sUufv sfioid(f he (oxered in (feiaif e.nfy in ifi(* 
(onrse. "f'fie goaf fieie is lo f)e sine die sincfem 
is pic:p.ne(f to l)egin le.iiiiing m.nfieiii.iii(s w idi- 
om l)c ini; cfisii.K ud l)\ die nie(finiii. fic sfionfcf 
fi.ne die ligfil alliiiufe. pieietpiisiic s, .iiuf m.ite 
rials (o iin lease fiis piol),'if)ifii\ of siuce.ss, 

Siu(lrtil-Proi!^rani hilrvacllou 

II ifie siiufem (foes noi imei.ici wiifi ifie 
piogr.im. nodiing ma\ l)e fe.nneif. Afdiongfi ifiis 
.siaieniem somufs ol)\ioMs, iis iinifi is often ig- 
noiecf f>\ main wfio woik witfi piogianiccf mate 
riafs. I*rogiams do not (ome packagecf widi (oii- 
tagions finman eX( iienieiit. f'fie instrnctor :md 
ifie eclncaiioiiaf emiionmeiii innsi piovicfe tfiis. 

Stiicfent-piogiam inic'iadion can f)e eiifiaiKecf 
in nian\ wa\s. Tfie te.u fiei wfio siipenises pio- 
grained .stncfy may leiiifbu c* tlie inteia(tioii (fur 
iiig sincfeni iiueiview.s: odier iiistinciors iiia\ 
sfiow an inieiesi in sincfent piogic*ss: .nicf paieiits 
may support seff-sincfy aiuf .sincfent p:ii ti( ipation, 

CA I ^T f ON : Pro'^uufi l)rr(orin<in< r r< < ouls {of 
tnnr spcut, (ratiirs totn mors, quiz ,uo)Ys, 
test results) arc iuiportaut hy'lnodurts but must 
not become xvhif)s by xvhich students are held to 
(I program. On one hand, they am gwe ii^uiddnce, 
(I mcasuTt: of progress, a sense of achieveiuent: on 
the other hand, they (an bet ome ends in them- 
seb>es. If the objeitive is learning, it shoidd be 
remembered that many paths xoill lead to it. A 
mn!tipb*u'hoice path may provide enrichment or 
elarifuation among its alternatives. I'hns the 
shortest route (fewest responses) may not neees- 
sarily be best for each student, 

Eslablishi)ig G nidcVuies 

All instrnc t ional sy.stem is an oigani/ation of 
m.iieriafs of instinciion, ccpiipmeni. and facnlt), 
logethei with a set ol pioceclnres thai go\ern 
them, to satisl) specifiable sindeni goals. Il is 
iiiipoilaiit for bodi sindenis and leachcis lo he 
well infoiiiiecl aboni those piocedmes iliat are 
imposed In piogiaiiiecl iiistiiiction mateiials. 
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Kii<)wlctlt;c ol :i |)io)L;iain\s objcciixcs. iu:i(cri;ils. 
nicdiods. aiul < Ikii:k ici i.Nii< .s may he coiiumini- 
caicci thi'oui>h priiual iiKticnal.N. ulili<ni)L;li inaiiy 
oilier iueiho<ls exi.si. mm li as t;n)ii|) ineeiiiii».s. 
.seiiiinai.s. hi<li\ iMiial loiinseliiitL;. aiulloiape <m 
vi<leoia|)<- se.ssioii^. an<l ssnall t;ioii|) <liM msm'oiis. 
A MiuleJu'.s *^xiU\i' may lariliiaie ilie leaniiii;^ ol 
the .siiNleni. A UMtlier.s i;iii<le ma\ laciliiaic ihe 
aclmiiMsiranoM ol ihe |)io,i;iam aiul aleri ihe iii> 
.siiiM ior lo possible >(u<leiu tlillMiiliies in either 
conieiu or ii.se of ihe proijram. 

A Uhel iil (ea< her'.s i;ni<le ior a proi^iam .shouhl 
iih lihle ai leasi ihe lollowin;^ elexen iiem*i: 

1. A hrief iiomerlmi<al hi.siory ol the (level- 
opmeiit ol (Ik- pioi;iaiii. iiiehidiiti; a ra- 
(loiiale or philosophy iiii<lerlyiii,i; (he crea- 
tion oi (he pioi^iam 

2. <\ .sperili< atioii of ol>je< tive.s 

These shou!<l appear in hehaxioral 
leinis lo fanliiale ohserxruioii of .siikleiu 
p<-rl(H maiK r.s. Matter .Mij^i;e.s(.s one ap- 
pi<»a<h (o piepariiii; .sitrh ol>jeni\es (I!)). 

3. A MaiemeiU ol pieietpii.siie.s itMpiiietl as 
emr\ hehaxior (al)sohi(el\ essemial) 

Siuh kno\vl(»tl<L>e aiul -skill ret pi lie in en t.s 
.should l)e .sperilir enoui»h (o enable ihe 
tlia*.»nosis ol .sdideiu tlelieienrie.s. 

-I. A .sia(enieni ol a((i(n<le. apiiinde. and in- 
ter eM levels iha( may be e.sseniial (o com- 
ple(ion of die proi;rain 

o. A .s( a I em en I of pio^iam validity 

Noied .slioiihl be siirli daia as a de.serip- 
(ion ol ihe iield-(e.si population, nehieve- 
nien(*tes( .s<nies. and .statistical da(a to 
indicate central (eiulency. dispeision. and 
.si<^nih(an< e. 'IVm relial)iliiy .should l)e 
eon.sideietl a.s well a.s (ondi(ion.s under 
which Held ie.siini» was carried ont. 

i), A sta(ement of pioi;r:tm eirec(ivene.s.s 

I Iow«»ood i.s (he pioorani? Questions of 
cost. lime, clloi t. and manpower elHcicncy 
.should be addie.ssed. The (le<;ree of out- 
side Mipplenieniation needed shoidd be 
mentioned. 

7. A s(a(emeni of how (he pro<>ram jtuis usetl 
and should be used (vital) 



S^.imilKatioiis ol usint; the pioi^iam ma\ 
indiide lollow iip studie.s, retention .stud- 
ies. ie<piisitc pieie.siint; and poMie.stint^. 
and obsenaiion.s that ma\ ie<nr as a re- 
sidl of ii.siui; the prot^ram. 

8, A .siatemeni ol refereiue.s lo other cm* 
ricniar materials 

!). A time plan U) .i;ni<le a.ssi.t^nmeni and se* 
<piencin3L» in the pro)L;i;im 

10. An in<li<aiion of the ;4oal.s to be met by 
the siiideiu.s in eacli unit 

11. Te.si an<l probleiuvset an.swer.s 

.Some other helpj'il iteiiKs that mii»bt be in- 
cluded in tlh (ea<her\s ;;nide are suppleiuemarv 
problems :md test.s. work .slurts, i^lossat ie.s. dia- 
t;rams. and work aii<l Ihm* < baits. 

In addition to the tcather.s ^nide. a MudeuT.s 
i;iiide may he iLseliil. h .should include features 
that will make the proi'rain enhance learniiii'. 
The followino ijpcs ol iuforuiatioii could be 
im hided: 

1. A .su<<fiict .statemeiu a.s to why thi.s pro« 
i;iai;i and thi.s method are beiiii; u.sed 

Shaie .some oi the leathers tliinkiiij^ with 
the .student. 

2. A dexriptiou of what programed iii.struc- 
tion is and how it .shoidd be <;iven to .stu- 
dents with dilleieiit backt»roiiiuls 

Some students will lia\e been exposed 
to pioi>iamed material belore: others will 
be .seeing it for the lirst time. 

3. A .statement of objectives and n sample of 
expected behavior 

These .should enable the .stmlent to .see 
what he i.s about to eiicoiuiter. 
I. A .sample setpiencc on how to use t)ic 
proi^ram 

This will result in fewer (picstioiis later. 
The student .should .sec what records are to 
be kept and how tliey relate to his learnin,!;. 
T). A table of tonteiit.s or index for the student 

to lacilitate review 
(i. An eniimeratioii of supplemeiiiary mate- 
rials to au<»iiieiit the program. 
Pro\idiiig materials of this type to th-j stnileiit 
may lessen subse(picut orientation and admiuis- 
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iiaii\e lime. Tlic (<uitioiis tli.ii lollow .shoiihl 
l)c- kc|)i ill iiiiiid: 

1. Do not (liM ()u^:l,^c tlic sttidait from liis 
task: Icariiiiiir is his ics|)'ni.sil)ilii\. 

2, \W hoiicsl wiili the .sUkIciii i)y iii<h< :itiii<; 
(lillicuh .s|)ot.s nii<l poiciiiial problem areas. 
Re<luce anxiety h\ piepariii*; the .stntleiit 
Tor .scir-study. 

-1. Keep I)Usy\vork to a iiiiiiiiin;m. 
f). Do not promote (he pro,^ram as a "tpiirk 
and easy" way to learn. It may iioi hel 

Sujunvisioii 

It has hecii the e\peiieii<c ol iii.iin edtuaiioiial 
iii>titiitioiis ihal the tisc ol pio(;iamcd iii.tteiials 
iiitiM he Mtperx ised. Oii the whole, .students ns- 
in(> a pioi;iani wiihotit .stiperx isioii ciilier rnsli 
through it or are poorly motivated and do not 
liiiish ihe pi 0,1; rani. In either rase the\ may 
rea< t negati\el\ to the .sponsors of die pro,i;iaiii. 
The teacher nnisi he l eady to diai^nose dclicien- 
<ie.s. piCMribe a<adenii< (licrap\. and airani>e 
.idministiation tr lacilitate lcarnin!<;. The teach- 
ei must mainiain the sUident-pio,i;raiii interac- 
tion if the pro,i;ram is to work. 

Supervision is more tli:^n monitoring* pro!>iCss. 
It consists of < allin;» pei iodic re\ iews ol material, 
(cMini>\ srliedtilini> small i;ronp meetings or 
seminars, and branrliing a student in and onl 
ol a program as needed. It aiso involves tntoiing 
both the less able and the more able to prevent 
dirHcnlties and to capitalize on the learning ar- 
cpiired in the program, Periodic rea.sscssment of 
goals is essential. Deadlines should be set for 
completion of nnits: and peer picssnies should 
not I)e disroniited. 

Maisjtrniirul mul Evalnaiiou 

Few single elements are able to cope with the 
total instructional proce.sses. Diagnosi.s. teaching, 
and evaluation aic parts of a cycle that takes 
place in education. The test is a part of the 
process, I)ut only a part; it should sample be- 
havior, not attempt to do the whole instruc- 
tional joi). 



.Miiiininin testing slioidd iii< hide .1 preinpustle 
or <liagn()5tic tcsu periodic uiiii lest.s. aiul posi- 
le.sts. .Some <pii//es ma\ be .sell -scored by stu<leiiis: 
otiieis slioiiM be group- or tea< her-.M ore<l. In 
a<hliiioii. a <lela\e<l leieuiion (esi wouhl be of 
\';due. U<*ware of o\ei'iesnng. The learning ol 
niatheniaii< s is pie<li<aied on adive .siu<leiit 
learning without die bin*<len ol ()\er<>mpliasis 
on evaluaii<Mi. 

How long slioul<l a siudeiu work on a program? 
Mow long should ho work on e:u'li miii? II a 
SI u< lent .sets his own s hedule. ihe tea* liei must 
pro\i<le guidelines to piexeiit him lioni speii<l 
iiig too nuuli time on any one unit aii<l to pre- 
veni his lusiiing through the more <liflicult 
units, I*a<iiig nia\ be .sei by suggesting a .speed 
ol from fill) to .se\ent\-h\e Iraiues an hour The 
te.H hei must ju<lge whetbei this seems 10 need 
reduction ov inciease. 

Another aspet t ol timing < on< erns the opti- 
mum length foi each .session. A rule of thumb 
is one hour pei .session— latigue <an easilj .set 
in if no time limit is .set. It is better h)r ilie 
student to do .some work each <lay of the week 
rather than to do a whole week'.s work in one 
session. 

CONCLUSION 

it remains the obligation of the teacher, togetliei* 
with content and learning spe<'iali.sts. to be alert 
to new and promisiii.» ti ends diat enieige as 
teaching machines ::nd pi'ograme<l instru<:(ion 
asstmie a proper role as instructional ai<ls in 
mathematics. Much research remains to be <loue 
(bl)« and many instructional problems reiii'u'n 
to be .solved. Only by care in .selection, evalua- 
tion, and u.se of this medium can its misuse be 
prevented. 

The !)ibliograpliy that follows will provi<le a 
Stan toward a better education on this subject. 
It is not exhaustive but has as its goal the in- 
clusion of references for those who would use 
or develop piogramed materials. 
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Cliapicr () gives a brief liisiory of elecironic coinpuiers along 
witli a (Icseripiioii of [hew use.s, parLicularly as ihey relate to 
iiiaLlieniaiics iiisirueiioii. Exainple.s of wliere ilie coinpuier may 
be used iij maibemaLics insiruciion are given, and actual .simple 
computer prograii'-s are listed and explained. Comments arc also 
made on the various types ol' coinpiuer.s availal)le. ranging from 
the small desk .size computer lo liine-sliaring sysiein.s. Some 
discussion of calculators is also included. 
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Kk-<ii<)iii( (li<L;i(.il (nin|)iiic-is cinluuh iiii; llic- 
IkinIc <on(C-|)is ol Mioilc-Mi (niii|)ii[c-is did iini 
cxiNi iliiru }c;iis As l;iu- .is iIk- c.iih l!).'>Os 
llic r\|»ci ls Irli ih.ii wf woidd iic\ti nc-td nioic 
(li.'iii .1 lew ( oinpiiici.s. \ ct llic* |.iinMi\ M)71i issue 
ol littMurw .IttlotnnlKfti icpoilcd ih.iL there wcie 
(lieit TO.OOll < <)in|)iiici s iiisijlled .iiid iiioiv on 
Older. Xoi oiil\ .iie iii.iiiy ( oiiipiileis ;i\.iiLil)lc. 
1)111 llie} (.III now |)Ciloini in excess ol I.OOO.OOO 
r:il(:iil:ilion.s per second. 

Il w.is oii|\ .1 leu \c.ii.s a;;o lli.ii liu* < oiiipnicr 
• ;is c:illecl :i ■\L;lorilied .slide rule. " The head ol 
A <olle,^e iii.itlieiii.tiio de|>.ii (iiieiK leiii.nked lli.ii 
jiisi .i> ( 1)111 ses ill I he .slide inh- weie \.iiiisliiiii^ 
hoiu llie (ollei'e c tin i( nlinii. so would conr.scs 
oil liow u> Use die c ouipiiter. 'i'his has noi hap- 
pened. We now have colle.!;es and niiivcr.sitics 
olleiiiii; I he cK\i;iee.s o! bachelor of sc ience, mas- 
ler o! M'ieiice. and donor ol philosophy in llic 
new field called "eonipnier science.'" The iiniii- 
Iier of lliese scrliooN is incieasintr rapidly. 

.\ow ihe n.se of coiiipnier.s is moving rapidly 
iiiio ilie hi,i;h srliools and junior liii>h schools 
and. in some in.siances. hiio the eleiiinuary 
schools. Ac c oi(liiii;l\. we have llii.s ch.'ipter on 
coiiipntitii^ devices and coinpnleis. 

WRIVA' IILS'IORV 

.Since the priniar\ concern of this cliapier is 
ek'c ironic tUi^^ititl coiiipmers. the ciiseiissioiis that 
follow lefer only to then* The liisioiy of digital 
conipiiiaiions leaches la^ l>ark iiiio history to 
I he lime when cpianiilic aiion was hr.si conc eived 
hy man and lie devised schenie.s for conipi:ihi»j 
things. These .Mlienics iniclonhu'tlly conld iilso 
he related to ilie hcginiiin^.s of "inoc'crn ali;e- 
I)ia." as Uie\ set up a one-to-one toriesponclence 
between Micks, siones. or lin.jL'ers and niiinal.s or 
whatever else early men may have been iryiiij; 
lo keep irack of. Tin's led lo comuers of \arioiis 
kinds, from ccmmeis to adders. Irom addcr.s to 
calcniator.s and finally to ronipnteiv. 



.Vmoiii' the earl\ names as^ociatcd with the 
liisioM ol cliv;iial coinpnier.s .iic I'.isc.d. l.eibni/. 
and liahbai^e. Pascal, in I(>I2. desi«^ned what ap- 
peals to li.i\e been the hrM mechanical com|Mil- 
in;^ device. It was .i simple adder operated mc- 
ch.inicalK .mcl iisiiii^ coi»i;ecl wheel.s. His iiispii.i- 
lioii came from ilie fact that he became bored 
with ilic job of helpiui; his lather with his ta.\ 
coinpni.itioiis. In |()7I l.eibni/ cle.si;>iiecl a ma- 
chine that coidcl innltiply as well as add. Ii was 
not (iiiisliecl. liowe\er. nntil If)!)! and even ibcii 
did not fnnction reliably. 

lj.'ibba,i;e. who w.is boni in bnih .i .simple 

"diireieiue eii^^ine ' that actually worked bni was 
onl\ a .small model (Fi\t»nie (5.1). When he at- 
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tcinpuil .1 \\(>ikiiii^ model, he w.is iinnhle 

U) make ii wovk i)C( aiisc ol a l.uk oidi.iriini* and 
iMcciianical .skill ai (he time. 

Ill I8!l;l P>al)i)aoe iiueiiied a madnne he (.died 
.111 "analyiical eii!.;iiie. ' Had ii (-xer worked, it 
would li.ive done in.iii) inoie (hin<;s (lian his 
dilieieiKe eni;ine. It iiuinded the concept o[ a 
memory: thai is. it had a Neriion \vheie iiimiheis 
(ould he sioied. Il .dso inclnded (he (oncepl ol 
|)i oi»ramini;» .V proi^i.im loi .1 (ompiiler is :i .set 
ol insirnclions diiectin*; ihe (ompiiiei what 10 
do. I Iks "pioj^i.un" e\eii iiuinded the (OMce|Jt of 
.1 pioj^i.mrN heiii*^ .d>le to change its own insliiu 
lions, rhe.se .ne the main leasoii.s wli\ lia bbage 
is ilion«^ht ol a.s I>eini> one of the prime con- 
(lihnlois 10 the ide.'is ol 0111 modem compntiiig 
marliiiie.s. Unlonnnately, he never completed his 
inachiiies and died in 1871 alter many yeai.s oi 
fr list ration. Clearly^ liowevei\ he wa.s an out- 
.st.'inditig tlieotetician. 

One of the major factors con iribn ting to the 
earl\ developnietil ol the (onipnter field w.rs ihe 
ii.se o! pi in (.lied ends. Hhcir use date.s hack 10 
172.'). even helote the Iiidii.sii i.il Re\olini(>ii. An 
automatic loom was developed I)\ jaccpiard in 
1801 which was (oiitiolled l)\ piiiulied cauK. and 



it lealh wotked! linpio\enieiils on lliese desit^iis 
loi ilie use ol puiulied cuds (Oiuiiined. In ih.SO 
lleiiiKiii llolleriili iii\eine(l a machine lor sort 
iiig pniuhed (.luls (a pusein d.i) Nc isioii ol >n(li 
.1 (.11(1 is shown in I-igme .nid he hnih I he 
liist sel of .ictii.d pniK lied (aid lahidaling ma 
(liiiies. rii<*se iii.u liiiies weie used in woik on 
the (Ciisns of I81H). 

Aiioiliei st.ige in the de\elopmein ol (ompiit- 
eis is illiistiaied I)\ the lP).\f ()(il. shown in hignie 
M'liis e(|nipiiieiil h.id the .d)ilit\ to e\e( nie 
twenty or more opciatioiis between the sn((es- 
si\e re.idiiii; in ol (.nds. The wiling oi .1 (oniiol 
p.iiiel detei mined the se(]iience of opeiations 
that wei(* caiiied out 1)\ ihe iiiadiiiie. Il had the 
(ap.ibiliiy of looping l)a( k to lepeat .1 seiies of 
c.'ilenlation.s. 

The IB.M 1)01 was lollowTd h) the (aubpro- 
grained calculator (CTO). which was nioie ad- 
vanced. It.s operations weic delei mined by 
reading in a deck ol ends coniaiiiiiig coded in- 
sti IK lions. This lepie.sented a significant siep 
Ioiw.'ikL since il was coiisiderabb e;isier to work 
with deck.s of cards tli.m with wiied pliigboaids 01 
coiitiol panels. Note heie thai the basic ideas of 
Habbage, dating from 18.*?.*?. we»e being employed. 
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Another caily conipuicr iliiiL used many ol 
li:il)l):i«5c'.s icica.s \\:is the Automatic Sc(|uciu'e 
Coniiollcd Calculator, or Mark I. buMt^ hy Pro- 
lessor I loward Aiken ol Han aid University and 
completed in MMI. Mc woiked \i\ conjunction 
with I KM and used electromechanical devices 
siicli as relays, counters, and caniM and readinj;^. 
ptinchini;. and printintj^ units. The se(|uencinji^ ol 
instructions was mainly hy means of paper-tape 
input. A limited capacity lor pro^^ram hranehint; 



was available. 

The Electronic Numerical lutegiator and 
Compiuer (MNI.VC). (iesi^ned hy |. Piesper 
Kckert and John \V. Maucldy at the Mooie 
,S( hool of Eni;ineerini» oF the l'ni\eisit\ ol Pcnn- 
syl\ania and completed in IIMT). was the hr.si 
cle(troui( rompmei (l'i,i»mc (». I). It was (onsid- 



Im(;uiu-: (5.4. ENIAC comjmlcr 




158 



(JIAP I KR MX 



cicd .1 iiKijoi snide loiw. nd. |).;ui( iiLii l\ iit cui*,\ 
ncci iiij^ ir( hnolo!^) . The KXIACI w.ls^i .s|)C( iidi/ed 
(oinpuin lor dir I'.S. Ann\ to (alcuhui* 

l).iili.sii( (.d)icN loi the Oidiiaiur DcjMriiiiciii. It 
(>(((i|)icd ;i ol .ilxxu *I0 led hy j() feci ;ind 

(oiit.Miud .dxxii IS.()(U) \j(Miiin ud)c>. Il would 
not ()|)ci;uc vciy lon.i;. however. l)eroie il would 
l)RMk (lowi). 

A lunnbei ol well-known coin|)Miei.N (|ni(kl\ 
lollowed I he KNIACI. I liis i.s ihe poini in linie 
where ihe iden.s of John von N'eninami :nul his 
work on ihe lo.i;i(al de.sii;n ol coinpuiei.s .sii;in(i 
(iMuly influenced ihe Held. His dej>ij;n work was 
:i|)|)aien( l\ influenced l>y the >tM(lie> in puic 
loi^ic by 'rurin.i>. Von Neumann de\ eloped the 
(outepl ol a stored jnty^unn capable of modil)- 
ini; ilseir. This idea, and oihci.s. helped .soke 
nian\ (oinputci de.sii;n problein.s and permiiied 
ihe developniein of r(>niputer.> with i-ieaily in- 
(lea.sed problem solving capahiliiy. Troni ihe.se 
idea.s laxwh ihe fn.M elecironic .sioicd-piognnn 
(oujpuier. ilie Hleciionic Delayed Sioia^e Auio- 
malic Conipiiier (EDSAC). compleied in England 
in I!)I9. In lO^I ihe fir.si connnercially available 
eletironit 5iored-proi;iani compnier became a\ ail- 
able, namely, ihe UNIVAC I ((////i/er.sal /inio- 
maiir Compiuer). .shown in Figme f)»i)- The fir.si 
one of ihe.se weni lo ihe Cen.sus bureau in I!)')!. 
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li is now on (li.spl.t\ in (lie .Smiihsoni.in Insiiiii^ 
tion. I he fiisl in>i.dlaiion loi .i pri\.ite (Oi pota- 
tion, also a l'NI\'A(. 1. wc^in to (he (.eneial 
hllectt ic Appliance Park .u 1 .otti.s\ ille. KetHn<k\» 
in \\K>\, In (he tneatilime (19r)2) (he Mooie 
School had cotnpletcci the KIcctionic Disci etc 
\'aii:ible Antoinadc (!onipuier (KD\'A(,). 

The elect ionic computer.s mcMitioned above 
weie bill ilie (n.si of a whole .seiie.s ol conipuieis 
ii.sini* xactunn (ubex OduN.s \\c»ie the I XI\*AC. 
II. ihe UNIVAC: 1 101. 110!^. and WiVM ihe 
701. 702. 701. and 70<): ihe Iilnron^h.s 203 and 
220: and the lieiuliN Cil')— lo mention onl\ a 
lew. These coinputei.> nsini^ \aciuim lul)c*> are 
all e.vmiple.N ol what are called jiiyt *^nu')alnm 
compuicMx li\ MK'iS^.')!) die .no called scttmdi^cu- 
cuuioii compii(ei> bc^aii lo appeal— compniei.s 
made with tiausiMois iii.stead ol (ube.s. Kxamples 
of these are die IBM l()20, 1101. 7090, 7091. 
7070. 707 1, and 7010: die UNIVAC 1107; die 
Coiiiiol Data MiO and iOOI: (he Rui roughs 5500; 
and (he Moiiexwell 200 and 1800. Mainieiiance 
piobleiii.s with the .sec oi id -.i; en era lion coiiipiKcr.s 
weie (oii.sidciabl\ le.ss than the} weie wiili the 
fii.si-ociici alien iiibe machine, .since the useful 
life of (i"Misi.sioi.s i.s coiisiderabK loiii;ei (ban 
thai of vaciiinn lube.s. 
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ill HHi2. I Iksc (oinpnlci.s cinpio) ilu* new iiuc- 
i^Mlcd ciuuiiv rin\ inc»iiKs iliji ni.iin diflcicnt 
fun(ii()ii> (JM Ik |Kil()imal h\ a \ci\ mimM nnii; 
ihc inu'i*i,nul (IK nil (.lul shown ,i( ilic- Ixxiom 
ol rii-uic UM is (,i|),il)k of (loin.i> ihc woik of ihc 
I I piintt'd UK nil ( .ikIs .iI)()\( ii. F\.nn|)k\s ol ilic 
lliiul ,i;( nci.fii()M c()iM|nnci.s arc ilic IBM lUiOs 
.111(1 ihc li:;0: ilu' lUiiToiioh^ <;.()()() luul 8,000 
NCiicM .Mid ihr SDS SIC».\[A >ciics Mi:uliiiicx 
riuic now csisi |)(>ii,il)k' (oinpuicis with imc- 
i-iriU'd ( ir(uii>. sndi ,is ihc I Icw lcn P.u k,nd :im(I 
ihc \\*,ni<; L.d)oi.ii()i ICS |>roi»i .nn.ibk' (jKulaiors. 
lli.n |)(il()iin .IS well .IS ni.iiK ol ihc (Milici Lngc 
tii:i('liiiic>. 

As cadi new i;cnci:iii()n ol coinpuicr.s conics 
:il(>no. ihc prohlcins ol inaiiitaiiiiiii; ihcni arc 
lessoned. Sdiools (onicinplaiini; ihc |nirch:i.sc or 
icnial of (onipniini* c(|ni|)iiicin should he pcixcp- 
ii\c ahoni ihc lypc ol (oinpnicr ihcy arc .i»ciiin<;. 
OI)lainini; older c(|iii'|)nicnt ai "l)aij;ain" pri(Cs 
will noi l)c a hari^ain ai all in ilic loiij; run. 
K(piipniem in ihis rapidly j^rowiii,!^ field can very 
(pii(kl\ heroine anii(pi;ucd aiuf c.vpcn.sive in re- 
huion lo ific .stale of ilic an. Several conipnicns 
now adxerii.scd as "c(In(aiional ( oinpuiers" arc 
ohsolcie inadiincs ihai .uinall) (osi more ihan 
new c(piipineiu! Mainicnaiuc ol (Oinpniers is 
(osih .ind ha.s lo he laken into sIk »io (onsideni- 
lion in ihe puK hase of a ( oinpnici . Ii i.salso\er\ 
iniporiani ih.ii ihe ni»hi ,si/c of (Oinpmci he 
ohlained. 

Aiiollicr \cr\ iinporiaiii aspcei ol ihc evoln- 
lion ol ifie (oinpniei field fia.s heen die iiuicraNcd 
dlirieiK) in ilic use of llic nudnnc. lhai is. in 
ihc w.i\ ol ( ()ninnnii(.iiiiii; with ihc in.idiine or. 
lo n.sc I he (onnnon leini. of fnogunnw^ ific 
inadiine. .Speakini; nnhei i;eneral!y. ihe early 
(i I'M (genera (ion !n:idnncs re(piire(l liiai hoih 
(heii iiiMi IM (ioirs and ilieii daia he pin in hinaiv. 
o( i:il. or hcxadeciniiil niiinher lomi. Kadi opera- 
lion, ariihineiie or oi herwi.se. re(piire(l a .sepa- 
rale iiiMindioii in ihi.s lorni. Several Ma.i^(*s in 
the dcvelopineiii ol proi;rainini» followed ihi.s. 
Meihods were learned for n.sin» dedinal insirnr- 
lions and data. *\fneinoni( leiier codes for ihc 

ERIC 




l-iciJRiv ().(). The hilct^mir.d rircinl card at 
ihc bottom of the fyicturc is cajxthle of doitig 
the work of the If jmntcd circuit cards 
shown above it. 



iiiMi nciions (aine into coiiiinon use. riii.s was 
aciually a bij^ siridc forward in ihai it rcdiucd 
liiiinan errois. 

Cnrrciu pro.i»ianiino nieihods aliiiosi e\clusi\e- 
1} iii\ol\e ilic use of what aie fre(picnily called 
highcr-levrl or l)yobU'm-())io}itvd lanj^nai^es. \\\^ 
aniples of ihcse are FORTRAN (Fonnula 7>«/iS- 
laiion). COBOL ((Toinnion /Jusiness Oriciued 
/>aiiguai5e). and ALGOL (/l/i^oriilnn Oricnied 
/,anmKi»^e). These ( oinpmcr languages aiicinpi lo 
have ihe coinpiiiei Maienieni of ihe piohleiii as 
dose lo ilie normal mailiemaii( al-forimila siaic- 
I lie III of ihe proI)leiii :i.s possible, as in ihe case 
of FORTRAN. COBOL was (k-.sigiicd lo !)e very 
dose lo the husine.ssman'.s .siatcmeni of his proh- ^ 
Icm. ALGOL is a language designed by an in- 
lernaiional coimniticc in an effori lo devise a 
(ompuier language liiai would he universally 
iLsed. li is an excelleni piece of wop but ii did 
not achieve nniver.sal acceptance. , ally there 
cxi.st many liiglier-le\el languages, i ihese ad- 
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{U>uiir\y of Chicigi) 'riil)unc 

l''icuKK ().7. *'And cuiothcr thing about com- 
j)ittci\s\ tliay don't goof off behind )ny bach." 




CourU'Ay of Conbol Data Cotjwratwu 



C'(|ni\:ilciU lo iikiiu of ihv (.iilio. inoir (cdioits 
innnlici ( (xlfN. In ilic \rM kw \c;nsc'\cn Niinpici 
l:inmi;ii^rs have been dcNelopcd lor i'(lii(ati<)n:il 
(and Nniall hnM'nc.ss) use. l.anmiai»es soc Ii as 
BASIC. TKI.CIOMP. IITRAN. QUIKTRAN, 
CUPL. and APL enable the nsei lo leani |)io- 
<^rannni> in a mailer ol a lew bonr.s. Hum' Ian- 
t>nai^es aie well .soiled lor (.-(bK.uional nse. Work 
in ibe area ol proi^raniiui* and ibe varioii.s (oni- 
j)uier laMmiai>e?> is normal]) (ailed software work 
in coniraM wiib work on ibe conipnicr ii>eir. 
wliicb is spoken ol as hnrdivnrr work. 

The pieviou.s parai^iapb.s indicaic a \ety rapid 
de\elopnieni ol boib ibe hardware (ibe nnubine 
and lis relaied e(piipnieni) and ibe sohware 
(ihe pr()i>iains and (Oinpnier lani>nai>es) lor ibe 
(ompnicr lield. I beie is M)incibini> ol a meri»ini» 
ol ibcse I wo a.sj)eeis as ibe compuicr-liardwaie 
desit»n i^oes hiribei and hinbei* lowaid re(hi(ini» 
ibe proI)lein.s of pro!>i'amini> or ol man's (oni- 
nninicaiion wiib ibe niacbine. One may ibink ol 
(ompniers as baving bnman cbaracierisiics ((be 
rarioonisi responsible loi Figure ().7 terlainly 
does;) and may fondly dream of ibe day wbcn 
be may jusi vocali/e a problem lo ibc marbine 
and ibe macbine will solve ii. 

'^fbe siaie ol ibe an is. in laci. <piiic iar Irom 
siieb a realiiy. Wotk is i>oin<> on in ibisaiea. and 
devices bave been eonsirneied wbicb do "under- 
siand" some spoken words and can ibus aeii\ate 
a eoinpiiier for aciion: bui ibis is only a small 
beginning;*. 

Snniee il lo say ibai eompuieis aie now very 
widely used in go\*ernmeni. indiisiiy, and educa- 
lion and tbai ibese uses will dcail) expand very 
lapidly. Society is ai a poiin wberc if all com- 
puiers were suddenly removed from tbc scene, 
tbe cbange would be crippling lo our entire 
economy and progress. 

KioURK (i.8. // (:o))ij)Ut(n' center 
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I iih coMpr ri;K i.\ 

M V'l MIMA I ICS IXS 1 Kl;C:i ION 

\ |)U(C(lini4 h;( Mt)ii suiniuan/u! ihv tlevt lop- 
itu'tii ol cKuiionii (lii>i(ai M)in|)(i(ini; mkk liiiu\s. 

riu' imp.u I ol (iiCAc hl^h N|)(;c'ci < i)in|)n(iM!; .iiul 
(Lila |)H)( ( .s>iMi; in.Khiiicson nhxlcin mk iciy .ind 
ils .a li \ ilic > i> iiu u .iMiiL; ,u <t laiu.tNtic lau . A!m). 
llic minilic I ol oi t ii|>.tliiins in w Iiu it |h o|>k nnLsl 
l)C able lo uoik cliiccih .mkI iiuliiedh whh 
( oinptiU'iN h ]n(ua>in!4 rapicih. V\\m i( 

would he a (lis>ci\i(c' (o .stiukiM.N il ihv\ did not 
have ani|>lc o|>poituMii\ lo use < oinpuU i.s dm 
ini> lluii |)U(oIIl'i;l' oi pie\o( alion.d cdiualion. 

ritis sc'(iii>n iiuliuiiN a >iiniinai\ ol ilie (inicni 
i;('n( ia] iiNC'.s ol ((>in|)uU'i> and .1 <liM ussion. with 
iIlnNliati\(' c vaniplcs. ol ilic .i|>{>li( .itioiis ol (oni- 
in (onjnn(lion with school in.ithcniatic^N 

Gnirral Conijnilrr l-srs 

'lodav > ncwspapcis and jouinaK aic hdl ol 
.siatcmcius that indeed conipntci.s .nc l)ccoi;ii!i<» 
an intci^ia! pan ol tlic ediK.ition.d pioccss. In 
paitiddai. nnuh a(lciiiii>n is hLin^ oi\Ln to ihc 
use ol a compinc i as a uiio» to iiKli\ iduali/c in- 
struct ioii. !-ii»nre (i.l) pinincs a < enter where 
piep.n.uion loi sndi instnuiion is taking place. 
This Use ol a (omptiiei is j^enerally relerred to 
as C.VI (Compiiter-Wssisted /nsiriictioM) or CAL 
(Conipnier-zlssisicd /.earning) and in a cnulc 
,sep..se uiean.s ihe pi eseniaiion of piograined- 
learning materials hy means of computers. For 
CAJ diere are usually several terminals and otiicr 
au.\ili.n\ de\i(Cs(onnettetl to a (enti«il (Onipntcr. 
These ternn'nals may involve many dilFercnt 
kinds of e(pn'pnient. such as visual screens, lype- 
wrilcr keyI)oaKls. andio-instrnction devices, or 
even films or slides thai ate synclnoni/ed with the 
rc\m!lar lerminal display of programed materials. 

The computer as a tutor is an infant today, 
hnt as more is learned about how to use this 
development elfcctively it will become an invalu- 
able aid to the classroom teacher. CAI is eon- 
si<lcred finiher in Chapter 5. "Teaching Ma- 
chines and Programed Instruction." 




Couticsy of Philco-Vord Corporation 



VuAJKh iU). Ai ihc Philco-Ford j)l(uil in Wil- 
low ())(w(\ Pa,, Linriudinn fot a sysieni of 
(0}}if)uie)'(iidad 'uLshuclion m hc'nio f))(:f)(nc(l 
for the PhiladrJjjhia schools. Use of a com- 
j)Utci l(iHi!^u(iire called IS^FORiM j/erniiLs 
leaehciW lo j/rejmye Ihe (Airricidum xvilhoul 
sjfecial huoxvledt^e of jn'ooraniiiiir skilLs, 
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A (ompiHc! with icnniiKi! i( cs micIi as those 
(IcMiihcd lor CA\ \\u\\ al.so he nscd in the 
(<)llo\\'in<>: 

1. Picparation oi instnirtional materia Ls 

2. kcinfoncmcnt of coiucpts hy means ol 
sinnihition ol phy.sical, social, ccononn'c, 
poliiiral, and business systems (lor exam- 
ple, b) playini* computer-based economic 
Ol politicd j»anies the student makes dec i- 
sions based on his knowledge of the far- 
toKs that inllnence the siination) 

3. Acfjuisition and storage of .student infor- 
mation (responses) 

^1. Retrieval and presentation ol inlormatiou 
stoied within the system 

5. Administrative data processing, jecord 
keeping, counseling, and research. 

Conipiucis are used in the educational field 
1)\ many people from many different sul)ject 
aioas. Social science teachers use the conipiucr to 

I''ict;uK GAi). Business data'processing jacUity 



stud) popidation trends, economic growth, and 
man\ other statistic al maiieis. Language kmc her.s 
have been using computers for the study of 
linguistics. Music teachers iia\c been working for 
many years on computer-composed unisi(. .\n 
teachers have investigated the use of computers 
to mathematically orgaui/e ceiiain types of an 
work. Librarians are using the compntcr to cata- 
log the books available in a ge(\graphical area, to 
process book oulers, and to process i uteri ii nary 
loans, thus making axailable more hooks to more 
people in the region. 

(.'ompnier tisage is rapidly becoming an iiue- 
gral part of many coiuses offered in xocational 
education programs and business education pro- 
grams. At the college level a variety of programs 
combining computer science with other disci- 
plines is evolving to prepare students for profes- 
sional caiceis in the computer field, paiticidarly 
in the areas ol systems anal \ sis and business data- 
processing progiamiug (Figine (kIO). 
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n(ili/;i(i()n is (li.ii ol |)i()l)lcni m)I\ in^. lompuici .s 
an<l coiiijnHCT pioi^iaining arc being ii^cd to 
M)l\e |))()hlnns in sciciuc. .so(i;il ^^U(lio^. .ind 
ni;i(licin:i(i(.s. h is in (his .iica (Ikk ((|ni|)niciu 
and niaiciiids .nc .ivailabic- today \o enable a 
s(ho()l U) .stalled. TIk* next section "i\c.s :» 
d('s( liption ol (oinputcis as a |)rol)lem soKinj; 
tool in school mathematics instruction. 

In s< hooLs wheie (omputei.s .n e a\ailal)k\ one 
(an fnid almost cvc-ru^nc n.sint; the machine: 

1. Tile administrator (lor his bookkccpiui;. 
scheduling, and sludent record keeping) 

2. The teacher (lor denionsiraiion of key 
i<lea.s in the classroom) 

riif student (lor the application ol the 
theories he has learned in the classroom) 
\Vr\ oltcn the student will center manv 
o( hi.s extra( nil icular activities ai)(>ut ihe 
<ompuier. .Models ol tompiuers are lic- 
(|ueutly ( ()ustru( ted as projects ior Mience 
laii.N. Dating l)UK'au>. computer-piogranied 
l)y the stU(leut>. arc now connnou on many 
(am puses. 

Several elleciive uses ol comj>uiers have already 
been demonstrated on the e(lu(ational scene. 
K(lu(ati()n is now at the stage of rapid expansion 
and (levelopuHrnt ol these uses. 

riie Imfmcl of ihc Comj)ulcr in (he 
Malhcnial irs ( I lass ro o m 

.About 1952 the modern methods ol leaching 
matlu niaii(s cicaied an upheaval in m.uhemaiics 
( lassroonis. Tcwtbooks were changed (and arc 
still being (hanged): teadiers staited going back 
to the (oihges f< M)ie training in modern 
methods; and colk^.s started changing their 
piograniN lor the iraiiiing of teachers of inaihc- 
matics. '^rhe leverberations aie still fell in a 
ma jo! it y of school systems as the impact of 
modern appr()a( lies (ontinues lo stimulate re- 
visions of elemeniary and se(()ndary .school 
mathematics curricula. 

AI)out hK)() another levolution started with 
the use of computeis in the niaihcmatics dass- 



loom. The pcKCiuageol m hools thiougliout the 
(onntn that aie involved in the Ube of (,omputei s 
in the (lasMoom i.s stcadilv in(i(M>ing at .111 im- 
presNive rate. What soit> ol huilities aie avail- 
abler Where does the computer aid in teaching 
the preseni curriculum? How does the use of a 
(oniputei (hange the ( ui 1 i( uluiii? Why has the 
Use oi a compiuei in the ( lassioom l)een wel- 
(omed so enthusiasti( allvr I'hoe aie some of 
the (piestioiis tli.it aie (onsideied in succeeding 
sections ol this chapter. 

In the next section sample piograms aie pre- 
sented. Using >everal dillerent (ompiuer lan- 
guages. However, belore examining specific ex- 
amples, it is pertinent to (lis(Uss the reasons lor 
Using (oiiiputer piogiaming in mathemati(.s class- 
rooms as an integral part of the present cuiric- 
ulnin. The use ol (omputeis as teaching aids 
does not ne(esNaiil\ alter the mathematical con- 
tent of topi(s being pieseuted but often will sug- 
gest niodifKation in the manner ol piesentation. 

A mathemati(s class that has access to a com- 
puter or (omputcr terminal is alfecKMl in seveial 
wa\s. One ol the oben ()b>erve(l dilleieiK es .be- 
tween this and other (;la>se.s is the extent of stu- 
dent motivation. .\lan\ students of /;// abilily 
InK'iK at all mIiooI gra(ic levels bcrome Iiighly 
motivated when permitted to use a computer. 
The reasons for this motivation are diincuh to 
specify, but its results aie frc(|uently dramatic, 
in manv ca.ses the machine itself is ai first the 
prime taigci of studcni interest. However, this 
interest soon trausfcis to the magnitude of the 
piobleni solving power thai is available. The fact 
that many students will do interesting, challeng- 
ing, and signilicaiit mathematics when allowed 
to use the computer to pursue their own special 
interests has been repeatedly demonstrated. 

In working with low achievers, many schools 
have found a desk-top poi table computer to be 
an essential piece of e(|uipment in the mathe- 
matics classroom. In using the calculator 01 com- 
puter the student is able to (onccntrate on 
process in problem solving, for he has a device 
that removes the drudgerv of computation. Often 
nowcharting is laiighi in preparation for prob- 
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Iciu solving; dicii piohlcnb aic solved l)\ usiii<> 
(he flow cli:ni and ilic coiupuicr. The slndciiis 
c.ui sindy iiiailiciuaiics and iiiaihcui.iiical appli 
cations railiCT iliaii do drill on conipiKaiiou. 
and the inicicsl lc\el is significanilj liighci l)c 
cause I he indixidn.d learner is now af)le lo con- 
cennaie on nieaninglnl problems. 

Teachcis of regular classes thai liave access lo 
.1 computer ha\e discovered the) can now cori- 
cenir.itc on the piohlein solving aspect of iheir 
sul)jeci and noi the aiitlnneiic, which c.m olten 
ohscme the real pioI)lem l)eing discussed. For 
example, consider the second- year algebra prol)- 
leni ol fmcling the solution sei ol the inec|ualii\ 
ax' -i- bx c <:iO for auy values of a, b, and r. 
If stud ems aie each asked lo w^iie a computer 
piogr.nu such that the computer will accept any 
A. B, and C (iii computer language) and then 
type out the solution set, tliey must approach 
the problem in a general manner, since no spe- 
cific nmiibers have been given. A valid flow chart 
for the solution of this problem is given in 
Kigme 6.11. 

The student \vhocan develop such a flow chart 
miderstaiids the meaning of the disci iminant in 
the cpiadratic fimctiou, the effect of the sign ol 
A on the graph oi the cpiadratic Imictioii, the 
effect of dividing or mnltiplyiug an iiiecpiality 
by a ncgati\e iimuber, and other special cases 
that can occur in this piol)lem. In addition, he is 
motivated to consider a general mathematical 
relationship (lie uses variables). All the relevant 
concepts need to be considered wit lion t lefeieiicc 
to specific nuiueiic.d pioblenis and thus without 
the confusion of aiitlnnetic eirois. Although the 
teacher's original assignment to the student was 
to write a piograni, the flow chait lepieseiits the 
teacher's purpose in giving the assignment; to 
promote a complete uiicleist.mding of the mathe- 
matical ideas invoh^ed. In addition, the assign- 
ment provides the student with the opportunity 
to design his own algorithm. 

To e.xpedite the transfer fioiii the flow chart 
to a computer piogiaiii, it is desirable that the 
student have available a simple computer lan- 
guage that allow^s him to wiite the program cod- 



ing in a very short time. One might ask why a 
program should I>e written, since the student 
has constructed a flow cliart. When a computer 
progiain is written, the student can have the 
computci execute (nm) his pioguini and leteixe 
iinniediate conhrination as to whether oi not his 
algoritliiii is correct. If it is incorrect, he can 
then study the output and lefine his program. 
During this work, the teacher can observe the 
lunm'ng of each student's program and can ini- 
niediatel) see which students aie liaxiiig troui)le 
with a particular concept. For example: WInVli 
students had clifTicnlty when A was iiegatixe? 
Which students could not handle the case with 
imaginary toots? Which students did not con- 
sider the magnitudes of the roots Rj and R^, 
when they occurred? Which students failed to 
think ol any of the special cases? The answers to 
these and similar cpiestioiis permit a teacher to 
analyze the problems of individual students 
cpiickly and in detail. 

Modern methods of teaching mathematics re- 
cpiiie the student to di.scover the generali/atiou 
as well as to do the particular problem. Coni- 
pnting methods lecpiire the student to nuclei - 
stand the generali/atioiis in order to program 
the particular pioblem. Bee au.se of this lelation- 
.sliip the student finds that programing is a 
natural part and extension of the development 
ol his m.itliematical thinking. Programing forces 
the student to be specific and defniite. 

While a computer can be effectively used in 
enhancing the teaching of the regular iiiaUie- 
Ilia tics cuiriculmii, theie aie also many situations 
where teachers and students can use a computer 
facility to extend the study of a particidar con- 
cept be)ond what is traditionally done. Seventh- 
grade students, for example, can iinestigate oi 
lesearcli a iiiatlieiii.itically inteiestiiig nmnber- 
theory pioblem such as the fiecpicncy of primes 
in an arbitral y interval. 

This aspect of computer-assisted problem .solv- 
iiig also leads us to a consideration of appro- 
priate teaching methods for using a computer. 
Teaching that makes full use of a computers 
potential lecpiiies some cliaugcs fiom the tradi- 
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(ional |)ioniUili<)ihl()ll()WC(l I)) (hill loniinc ol 
iii:illicin:iti(s ill^lrll( lioii. SukIciiIn nIkuiIcI Uv 
ciicoiinigcd to make conjcciuro.s aiul dcvolop 
(and icliiie) ilurir own ah;()n'Mini> and Mjcii nsc 
ilio (onipnier lo icm dirii al,<;()i iilnns. rin> often 
nic.'ins from (ificen lo iwcniy diircrcni .sindeni 
|)ro,iiKtms lor a panic iilar problem. 'iTic icaclier 
in ilns .simanon provides ''(csi" daia for the 
Mudcni and may help him in the development 
of ihe proj»ram: ihe compnier is nsed lo check 
ihc pio<»nnn. Ohen die * !L;ivin3L;" ol a linal answer 
shonid I)e delayed nniil the student has made a 
nnmher of trial compnter rnns. 

In addition lo enablinj^ actnal pro<;rainini» 



a(M\inc>, a (oiupiuei in ihe mathem.ni(> < la^v 
loom (.Ml [)e an e\(ellcm <leinon>uan(n de\i(0. 
The teacher nn,i»ht wriie and rnn a pro<»iam U) 
form the partial snm ol an inliniie sciies oi lo 
|}lo( a fund ion that is being discnssed, .S(ndeni> 
ma\ ask (piestions such as " Vhv a|)pio\imaiion 
ma\ be thi> lor l(K> U'iiun. bin \v\\m i> ly for 
LOOO (ei'msr"" or "Whai happen> lo ihe j»iaph il 
I chanoe thi> (onsiaiu oi xpiaie iliat lermr** The 
Npeed of a (ompnier |)eimii> almo>i immediate 
re.^poii.Ne lo ilieNe (pie.>Mon,s with spedhc laiher 
ihan ;^( iieial ,in>\\er\ J .sUtdrnt (ittrstion *'\\'haf 
// . . . uirrly i*or.v unonyiCrml :rh(*n the {xnccr 
of a rotnf>utrr is raulily avotlablc. 



EXAMPLES OF PROBLEM SETTINGS AiND PROCMIAMS 



ERLC 



This section contains a set of examples of pro- 
lyl anis writien and exec n led by Mndeins. Each 
proj»ram was written as pan of a student's ex* 
perieiue in learning mathematics. Each example 
includes a statement ol the problem and a dis- 
cussion of the pmpose.s ihat moti\ated the pro* 
gram. In the first eight example^), the program 
and lis output (a (oiiiputer printout) are listed, 
and the name of the programing language and 
the computer on which the program was run are 
identified. Examples arc presented for \'arioiis 
grade levels and for programs run on (liiTcrcnt 
conipiitcrs. Almost any computer, from a small 
desk-top model to die largest compnter, can be 
used to solve inte ► sting problems. In general, 
the easier the access to a computer and the more 
versatile it is, the more useful it will be; but al- 
most any computer can be valuable. 



Ah hough some <iiiiioiaiion is given to the lighi 
of the statements in ihe programs, it is .issumed 
thai ihe reader has some knowledge of one or 
more computer languages. E\en if he does noi. 
this .seciion should Mill be of inieicst because it 
includes a discussion of the purposes of the dif- 
ferent problems and shows the coni|)uter solu- 
tions. If the teacher has ^ad some contact wiih 
a computer language, he will find that with only 
a little effort he can read many of the programs, 
since languages for most computer systems have 
many similarities and there is extensive carryover 
ill knowledge from one programing language to 
another. Text materials designed to teach com- 
puter languages arc available irom commercial 
publishers, computer companies, and education- 
al iustitutfons. An annotated biI)liograpliy in- 
cluding such texts is i)rovided at the end of the 
chapter. 



I NK uoi.K ()!• i:u:cn'uoNic: <:()M!»r'rKRS anm) cvkci l vi-oks 



I'XA.XfPl.H I 



Pntffram: 



Output: 



Output: 
Program: 



DrMionstratlon of .scicnhfic nocitioii 

in the iiileniic(h':itc t;i.Kle.s .suuleiits :ire u>u. intiodiKcd lo xic'iiiilu mdi.uIoii. The 
loilou'int* nvo niic-Mjicincni pr();;iaiii> were ii>e(l in .1 >ixih-i»r«i(!e (hiss 10 .uii^iiieiit tlie 
(lis(o\ei\ .i|)|)U).i( h U) >( ieiiii(i( iioi.iiioM. A i(>ni|)Mtei ])rint.s the .sMi;tll niniiheis in iiite.i^ei 
lorni hill a I .some |)oiiil eli:ini;es to the cxponcnti.'il 1*01111 foi' ];n*i;<'r niMiiI)ei\s. 

hi the lir.st ])ro!;;rain only n on negative iniegrai pouci.s ol 10 are used. For iclniivch 
sin. ill innnheis the (()in|)iiter types the. innnher in dednial lorni. hnt ai 10.000 die (oni^ 
putci (han,i;es lo 1*10*. SiiKe the In.sl proi^iaiii i.s liniiied to poueis nf 10— :i (-ii(iini> 
slant e u'iiirh tends lo .sn«[;i»c.st lliai one need only add /cro^ Kj nnihipK 1)\ lo— it is lol 
lowed I)\ niore i;eneral innnber.s in the second program to ilhistiaie ihe genenil ii.se ol 
M*ienii!i( noli lion. 

"f'KI.COMP 

POP 7 IMMIilvSHARE 

TVPK 1. 10. JOG. 1000, 10000. 100000, 1000000, 10000000. 100000000. 1000000000 



1 

10 




1 

10 


100 




100 


1000 




1000 


10000 




I^IOM 


100000 




1 MOJj 


1000000 




i^ioio 


10000000 




1*1017 


100000000 




1*1018 


1000000000 




rioio 


•ryPK 1. 12. 123. 1281. 12815, 123 


1 

12 




12 


12s 




128 


128'1 




1284 


1 2.8^15 




1.2815*101! 


12.8'156 




K2845G*10i5 


1281507 




1.281507*1010 


128-1 5078 




1.28 15078=* 1 017 


123155789 




!. 2.8-1 56789* lOiS 


12.8'1 .567801 




1.2.8'I567891*1019 



(JlAn KR SIX 



KXAMPI.K 2 



('fYndt:: 
Problem : 

PurpoKc: 



I.un^iitiirr: 
Computer: 
Proitram: 



<J. 7 

To liiid ihc iiucr.NCCu'oii of uvo fiiiiic.sci.N .spcciCK .illy, lo lind ilic inaiMriion ol 

- {I. 5. 7 , 29} :iii(| /; {2. 3. 1 1. I I 11 ; 

Piiinaiilx nliioiiiliiii (lcM'.i;n. a (oiiMdtraiioii of wliai (iiu; ddcs in Iiiidini; div !iiKr>a:ii()ii 

of IWO .sC-In 

M'hi.s |)i()l)lciii .scivc.s lo nriiiroicc ilur coiiccjU ol" .>ci iiilci.scciioii and lo dciiioiiMiaic 
ili:u M-arcliiiinr foj- puncni is a drsiiahK- way lo aj)|)r»)a(li ilic ia>k of .!;tiu raiiiit^ a >fi. 

r>Asic; 



Oiilpiit: 



II().\KV\Vi:i,L 2Hr> 'riMKvSIIARI- 
It) KOR j = I T0 2i)STKP2 

20 i-or "k = 2 To 11 step :J 

.'iO IF ( zr KTIIi:Nr,0 

lo GOTOoO 

aO PRINT I 

(50 N/:XTR 

70 NF.XT I 

SO END 

a 

II 

17 

2.H 

29 



( riic \aiial)lf I lakes on all values of ilie cic- 
iiieiii.s of .set A and die variable K lakes on ;d! 
vaiiurs of llic elements of .sCL l>.) 



EXAi\TPLE :-J 

Grade: !). 10. II 

Problem: To denion.siraic computer prfniini^^ of graphs of trii^oiioineiiic luntiions iiMiii; .siaiul- 
ard library proi^ianis 

Purpose. In the ninth, lenih, or eleventh ijrade, studbms normally he^in ihe study of irigono. 

metiic functions. In the following oncMcp pio«;ram. ihei;;raplis of several irigonometric 
IniK iious aie )>Ioited on one set of axes to show the effeci ol /; on the plot of the func- 
tion y = sinri.v. The plot routine come.s as a standard lihiary pn)i;rani for most large 
(ompmci.'i. The availahility ol a (piick and a fairly an ur.ue graj)h of almost any fnnc- 
lion encountered in high .school mathematics i.s a \rry useful feature of a einssroom 
compnier or terminal. 

Language: TELCOMP 

Computer: PDP 7 TIME-SHARE 

Program: PLOT SIN(X /2). Sh\(X). SIN(2*X) ON IP(I00*X)/ 100 FOR X ^ « SPIr.SPI /2.-,:SPl 

Output: (See graphs on next page.) 



I MM KOI.K OK KI.IXri'KONIC COMIM" I'KKS \M> C M.CIM.A I'OUS 
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-2.1;:: . + ^ 

-2.:;s . + ^ 

. + -Jt 

-2.1;'. .+ « . 

-2.1)1 + . -K- 

-i.ss + . * 

— I.Tfi + . * 

-^i.ri:; + . 

-i,:;s + . i^ 

-1.25 -J- 

— i.I." + • KicuKi S.I 2. I^roi^raui onij)ni 

_,j^7 + . ('I "lie iiiniicrils t)ii ilic Icii icproeni v:iliic> of X. 

—.7:1 J?- + , The fini(*nc)n:il v:iliic'.s iiufi'cnicd by ilic |iciiiu.N 

—.152 ^ X , III (he t;ri|ili r;mi;c from — I U) — I.) 

—.5 + , 

— .!>7 * + . 

-.25 * + . 

12 + . 

.12 . + 

.25 . + ^ 

Si . + * 

.5 • + * 

.02 . ^+ * 

.75 • + ^ 

.87 • + 

I ••?-■«• 
1.1:5 . + 

1.25 ^-i- + 

IJ5S ^2- . + 

1,5 * . + 

1.75 . •¥ 

1.88 * . + 

2.01 * 
2V6 -'^ 

2.20 + 
2.38 + 
2.5! * + 

2.6:-i ^ + 

2.7r) + 

2.8<) + 
S.Oi + 
3.1-1 * 



+ 
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ClIAriM-R SIX 



KXAMri.i-: *i 



Grade: 



fl. II 



Problem: 




Pttrposr: 



Lnngnagc: 'rilL.COMP 
ComfmUr: V\W 1 TIMIvSl lARK 

Pro^^ram: 'rVPM #. "VOU IIAVI-: N liQUA'I'IO NS IX N U.NKNOWXS. WI IK UK'* 

I.OI DKMANI) N 

I.0I3 'ITPI-: "XOW GIVE MI-: ri IK COKKI-ICIHNT.S" 
\SY1 DHMANI) A[I.j] I-OR { -rr I:I:N4-I KOR 1= I:I:N 



I. or; K 0. W = (). 'I- - :\ 

I.OI K = R I 

I.(»r> TO s rKP I.Oi» IK A{K.K| ^ C) 

I.CHJ AFK.II - A(R. I] DiV KOR j =z K:l:.\ • I R)R DIV = AfK.Rj 

1.07 no PART 2 KOR I ^ R:I:N4 I KOR MTI. - A{I.Kj IK I >< R KOR I = I:I:i\ 

LOS KC)S"ITP I.O! IK R- .\ (Xoic: •< mc:m> j^.^ 

LOi) 'KO.S'KKP I.M IK K N 

I. in c::=r I IK A{LRj .<(» KOR I = K-hI:!:N KOR C 0 

I.I I S AiK-l!- A{R,|| = AIC:,|j. A|(:.|] - .S KOR I I:I:.\>1 IKC: >-^0 

LI2 V R. R ^ R^.L \V =r I IK C = 0 

i.i:; "Ko sTKr 1.00 

I.I I W;^ I IK A{i\.N) =0 

LIT) ITPK ".NO .SOl.l' KIONS' IK W « I AXI) Afl .X ■ I] ■■ 0 

l.!r> 'KVPK "DKIMIXDRXT" IK \V = I AXH AfK.X-M j ^ 0 

1.17 'V\ PK -RKDUCiKi:) M.-VKRIX CO^J i'AIX.S" IK W ^ I 

LIS KVPK A[I.|J KOR I I:I:NN'I FOR I ^ I:I:X IK \V= I 

I.I!) 'KVPK ".SOLUTIOX.S ARK" IK \V 0 

1.20 MTPK A{I.X4-I] KOR 1:= I:i:N IK \V -rr^ 0 

1.21 "KVPK#.# 

2.1 A|I.j] = .A(L|] ^A{R.j]*.\Ii:L 

:j.2 A[i.|] 0 IK A[L||-<r loi ^ s 



1.023 TVPK #. # 




Output: 



DO PAR'K I 



YOr IIAVK X KQU.A'KIOXS L\ X UXKXOU XS. WIIKRK 

X - 2 



XOW f;iVK MK 'KMK COKKKICIENTS 



A(I.IJ 
A(L21 
AfL.S] 



(The iiiidci lined y inhols arc lypcd in during 
execution lime.) 




riiK Roi.i: oi- i:lhc;tro.\k: c:om!»utkrs and CAi.ctu.ATOKs 



A[i:.ii . h 

Ail!.;:: - -i! 
SOI.rTIONS \\u- 

A[i.:>] 

A(2.:5) - -21 
no PART I 

VOr IIAVK X KCM'ATJON'S IN N I "NRNC )\\'N.S. WIIKRK 
X = 

\()\\ (;ivi- MI-: I III- coKr-'JCiKM'S 



■■MM] 




2 


Ari.jj 




I 


Afl..-.] 




-I 


Afl.l] 




— J> 


•M'-'-'I 




I* 


A\'>.'>] 






A[-J.:>j 




■I 


Ap.l) 




;"> 


A[,;.!j 




r> 


'■'■■■'■^1 




-I 


A[:;..s] 






Afr..-i] 




—I 



NO .SOLUTIONS 

RIU)rC:i:i) \I \ TRIX CON'rAIXS fWhcn iluic i> no Nohiiioii. lhi> proi^rain j;i\t'N 
All. I] ^ I (he (ocllit iLiiis ol iIk* rcdiUL-d iii:inix.) 

Mi-1 0 

Aflj;] 

Afl.-I] .227272727 

Af2.l] =r 0 

A[2.21 - I 

Af2..S] ^ ^.5 

A(2.i] -.s(;:?():^r)S(M 

.Sp;.I] :::: 0 

Ai:5.2i = 0 
A[i:;] - 0 

Afl'l] -f) 
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CIIAn KR SIX 



KX AMPLE 5 



Grade: 



II. V2 



Problem: To find the zeros ol :i polyuoinial up to degree f). usiiii; Xeutoii^ met h oil 

Purpostu I he .Niiideni is to (oiiNtriu t .111 .ilgorithm to solve the problem. The liii.d piognmi ntili/e> 
the f()ll()uiiig teehniipies: 'I'he compnier is given the coeliicients of a polynonn'rd func- 
tion, the upper and lower hounds of a .search aiea. and an increment of search. The 
piograni then has the computer search for changes in sign of /(.v) on each given incre- 
ment between the given bounds. When a sign change is delected, the program branches 
to a Newton's method loiuiue that prints .v and /(.v) for each (?f eight passe.s through tlie 
routine. Moie .sophisticated programs of this type can .set their own bounds, check for 
looping in the algorithm routine, use the zeros of the derivatives of f{x), or employ many 
other ieclmi(|ues. However, this program u"i.s iiuroduccd in a more elemental y .setting— 
thus the more comph'cated input but simpler piogram. 

Ungxiagc: FORTR.AN 

Computer: IBM ir)20 



(A. Vk C. D. E. and V are the poly- 
nonu'al coelficieuts. S and T are 
the hnvcr and upper hounds of 
the scarcli area, and R is the in- 
crement of search.) 
{SlOj>s 20 to '10 .scan between the 
bounds looking for .sign changes.) 



Program: 10 READ 10.'). A. B. C. I). E. F. S. T. R 
I*R IN'I' 1 10. A. B. C. D. E. F. S. T. R 
CI' = 0. 

FS = (({(A^S -f B)*S + C)*S -f D)»S E)»S + F 

V = S -i- R 

20 I- \' =r {{{(A • V 4- B) • V -f C) • V -f D) • V 4- E) • V + F 

IF(FS*FV)70.-I0, 30 
30 FS = FV 

V = V -X. R 
1F{T~ V) 10,20,20 

•10 IF (FV) 30, 50.30 
.')() FRINT 120. V. FV 
()0 CT = CT -f I 

IF (CT-5.) 30, 10, 10 
70 VI ^ V 

DO 100 I = 1,8 

FVI = ((((A^VI + B)*VI + C)*V1 +D)*VI + E)»V! 4- F 

VI = VI - FVI/((((5.*A*VI +-L*B)*VI +3.*C)»VI + 2.»D)»VI ^ E) 

100 PRINT 120, VI. FVI (Newton's algorithm, .v = .v, ~ /f.v,)//'(.v,).) 

GO TO (50 (The computer prints on each loop.) 

105 FORM.AT(9F5.2) 

110 FORMAT(IM0,9(F7.2, 2X)) 

120 FORMAT (I HO, -IHX = ,FM.8,'1X,8H F(X) = .FM.8) 
END, 



ERLC 



niK ROl.K OK KLKCI'ROMC COMPUTKRS AND CALCULATORS 



Oiiifmi: 0.00 0.00 1.00 -12.00 0.00 2.00 ^0.00 0.00 .10 



X 
X 

X ^ 
X ^ 
X = 
X 

X = 

X - 

X ^ 
X = 

X - 

X :^ 

X =r: 



■.-1015X730 

.ioir,sio:'5 

.•lOl^)S•lo^; 
.loifisio:) 
.•ioir,8iO;; 
.-10 1 •-•^•10;; 

.'10 LOS 103 
-'1222222M 
.•I Ll^SSfiH 
.n 350.') 1 8 
.'Il.x')05l9 
.•n 5505 1 9 
.•115.50519 
.•115.50519 
.'H 5505 1 9 



K(X) 
F(X) 
I-7X) 
F(X) 
I-(X) 
l-'(X) 
F(X) 
F(X) 
l-(X) 
F(X) 
F(X) 
l-\X) 
l--(X) 
1-(X) 



.oir)Ooooo 
-.00003:110 

-.00000010 
-.00000010 
-.00000010 
-.00000010 
-.00000010 
-.00000019 
-.87500000 
-.00398910 
-.00017750 
.00000010 
0.00000000 
0.00000000 
0.00000000 
0.00000000 



(The lir^»l line lisl^ the codlicicms ol the polyiio. 
mini (0, 0. 1, -12. 0. 2). the bounds of the 
sc;ncli (-0 lo nnd ilic increment of scnich 
(.1). The ontpnt gives the valnes of .v and /(x) 
cin h time a root is tletecied.) 



EX.AMPLE 6 

Cmdc: 8. 9 

Problem: To lind ihe .^lope of a line. .i;iven ihe cooidinate.'. ol iv\o |)oini> on the line 

Purpose: In cleincniary alj-ehra the Mndcm is iiiuodiued k; the idea of the slope of a line. It be- 
louics important lo kiunv how to lind the ecpiation of a line, given a point and a slope, 
given two poinis. and so on. This simple program icqnires the stndent to use the general 
notation for the cooulinates of two points to find a slope. The dcfniition of the slope of 
a line Is used. 

It is an easy step from this program to the generation of the equation of a line through 
the two points. Or, if algorithm design is the objective, a more complete algorithm would 
aiso test the .v and y valnes to make sure that tlic points are distinct and to learn whether 
the slope is undelined (hifinite-vmical). 

Lajiguagc: BASIC 

Computer: MONEY WELL 235 TIME-SHARE 

Program : 1 0 RE A D X I , Y I , X2, Y2 

20 PRINT (Y2-YI)/(X2-Xi) 
30 GOTO 10 

•10 DATA 0. 0, L 2. 3. 5. 7, 7. .3, 12. -7, 72 
.50 END 

Output: 2 
.5 



CMAPTKR SIX 



KXA.XrPLI' 7 



Cradc: II. 12 

hohlcni: To (iiid :in iipproxinKUioii of the inimbcT c 

Purpose: The ininibci w is inlrodiKal U) juiiioi oi .scnioi .siiKlcnts in oulci lo (IIm uss ihc fniu lion 
!()!;. .V. .\f:in\ icNi.s nicmion iliai 



l)iit ol (oiir.sc no |)i'ooI is olicicd. I'lic .simple' |)ro,i;r:nn tli:n iollow'.s prints 



ior /' I. ^ 1 00 1. ;/ z= 2001. // = !)00l. .Vlth(;n^li this (l''i>u)nstration is no piool ol the 
('()nvcr.i»cn(*c lor. it In coiivincini*' :ni(I simple. 



The fnnciion f I ■{ 1 ripproachcs r very slowly, niui rouiul-oir error becomes very 



important, t litis a 2S-(li,i*it mantissa was used in this rnn. (The approximation is still 
only accnrate to about :"> places for = 1 0.00 1.) 

\^otc: This same problem can also be solved elFectively on a desk-top machine— par 
ticidarly il the machine has an n"^ rontiiie or key. However, ilie output is of' en restricted 
to a fixed number of digits. The program below illustrates the use of a FORTRAN 
program that provides flexibility in the luimber of digits desired. 






Lnngmgc: FORTRAN II 



Computer: IBM 1020 



PrcA'ram: 



*LJST PRINTKR 

*KANDK280I 

DO ION = !. nOOI. 1000 

E=: I. 

A = N 

I>= I.+ I. /A 
DO 20 I = l,N 
l!: = E*P 
l>RINT30,N,E 
CALL KXIT 

FORMAT (I HO. H. Fn2.28) 
END 



(This control card changes the mantissa leugtli 
to 2iS digits.) 



(In this program (I -J- l/N) is multiplied by itself 
N times, thus avoiding the CAponeuiial function 
using c.) 



20 
10 



(The I MO foiniat spaces the printer in FOR- 
TRAN II.) 



(hUfnit: 



I 2.0000000000000000000000000000 
1001 2.. :^r.528 7 53'ir)r)389252^l3G07'l20 
200 1 2.7 1 7tj021)08027r)'ir)5:^8H'j551 30720 



.SOOI 2.7l78290707'I77r)0r)883r)73H294'10 



TIM- ROl.K OF Kl.i:c:rR().\l(. COMPl^ l KUn A\n CAI.Cl LVrORS 
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KXA.MPLK 8 



Clradc: 
Purpose: 



Computer: 
Proiiram: 



Output: 



12 

"I o ;i|)|)n>\iin:uc ilic v:ilnc ol .in inic^nil. .spccifK to Inid iht- ;iuni hounded by 

SMSC; s t'Unnrutary Fumtlous :in(l .mi\ one ol j nnniher ol new .NCin'or (c.\(s iiurodncc a 
M-licnic ol :i|)|)io\iin;nin.i; the area ol a iei*ioM honntled l)\ a parahola y = nx- V hx -i- c, 
iw'o veiiual lines .v m ;nul .v = //. and the .vaxis. n'hi.s nieMiod (an l)e expanded to 
Simpson ".s rule lor appioxiniate iniei»iMti()n oF any conninion.s hniciion. 

In ihe lollowino |)lo,^lanl a hindeiU n.sed Sinip^on'.s rule lo sohe the piobleni <»i\en 
al)o\c 

FORTRAN II 
in.M l()2() 

V =SIN(I.) 4- I*XI>(I.) 
DO 20 I = I, <)9. 2 

P - J 

XI = I. -u p/ioo. 
X2=: l.-i- (P I.)/ 100. 
20 V ^ V -:- l.*(.SIN(XI) i:XP(XI)) -^ 2.^(SIN(X2) -^ Ii:XP(X2)) 

V ^ (V « ,SIN(X2) - KXP(X2))*.0I /3. 

PRhX r :J0, V (Calculates the last or rioht end value and niul- 

CALL KXrr liplics by AX*I/S) 

."0 roRMAT (I HO. KI3,8) 
KXD 

r),r)272 1 700 (The correct value is close to r).()27223.) 



Selected Problems 

.Sev-ral additional exaniple.s ol (oniputei -oriented problems arc now oU'eicd. without their programs. 
Each of th(*se proliloms //^;.v hern prograuuul h\ students. 
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EXAMPLE <) 

C.radc: 1 

Problem: Generate a table of factorials. 

Purpose: To demonstrate the idea of factorials and t ) provide the student with a chance to see 
how rapidly factorials increase in size 

The limitation of the word length (numbei of significant digits) of a computer can 
l)ecome an overriding factor. The program will approximate for a large number (20! ha.s 
19 digits) and will fail for a ver\ large number. 
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EXAMPLE 10 



Grade: II, 12 

Problem: Gi\cn ihc coordinates of ?/ points on the Caricsian plane, Inul ihe ecpiation of the be:jl 
linear approximation for these points. 

Purpose: In .science tomse.s there is occa.sion to colleci data, to plot points on a ^raph, and lo 
attempt to extrapolate or imerpolate from the data. Jf in studying the j^raph the rela 
tionsln'p .seems linear, the student then oI)tains the lollo\vini( information: 
I. "l lie ecpiation ol the best linear appioximation lor (he j)oints (method ol least 
scpiares) 

The ecpiation of the line is r = ?'/.v -i- h. wliere the paiameters in and h aic delined 
as lollou's: 



711 ^ .V — }• 



Some indication of how near these points are to the line 

Knor can be indic ated by the niaxinnnn distance of any point Iroin the line or the 
average of the distances of all poiius from the line. 



EXAMPLE II 

Grade: 7-12 

Problem: Generate an arithmetic, geometric, or .some other se(|iience of nimibei.s. 

Purpose: .Many dilfereni goals can be emphasized: 

1. Jn the junior year. inHnitc series for arcian .v, .sin .v. Jog (.v -j- I), tt, etc. are olten in- 
troduced but iheii uselidness is seldom demon.siriued. The secpicnce ol partial .simis 
of a series can be printed by a computer to any desired nimiber of terms to demon- 
strate that the use of a series to calculate the value ol :i finiciion or ninnber is feasi- 
ble. "J'he series .shown !)elow is typical: 

6 1= 2= 3=^ 

2. Geometric and arithmetic sequences and series can be studied with a computer. For 
ex:nnple, before di.scu.s.sing imderlyiug mathematical proofs many terms of the series 

"^"("l")* ^ ■^("^) •^-i" • ■ ' <"<i^^ '^c calculated and ilicir sum compared to — 

5 

which is the algebraically deiennined sum of the infinite oeries. 

3. Jn the seventh and eighth grades, students are often given part of a setpience and 
asked to guess the general rule governing generation of the terms of the sequence. 
The computer can be programed to generate a particular teim and stop, then gen- 
crate another term and stop, giving students a chance to check their hypotheses with- 
out any practical linn't on the nimiber of terms generated. 
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KXAMPLE 12 

Grade: 9- 1 2 

Problem: (::ilcnl;uc ilic ninnber of possible coinbinaiioiKs o( n ilMn,t>j> lakcn r ai a liinc (where // 
and r are poMiive iiuei»eis) and the number of penmuaiious of // ibiiigj, taken r at a 
time. 

Purpose: To enable the sindeni lo obiain (jtiick ani>\vci-s lo ihese <alculaiionj, when workino in 
|jrob;d)iMiv and siaiistics: 

rl{n — r)l 
n\ 

nPr = 



(;/ - r)\ 



A |)ro«>ram is easily witten for any machine from a suiall (k.sk-io|) caleulaior lo a 
lait»e lime-.sharing ronipmer and will save lime in <loint>' the caleidaiions. 



EXAMPLE 13 

Grade: 7-12 

Problem: Kind ihe (ube root of any ninnber //. 

Purpose: This problem can be programed in several way.s to meet variou.s purposes: 

1. The leacher may want io deinonstraie h.ow y/JT varies. Newton's ineihod will ocn« 
eraie \/u about as fast as any algorithm. 

2. The leacher may M-ant to demonstrate the geneial idea of iieraiive processes. The 
following formula might be used for this purpose: 



X 



3. The teacher may wish to demonstrate die use of iXewions meiliod of finding ihe 
roots of .v^ - // =(). In this case one of die following cquation.s can be used: 

^ , = .V, ^ /(■v.-)/r(-v.), 



EXAMPLE \4 

Grade: 7, 8 

Problem' Test associative. commn(ati\e, and distributive properties of .uldition and muhiplication 
mod 

Purpose: To reinforce the conccj)is of associativity, connnutativit). <uid disiributi\ii\ and to apply 
an important technique in proof, (he search for a coumerexample 

The general idea of mod m arithmetic is reviewed in ihe writing of tlic prog^'am. 
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Grade: 

Problem: 

Pmpose: 



V\m\ Mie roots of ihc <»ciUTal (•(|m;iu'oi» /a- ; bx ^ * ^ {), 

To re\K he .general .sohiiioii of the (jriachaiic c(|naii(;n and lo ciuotna^o ilic sMkIciu 
lo consider spaial (aso of ilic M)lnuon. >ncii as a = 0. b- — -lac is nct»a(i\c\ and so on. 



Crude: 

Problem: 

Purpose: 



KXAMPLF. 16 



Kind the prinu' lariors of a posiiivc intcij^cr. 

To cnconrai>(' ihc sindau lo review the follouin<; ideas as he writes ihc proi>iani: 

1. The meaning of i> a divisor of 

I he sUkIcih may have to devise a test »o decide uheiher a is a divisor of /; when 
(he lemainder of die (h' vision is not avaihd>le. 

2. The meaning of is a prime ntnnber" 

The stndent nnist choose some algorithnj (o (csi for primes. 



Grade: 
Problem ■ 
Purpose: 



7-9 



Wriie a proi»ram lo prim the absohne vahie of any integer. 

To encomage the strident lo use the mathematical definition ol absohne value when 
writing ihe program 

Ahhough the snb-rootine '■ABS(X) " is avaihtble on most machines, it should not be 
used here. The student shordd test to determine if .v is positive, zero, or negative, and 
take appiopnate action in each case in (miei to get the al^sohite value ol .v. Doing this 
will motivate ihe use ol the dehnition o| absohue \alne and leinlorce the sttideiu's com- 
prehension of the concept. 



EXAMPLE 18 



Grade: 
Problem 

Purpose. 



9-12 



Wiite a progiam that leads the numerator and denomiuatoi of a rational nund)er and 
prints the nonrepeating digits and the repetend ol the iiifniite decimal expansion. 

K I'o ic\iew with the student the general idea that lational innnbeiscan !)e repicsented 
by repeating inlinite decimals and to "discover" some algorithm for (inding tiie non- 
repeating and lepeating parts 

2. To provide examples that promote the "discovery'' of theorems which state that the 
decimal form of every rational mnnber lepeats and that the nmnl)er of digits in the 
repetend is a ftniction of tlie denonn'nator. 
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KXAMPLE 19 

Gnulr: 1 1 

l*)oblnn: C:.iI(mI:hc iIr- .irca iiho\c ihc .\ .ixis and iiiulvr [Uv vuixc y I \. (or \ Ix^twcon a .ind b 

rurjwc: ill in.iin modem ckx c!Hh-i»i .idc icM.s. die i<)i;,ii idiin fiMK iion is iimodiued as die aiv.i 
dcMiihed :d)()ve-\\'iili"6' I and /; = .v. U.siii^ this deriiiiiioii of die lo^^arillini iundioii 
die Itiiidainciiial ride ol loi;aridiiii.s can he deinonMiaied. if a (oni|)iuer |)roi>iain is 
wriiien lu'lbie lorinal prools are oli'cred, liie rollowini; idea.s can l)e iinrodnced: 

1, 'i lie area under a curve can l)c iiuerpreu-d as die iiiiiit ol a >e(jneM(e of aieas of 
ie( lani^ie.-.. 

2. Se\eral lesis can l)c nin and. il' desired, ilie rule "discovered" dnu 

lo^ a loj; l> = loi^ tih. 



CO M I * r' n N ( ; kq ri iw i i:n t 

Aldi(>u<;ii .some eoiupuier topics can he lauglit 
w'idioui ttciuai use ol a (ompuier. die real i)ene- 
lii.s of a school proi^rain involving* compuier.s 
can i)e ohiained only i{ teachers and students 
acinally use coin|)u!in.t'' e(|ui|)incni. Many de- 
\i(esaie used to (e.idi < oiiiptitei-iel.ited (()n(ei>ts. 
indudini; (onipnici simid.itois. "to\" ((>in|>uteis. 
loj>ic hoaids. .md dii;it.il ii. liners. Some of these 
de\i(es are uselnl in te.i(liiiii> ahout (oniiniteis— 
thai is, ill iiisM IK tiou.d proi^rams or units in 
which the (oinputei iisell is the piim.n y object 
of inslMK (ion. in ^enei.d. ho\\e\ei. these devices 
have vei\ limited uselnhiess in mailieniatics 
iiisiriK tioii. i hcieloie this scdioii will describe 
the types ol coinputiiij^ ccpiipineiu that are useful 
as problem solving tools and instructional aids 
in die regular inatheinatics currieulmn. 

A school that has dec idee I to incliule the use 
of compiucis in its iiiathein.iMcs cinricuhnn can 
do this in many ways. These can he cate*»ori/ed 
as follows: 

1. Dircd <i<(rxs. Students and teachers ojxnati* 
the (onipuiini; ecpiipment. 'i'liis is some- 
times called *"hands-oir* use. 

2. In dim t (uaws. Pio^ranis aie sent to a com- 
j)nter center for processing, and tne rcsulis 
aie reinrncd. 



Direct access i.s |)rovi(lecl I)y (raiis|)ortin^ sin- 
dents to a (oniiniter (enter. I)y iiistallini; a com* 
p\iier in the school. I)y l)rini;iiiii^ a siiiall portable 
C(>\npuier iiiio die classroom, or by iiistallini;' a 
terminal in the xhool to (onnnnnicate directly 
widi a time-shared computer system. 

'i*lie ad\aiit.i<^es and disadx anta<»es ol actually 
ha\iii,i; a computer in the .school must be related 
to the cosls of e.xisiin*;* computers. Willi ohier, 
obsolete computers, the (ost per student in the 
program is (piite hi.^h. liowe\ei. new eipiipnu .;t 
is l>eini; iiuiodiKed that is much iiioie n.sefid and 
(oiisideiabl) less c.\pensi\c than the computers 
.ix.iilable during the past few years. Also, many 
of the new c(mi|)utcTs are small cnon<;h that they 
(a ' he bi()u,t»lit direct!) inio ilic classroom when 
needed. 

If indirect access is used, student piograins 
are sent to a computer ceiiter by mail or i)y 
cornier. In this ty|)e of access, an important con- 
sideration is the turiMirouud time, that is, the 
elapsed lime l)eiueen sendiii<»^ the j)rograni and 
receiving the results. The means of using a 
compmer in an individual school is determined 
i)y the type of problems to be programed. If 
students .ire woiknig on indixidnal proiccis and 
do not need immediate rcsidts, then indiicct 
access l)y courier or mail service to a comi>uier 
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liuiliij is olicii :ulc(|ii:iic\ ll. however, le.suli.s 
:irt' iiece.vs:M \ lor in lined i.iie u.se, as lor a panic u 
lar (lavs period. Ta.si tuiii-aiouiid is essential and 
a liiiie'sliariiij; teletype or on-site computer is 
<l('siial)le. 

V (ouricri service piovides an cllirient .nid 
l()w-(()si iMOthod ol transiinuino Miideiu pro 
^i;iains. Programs aie sent l)\ inesscn,i;er to a 
(oirj)Uter ceiner lor esecntion, and the lestdis 
aic letnrned in die .same way. i^ogranis may he 
sem in handwritten or nped foini. As .ni alteina 
live. e(pnpment siu h as a ke\ pmu h or (oinertei 
(lor mark -sense (aids which can he ( on verted— 
pniidied). loi |>iepar.ni(>n o! pio(>rains in com 
j>Mter>ieadal>le lorin. (an he installed in the 
sdiool. rmn-aronnd time ina\ ran<>e iW/m <i 
lew horns to a lew days, depending on the prox- 
niiity ol the conipnter center to the sehool, the 
ineaiv.s ol transport in^ inlormation. and ihe 
elliciency ol the computer (etiter. Sotne school 
districts already have computers for adtninistra- 
live data prO(essini( that could also serve the 
needs of students. Another possibility is bnyini* 
eompnier time Iroiu (onnneicial service bureaus 
or Iroiii (onipnter users in the vicinity of the 
school. A i»o()(l (hoi(e is a collei^e or nniver.sit) 
(enter: in fact, several universities now provide 
computer services to school:, -n their geoj»raphical 
aieas. In some parts of the country, educational 
data centers are being established to provide a 
variety ol computer services to participating 
schools. In n:any cases, these services include 
processing of student proi^rams. 

If a sehool district is geographically i emote 
fiom a coinp.uer center, indirect access can ' e 
achiexcd b) sending and rccei\ ing piograins bj 
mail. The main disadvantage of this method is 
the longer turn-aronnd time. 

The availability of low-cost coiniiiunication 
ecjuipniem permits direct tclcphotiic transmis- 
siou of student programs to a computei center 
for fast tmn-arotmcl processing. The school in- 
stalls a papci'tape, puiicliccl card, or mark.carcl 
device Jliat is directly attached to a telephone 
line for the connnunication of information to 
the coin|)utcj center. When the device is not 



being used ior actual iiaiisiiiissioii. it nia\ be 
Used bvMudems loi the piep-uatioii .nid xerilica' 
tion ol tapes (H caiclsloi latei li aiisniissioii. The 
program is leproduced on tapes, cards, oi mag- 
netic tapes at the computer center; it i> pro- 
cessed, and the iesidi.> are transmitted back to 
the student. Student progiaius might be sent in 
the evening, with the results aNailable at the 
beginning ol the next school clay. 

Matjy schools are iu)w using coinptiiei.s in a 
mode th.it is ic^lc ned to as time sliaiing. A school 
distP(t can install a terminal l)\ pa\ing a llai 
momhl\ chaige phis additional chaiges that 
depend on how mncli the computer is use<l. In 
this wa\. the cost can be geared directly to the 
number ol studems participating in the eJuca* 
tional program and the niannei in which the 
piograin is conducied. 

'reriiiiiials may be installed in individual 
schools or in a cennal location (e.g., the admin- 
istration i)uilcling). Students max liaxe direct 
access or indirect access to the computer, or a 
coinl)ination of both. For example, il a terminal 
is installed in a schocW. Mtidents may be given 
primary access chinng the school clay; then at 
night aclininistratixe n^ogiains can be run so that 
results will he available tlio next moiiiing. hi 
ni.mx cases the terminal itself can be used as an 
oll'line progiam-preparation de\ice. Programs 
can be prepaiecl "off line ' (that is, with no con* 
nectioii to the computer) .inc! traiismitiecl at a 
later time. This results in reduced operating 
costs. 

Projects are under way to evaluate the .several 
ways of p'c)\icling .student access to computer^ at 
a reasonable per-sincleiit cost. It max happeti that 
some hleiicl of two or more approaches will be 
the best way. 

The following paragraphs describe several 
types of computing ecpiipment in cmient use 
in mathematics instruction and give at hast one 
specific example of each type. The list is far 
from complete! It includes examples of the fol- 
lowing types of ec{uipnient: 

Calcidators 

Programable calculators 



rilK ROM- OF ELKCTRONlC COMI^iri'KKS AND CALCIULATORS 



Oig'Uil iniiiicis 

.Siiiull *»c'iicr;il«|>Mr|)(>sr coiiipiiicr.s 
Ti t) \C's\ i:i I i I it» > \ .nUmii 

Calculators 

Coiivciiiioii:!!. cicc irinilly driven r.ilcuhiiois li;ivc 
been .'iioiiiid :i loiio n'mc. Tlicy ;irc used in 
liiiiidicdN ol %rli()()l disiMri.N. |):inirid:irly in in- 
siriK lioiial |>r(>i;r:iiiis lor low iicliicvcrs. I"i<»nrc 
(i.I*; is :i piduic- of w priiiiiii;;^ cidculjiior in 
conniion uyc, 

A more rcrcni dcvclopincni is ihc clccironic 
(':ilcul:tior. i\f:i(hinc> of :his lypc ;nc f:n- more 
powcifid piohlcni solvin*; tools tli.ni Uic ron- 
vcntiomtl uiacliincs. Of conr.sc. ilic-y arc also 
nn)rc expensive! Kij;nie (i.l i is a picinre of 
an elccironic calcnlaior system ihat can he used 
siniulianeoiisly hy four people workinir on fonr 
<I i f f creii I prol )len is. 

Ficu'RK ().i:;. Priulinsi nilvulalnr 




Courtesy of Stn it If Corona Mnrchnnt 



KicuRi-: 6.14. FArrlronic ralntlalor system 




Courtrsy of IVatjjr Lalwratorics 
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A (li;i,ijr;iin of one of llic kcvboindN of ihc Finnic ilM) nIioun M\nc\uc <>» ke\M!«ikts 

Wniii^ L:il)or;ilonc.s nvmciu is nIiouii in l"i«»inr iKjiiiicd loi c.uh ol .i|>|)li( jtioiiN of ilu- 

I .»!( nhiior. In c:n ii (:^^c. ilic icmiIi cm he ic.ul 

In lo ihc nMial opcnilious of addilioiu in llic di>j)l;i\ lolloKint. die laM kr\Miokr. 

snbinciion. inullij.»?r:iii()n, and division, this In order lo m>Kc .i pioldcni uillnlio cdrnktior. 

(ahnbior :iIm* piovidos dircci cv;dii:ilion fonc , one nnisl Wm know uhai lM|>|jcn> ulicn c.icli 

kcvMiokc) ol .V-. In .v, nnd r^. " kc\ is |j!c>%cd. I licn ho nnui dcsioi, NCtjucnccol 



DISPLAY 



PRODUCT 
ACCUMULATION 
SWITCH 



OWOFF 
SWITCH 




MULTIPLIER 
ACCUMULATION 
SWITCH 

ENTRY 
ACCUMULATION 
SWITCH 



FicruK (i.lf). IVaiiir lMhor(Uoii(*s cnlcvJalor kcxhtutrd 



APPLICATION 



KEYSTROKE SEQUENCE (Left to Right) 



DISPLAY (Answer) 



37x89 



180 57.3 



7892 



In 22.5 



J .36 



Eim[i]m|i|m[z]czi'3 



3293.000000 



3.141361257 



622521.0000 



2.539685020 



3.11351530 



3.896193301 



FiouKK f5.l(). Keystroke siuiucucc 
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kc\NiiokcN lo lUc j)i()l)k-iii— ih.iL (k*ai<^ii 

a fno^fttin. 11 jIic |»oi»i:nii (.>C(|Uciicc of key- 
Nh'okc's) U loiii;. il is wiillcii down for fiHiirc 
u-IcifiKC. \ |>i(>i;i.ini ID fvaliKUc \'//- I if- lol* 



STVV 


INS iRrcrnox 


I 


I'icNs I he- "CLKAR ALL" key. 


2 


Input ilic inhic of n on ilic kcybomcl. 




Pic>> I he "X-"' key. 


■1 


Pie.>s the leri'liaiul " r " key. 


:) 


Input i!ie value of h on ilie keyboard. 


(; 


Pre.ss I lie "\-" key. 


7 


Tie.NS the left-Iiand key. 


8 


Prc.NS the "\/\" key. 


Time 


(an be >a\ed l>\ wiiiiii!^ (lie i untrue- 



lions ill abbi eviaied lonn. The program now 
looks like ilii.N: 



S'J"KP INSTRl'dlOX 



1 


CLKAR ALL 


2 


K!il) a 


3 


X- 


4 


-i A,. 


r> 


Klil) /; 


G 


X- 


7 


- A, 


8 





CnttrtrsY of U'tttt*^ Lahontitutrs 



I^YO{rr(HU(thl(* (lalculoiors 

A |>ro!i>iani iur a < oineiiiioiial cal( ulaioi* in 
exediied ((anied oni) iiiaiuially. Thai is. the 
opeiMior niaiiiially pK ws ihc iiiMniciioii ki\>. 
eiHer.N daia. niul records ilic lesulis. 

.S!)iiu- elect I on i( < a leu la tors cm k xeciile a 
)>io<L^Kini ol >e\eial steps i!:ti(>in('ih ally. rhe>e 
aie rclcrred to as jno^ramablc calculniors. The 
(-oiiipa!>ie.s that l>uild these inaehiiies lic(pieiitl\ 
call tlicni (Icsh-ioj) nfinjfuicrs. 

The pio.iiraiiiable (alcniaior brid,t»e.s the i^ap 
between the manual l\ operated calculator and 
the •»eiieral-pui pose computer. l'r()<i»raiiis that 
would take hours to e.xecute manually can be 
(airied out in iiiiiiutes or even .seconds when 
executed automatically. 

Two methods o! proi^raniin.i* aie in coinmou 
Use. Ill one i>pe. u.sed l)\ ilie \Vauj» (a Lai la tor, 
programs arc punched into a program and. 
To use ihe program, the pro<*rain caid is inserted 
into a ami projj^ntincr and the start biitKni 
pressed. The sy.stein executes the pro<^rain auto- 
matically at Iii^li speed, pausing whenever iiipui 
of data is lecjuired. "I'he caul proi*raincr is 
shown in Kit^ure GJl. 

IMGIJIU- 0.17 

IVaiiii keyboard and rai d l)r()»ramrr 



(:iiai»im:r six 



SCAT CARP SOU ARE tY 



TQP CQGp FLUSH WtTM tNS'^RUMCN^ CErRCSS»r\- 



c}C]C)€3jciociOGCioci^:2aci<j2jsDc«^D 

4JCsDCJ02aCl2UaJasj2jCl€)€]Cil]ajCJ-D£DCIC!CjC 
s(JtJCJCJOC]05!J^35Ul];IJtJ»J^JCJ2{jC!sUsLis|j 



4J£I -{J HJJJ-Q 

C!C]CICIClClCIC]€CICJ£!£]CICiClC!C!C2D2DsC?^ 

sU CJslJ ^ ^ sn fQ sU sij 5[] sG sD sQ sili s^J sDsQl sU sL sLi C {j sLi sU sLJ sU sU ^IJ s(j sfi i s[j i 



1'|(;i;kk (5.18. IVatitj; Lahonttorics ffWirram card 




Courtesy of llcwlcH-Packaul 

KiGUUK ().!{) 

HcAvktt'Packiird Model 9100/1 Inogramahlc calciilalor 



The pro|:^i;ini caul is simply :i pic.scorcd 
(punched) ilollerith caul, .shown in Ki<>;urc 
(5.18. The c;nd piciurcd c;ni hold up to 80 
program Mtps. each represented by a pattern ol 
holes pnnclicd into ihe card. The holes may be 
pnnchcd into the caul niannally by n.sing a paper 
clip, pencil, or stylus. 

A (lilfercnt type of program able calcidator is 
shown in Figmc 0.19. In this calculator instruc- 
tions and (lata are stored internally in a magnetic- 
core memory. The memory consists of three 
'^working" registers and sixteen .storage registers, 
each capable of .storing a M-digii decimal nu- 
meral. Three of the registers are displayed on 
the televi.sion-like M ieen. The\ ;ne in\ol\ed in the 
actual work ofconipnting and data manipulation. 
'J^he other sixteen registers are used to store up 
to 196 program steps, input data, and intermedi- 
ate ic.snlt.s. This niadn'iie leatnre.s diieti e\alua- 
tion keystrokes) of these functions: h» .v. 
log X, c^, .sin .V, cos x, tan x, a resin .v, arccos .v, arc- 
tan A", as well as the hyperbolic functions and 
their inveises. It also has a .special arithmetic unit 
that performs conipmations with complex num- 
bers or vectors, inclnding single-keystroke con- 
version from rectangular to polar coordinates 
and the reverse. 
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4*1 ic iiKicliinc cm be ibcd inaiuially as a cal- 
(iihuor or aiuonian'cally as a sK)rc(l-i)ro<»rain 
coinpuRT, in usin^ ilio uiadiinc inaiinally. kcy.s 
:nc pressed in rhe sccjuence lecpn'red lo solve 
ilie piohleni. juM as with Mie W'anj^ ralculalor 
described previously. To sioie a pro^iani. a 
switcli is set lo "PUOC;R\M" mode: dien die 
program is enu-ied I)y piessino keys in ihc re- 
(pi i red se(piente. As eacb key is pressed a cor- 
respoiidini^ (ode is sioied in die iiieniory. The 
lollowiiii^ is a pro^iain io (oiiipiiie n], wlierc 

;/! I) - - (:;)(2)(1). 

(Ilcie ;/ is eiueied manually and (ben the pio- 
.i^iani is execnied: tbeieforc // is in ilie X legisier 
before sicp 00. ubich copies it into the V 
ret?ister.) 




CouJicsy of llavlcn-Packmd 

FicUKi: Hewlcl ('Packard ploller 



STEP 



KEY 



CO.\[MENTS 



CONTENTS OF REGISTERS 
X Y Z 



00 
01 
02 
r-03 
(04 

106 
07 
08 
09 
(Oa 
Ob 
(Oc 
^Od 



t 
t 
I 

IFX > V 
0 
d 

ROLL i 
X 

ROLL t 
GO TO 
0 

3 



] 



I 

J 



(Subtract) 
(C(mditionaI 
branch to 
address Od) 

(Multiply) 

(Unconditional 
I)vanch to 
address 03) 



>/ 
;/ 
I 
1 



n 

71 

1 



// 

n 

n - /; 



n - k 



n 
n 



I 
I 

Pu 



Alter entering the program, the .switch is set 
to the "RUN" mode, n entered, and *'CON- 
TINUE" button pressed to tell the machine 
to run the piograni starting with step 00. The 
computer computes the value of 7i\ and stops 
with the value displayed on the screen. The 
program can be repeated as often as desired for 
different values of u. 

The program in the memory can be copial 
onto a magnetic card. Then, when one wishes 
to use the program again, he merely drops the 
card into a slot on the calculator and recoids 
the program back into the memory. 



The uselulness and clficicncy of the program- 
able calcidator is iuwirca.scd by the addition of 
peripheral nniis. For example, a printer and a 
plotter can be plugged into the Hewlett-Packard 
machine, pioviding the means for automatically 
printhig or graphing results (Figure (5.20). 

Jn an educational setting, the programable 
calculator has the following advantages: 

Low cost—and a miniinnm of mainienayice 
Portabilily 

As portable as a typewriter, it can be 
brought into the clas.sroom when desired. 
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CalHibiUiy 

\{ \\:\s .Miili(icn( ( oinpiiliiii; powei (o .solxc 
most ol' the problciiKS in die scnuhnd ni:iihe- 
iiKiiics cunidilnin. For example. ilie.%e in:i- 
c Mines 'ean he u.Ned to .%olve ahno.Nt every 
piohlcni in the prex ions .%ecti(;n: the only lim- 
itation is ihaL in M)lvini; sinuihaneous ecpia- 
tion.N the mnnhcr ol c(|nation% (an not exceed 
tin'ec. 

'rcacluibility 

Average and even helow-average .%tndents 
can (jniekly and ca.sily learn to use a pro,i»rani' 
able caleidator. yet it piovides plenty of chal- 
lenge to hriohi students. 

Transferability 

Methods learned on the pio^iamahle caU 
culaior are readih tranNfeiied to more powei- 
ful ecjuipnient. 

Theie are also, of course, disadxantai^es. The 
))ro|i>ramal)le calcnlator has limi:ations in tlie 
follo\vini»' areas: 

Ddld siordgc 

Data storage is u.siially limited to a few lo- 
cations: therefore, prohlenis tliat recpiiie in- 
ternal stora;^e of large amounts of data (as lor 
laii^e matrix piohlems and most hnsine.ss data- 
processini> applications) cannot he handled. 




Courtesy of I'abtt'Teh, I mot (tor nU' (I 

KiGUiUv ().2I. Bi'Tran 6 digital iraiuer 



Pro}]^r<nii stora^fc 

The iiMial limit in pio,i;iam Ntoiai^e in hoiu 
100 to 200 pioi^iam Meps. 

i\'i<iii('rir only 

The pioi;rainaI)le caLiilaior is designed 
primal il\ lor nnmeri(al < alcniaiioiis. It is not 
desij»ned to handle variahle.s. 

Pro*jfr<un lan^ua^r 

Prot»ramini; is i^encrally in a madiine Ian- 
,i»nai;e or an octal type of coding rather than 
a simple compiler lani;iiai;e. "I'liis will picscni 
considerable dilliciilty when the inatheinaii(al 
proI)lem in\ol\es a hir^e lUnnher ol al^el>rai< 
manipniations and decisions. 

Proij^umt library 

These .small (ompnteis may not have imme 
di. tel\ availal)le a library ol pioi;iains— a sei 
of pioi»rains (biisine.ss. .statistics, record keep- 
ing;, schcdnlini*. et( .) stoied in the (.ompnier 
and made axailable to the n.sor when needed. 
The pio^^rasn library must he stoied exter- 
nally on pniu hcd (aids or magnetic (ards. On 
larger ( oiiipnters ti;e pioj»rani library is avail- 
able "on line" as part of the sy.steni. Such pro* 
,i>i:iiiis me olteii iiseUd in s( ieiKe. social .studies, 
and iiiatliemaiics. 

Ill briel. the pio.t»iamahle calculator probably 
provides an economical and effective way to iii- 
trocln<"e computers into the iiiatlicm:itic s curri- 
tuiuni. It is<;eneially desliable, licnvexer, to sup- 
plement its Use with access to more powerful 
e(|uipmeiit. 

Digildl Trainers 

Di<;ital trainers are .small computeis that are 
designed specific alK to help teach I uiiclaiiieiiials 
in particular area.s ol computeixsc ieiice educa- 
tion. They are paiticularly uselul in teaching 
l)inary aiitlimetic. coniputei lo<»ic, computer cir- 
ciiitr). coinpntei operation, and troiibleshoolin,!:; 
and I e pair of computers. These aie subject areas 
in which the computer itsell is the prim:ir\ ob- 
ject of instruction. A digital trainer in wide- 
spread use is .shown in Figure 0.21. 
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The ii.iinci is no* (itM'«»ne(I to l)t' used 

:is a j)i()l)lcin soKini; tool oi' .is :i prac licil. "icmI 
lilc" ( oMi|)ii(iiii; iiiNdunicMl. Ifciuc its hncIiiIiK'ss 
in ihe ina(]K*MKiii( s < nn i( iiliiin i> (jiiiic linii(c<l. 
fl .1 : tlnvY h .i\ail:ii)U'. howcxfi. ii inax he nscd 
(M (asionall) lo tIcMionsiiaic coinpuicr coiiccpib 
U) mikIcius who aic nsiM^ oihei e(|iii|)incM( for 
in.iilicina(i( 1 piohlcin soIm'm,!;. cxpei iinciiiaiion. 
and (h'Mo\cr\. 

Sinnll (\c}icrid-Purl)()sc Computers 

One u'a\ lo extend and cxpanti the tisc ol (oni- 
|)Uler> in the Mhool is to a((|uirc and use a small 
<;eneral>|)ni |)()^e conipntei', that is, a (onipnter 
that in( hide.s each ol the lollou inj;: 

S(\H'Yul tJiouMiml siora^r loaition.s, e:.rh 
(a|)al)le ol >torino one aiphannuieric eharaeter 
The incniorj is nia<»iietic coie or ecjuivaleiit. 

Eslxindtibility 

Additional stoia<>e (an oltcn he added. 

Ahility to um' .\((>ra*rr loaidons intnclumi^c- 
(ibly lor data or instructions 

Ability to Use most of the standard pcrijdi- 
cud dcvu rs hwaXx as teletypewriters, paper-tape 
leaders and punches, (ard leaders and punches, 
printei, plotters, tatliode-iayiube displays. 
iiia<>ncU( tape units, and dis( stora<>e tuiits 
'^ihese slioidd he available as optional 
ecpn'pnient. 

Softwarr for fn-occssinif student programs 
writtni ui an (diiorithmu lant^nai^c sncli as 

Aix;oL, I'OirrRAN'. basic, telcomp, 

AIM,, or TKACll 

L.inon.ioes su( li as J^ASIC or TELCOMP 

aie paitieidarly desirable. 

CIrcat cue innst he ex'ereised in the selection 
ol this type oF e({tiipineiit. Some school tlistricts 
aie still pnrcliasiui^ old. obsolete computers lhat 
act nail} rost nunc diau modern. tliiKl generation 
machines. The older machines are slow antl are 
terribly iiielficient in processinti^ algorithmic- 
language programs. Kurthermorc, they are gen- 
erally too large (e.g., the size ol* a standard office 



desk) and too hca\\ to he easil) portable: the 
newer machines are siiKiII. compact, and por- 
table, riie h)llouiiig hiiell) desciibes two ,sinall 
computers that meet these re(pn"ieineiu.>. 

I*igure (i.22 pictures the Digital Kcpiipniem 
Corporation 1M)P-S, f (ompiuer. it is a thiid- 
geneiation machine using integiated circuits. 
1 he unit shown includes the computing unit, 
cole memory, connections for inpnt/ontpm 
ecpiipmeiu. and .an operator's console. .\lso in- 
cluded (not shown) is a teletypewriter that is 
connected to the <oiiipuier l)y a cable. A com- 
plete airay of periplieial devices is axailnble as 
optional ecpiipniem. Softwaie is available for 
running programs written in BASIC, FOCAL 
(similar to TELCOMP). and FORTRAN. 



lMc;uKK 0.22. PDP-Sjl computer 
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Cotiflesy of Digital Equipment Corporation 
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CoutUsy of llijrktt-Pachatd 

icuKi-: (>.2.-5. Hexiflctt'Pdckard 211"^ A computer 



I'ignrc 0.28 picunc.s ihc* 1 Icwk'it-I*;uk:n(l 
21ir)A roinpntcr, aloni> with a iclciypcwriicr 
aiul ;ni optical ( aid-rcadcr. Hic optical caul- 
tcadc) rcad.s inlonuadon liom l lollcriih cards 
(hat have l)ccn nrcpaicd by in ark in preprinted 
l)o.\cs wiUi an oidinary soft pencil. 

M'he nnii on which the coinpnier is sitiini* 
contains the powet stipph and enipt\ (oni]>ar!- 
inent.s lor additional core storage and a disc stor- 
age inn't. E\ei) thing is on wheels so t'aat the 
system can be easily moved to wliere it is 
needed. 

The snrdl (onipnters shown here liave sndi- 
cieni (apabilitv ioi ahuost even instructional 
nse in secondary school mathematics. They nia) 
be used a.s piobleni solving tools and instruc- 
tional aids in the legtdar mathematics cmric- 
idnni. In addition, they may be used in elective 
coniscs in computer science and in vocational 
programs involving computers. 



Time Sh(iri)iif S\.slrnn 

A powrrlid new i\pc ol conipuic! svsiem has 
l)C"cn developed— one that pennit> man\ user> to 
sIkm'c the ^inndianec)u^ n>e ol a l,uiic\ la>i >\>tein 
in a convcMiicnt and ptac(i(al inannc*i. This ivpe 
ol >\>tem is called a tiine->hai ing vs\siem. 

I'.a^ h u>er c onnnmn'catcs with ilie (omputcr 
NVstem b\ mc\ni> ol a tcMun'nal such as a tele- 
i\pe, AU ele<tric t\ pew liter, oi a kc-\l)oajcl loi 
input and a piimiiii* dc"\ice o\ sm.ill I N' >cieen 
lo) output. Tennin.ds ^uc' connected cliiectiv to 
the svstem bv coaxi.d cable oi incliiectl\ 1)\ 
means ol ordinal \ ^telephone linc^. 

if the connection is bv mc.ui> ol telephone 
lines, a terminal cm be geogiaphic.illv remote 
horn tiie compiucM' system. It can he in a diiler- 
ent city or e\en in a clidcM'em >tate. 

Tvpical time-siiaiing svsIcmus service hoin 2 to 
200 terminals c\uh. .Many ol these sv.>tem.s in- 
clude leatures designed specilicallv lor educa- 
tional usc\ and termiuaKs aie in use at secondary 
schools, colleges, and tmi\ersitie> tinoiighont the 
United States. Some of these systems operate 
nearly twenty- 1 our hours a clay, every clay. 

11 the number ol users is large, the tinie-shar- 
ing S)s(eni will iccpiire a verv last coinpiuer 
with a laige chinn or disc auxiliarv storage iniit. 
In addition, it mu>t have hardwaie devices that 
peiniit many terminals to be attached to the 
sv.steni. I'igme 0.21 diagranis a timesharing sys- 
tem. 

1 he time-shaiing NVstem opetaics unclei con 
tiol ol a \eiv powerlul set ol .soltwaie. The 
I unctions normally pc:rlonnecl bv computation- 
center personnel are con ti oiled by the time- 
sharing sol twaie. These achninistrative I mictions 
include scheduling the use ol the computer 
(determining which user gets to lun his prol)- 
leni and when), retorcliug automatically (lot 
chaiging pmposcs) thecompmei time used, and 
managing the libraiy of progianis— the set of 
piogiams (business, statistics, lecoicl keeping, 
etc.) stored in the computei and made available 
to subscril)ers lor their use. 
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INPUT 

DEVICES 



TELEPHONE 
LINES 



LARGE 
DRUM OR DISK 
STORAGE UNIT 



COMPUTER 



OUTPUT 
DEVICES 



COMMUNICATIONS 
CONTROLLER 

A A 




TELEPHONE 
LINES 



l-'uMruK ().2I. Diagram of limr'Shann<i .sywlcm 



NotChhonkl he inadr (h;ii sinalln (iiia ^li.n iiii> 
,sy,su:in^ aic nincmh available (lor 2-8 users) 
(hat re(|m're far le.ss C(|iii|)!neiit and. ot com^e. 
die iniuh less ('X|)cnsi\e. Such .s\sieins ina\ Uc 
used elle(U\('l\ in a sin<;le school or .shaied hy 
uvo or ihree .schools. 

An nndcrsiandin** ol ihe nse ol a iinio sharing 
.svsieni (an perhaps hcsi he gained l)\ exainiiiini; 
ihe procednie loi sol\int» a problem on iUc s\s- 
lein. n.sino one ol ihe lenninals. Assume ihai 
(he n.ser (a leadier or sUideni) ha.s wrinen a 
|)r(>^t>ram in an al<»oriihmi( lau<>na^t»e and now 
wi.shes U) process his proi»ram on die svsiein. Also 
assnnie ihat he is nsino a lerminal (onneded U) 
(he sNsieni ilnon<»h an oidinar\ dial telephone. 
(See ilhistianon opposite liMe pat»e ol Uiis 
chapier.) 

Inrsi, he gets the aucntion of ihc system l)\ 
dialin<>. He is ihcn able to connnmiicatc with 
the svstem by means ol the lenninal. 

Me enicrs the pro«»rani by typing it on the 
kcyboaid of the terminal, innnini^r a punched 
tape (hat lias been piepaied pic\ionsly on the 
lenin'nal. or submitting cards (pnndi or mark- 



sense cat (Is that ha\e l)een prepared pievionsly) 
through a (aid reader. As the progiani is cn- 
teied. it is stored on the drtnn or disc storage 
unit. 

Now suppose thai the user. ha\ing enteu^d his 
progiam. ie(piesis the eoinpiuer to nm his pro- 
gram (which exists now on the dis( tniii). If the 
(ompiuei is not i)eing used at the moment by 
au) (jihei uset. oihei than loi lominc input and 
otnpuc, the pKH^rani will be nuniing in a maiier 
of a Iraction of a se(()iul. II his pioblem ie(piircs 
only a se(on(l ov so to complete (the (ase with 
many student exeu ises). it will be i mi to (oni- 
pletion and then the output piintcd on the tcp 
minal. riiis ontpm ma\ (onsist ol the desired le- 
stdts or ma\ be one or nioie ei roi messages point- 
ing out typing or other (Miors in his program. 

If the (ompmer is being used when the run 
ie(piest is madc\ the- ie(piest is held in a list wiih 
a (ertain priority. "I he time-siiaring software 
contains a schcdiding portion thai dcterniines, 
.imoug all those programs requesting compiuei 
lime, which program is to he run next and how 
nuich time is to be allocated. Kventnally (in a 
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lew x'coiuLs oi Ic.vN) the iisn i.s scheduled lo he 
lUM. The M)l»\vaie >\.s»ein l.ui.scs the (()in|^utcr 
lo (C.iM' iiiiniint; the |)i(),i;iJin then bein;^ woikcd 
on (e\en il it i.s not hni.shcd). cmlsc.s it lo he 
wiineii oil oir</ the (IIm iniit. I)rini»s in the new 
|>i(),i»ran) lioin the (li.s(. and >tait.s rnniiin;; it. 

II the new |)ro<L»i:Mn re(|tMre.s lon<L»ei than a 
Necond or so, the piohlem luiiy in tinn he inter- 
tnpted. wtitten olf on the di.sc. and held in ahcy- 
ance for a short tiuie while other tisers are .ser- 
viced. L.ater (ai>aiM. in a njatter ol .seeoiuLs) the 
|)ro;L>ran) will he l)iotii>ht i)ark from the disc and 
(oiitinned lionj tlje exitei place where it was 
interi npted. Thi.s procesN i.s repeated inuil the 
progranj is (onjpleted and all the re.Mdt.s have 
been |)i in ted. 

The tiine-.shai'ini; .s\.stein is e.s|>eriajly well 
srrited to situations in which niany short pro- 
,i»ranis are to i)e processed. This, of eotn^e, is the 
kind of situation typically encotnuered when a 
eomptuer is used as an instructional tool in 
I each i no ehnentar\ and secondarj mathematics. 

It .should he noted al.so that the type of com- 
puter used in a tiine-sliarini> sy.stem is nsnalK 
100 to 1,000 times as fast as small drinn- or cli.sc- 



inenxMy computets th.u mii»hi he .icc|iiiiecl hv a 
.school foi cki.sMoom ti>c. llencc. .1 |noi*iam thai 
ini;.;ht lun lor scNcial nnMU(c> on .1 >ni.dl clnnn- 
memo) \ ccMn|)Miei would he executed in a lew 
.NeconcLs on the time-.sharin<.» s\stem. 

In addition, tlie cost ol a timcvshaiin** >y.stem 
i.s cletermiiiecl h\ the amonni c^l use. I \pically. 
the usei i.s chai<*ed onl\ loi the time he i.s "on 
line" to the ctnnputer .uicl for the rental of the 
terminal device. 

CONCLUSION 

In view ol the rapid clevelopmeiu of comput- 
ing ecpiipment. main ol the l.icilitie.s described 
in thi.s chapter will probably be improved on or 
even replaced within a very lew yea i.s. il not 
month.s. .Vlthc)n,<.;h c h.ini;e> aic not cpiite >o i.ipid 
as I'^it^uie (i.lif) clepic i.s. the e.\ai»t»eratioii h.i.s .some 
basis in truth. 

However. iei;arclless ol the ecpiipmeni avail- 
able, the mathematical expei ience.s ton.siclcied 
in thi.s chapier will he appropriate as loni; as 
the>e .lie included in the .school'.s curriculum 
objectives. 




"Sad case there . . . brilliant computer man— took a six weeks 
vacation and fell too far behind in his field." 
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sKi.Kcn Ki) i;ii;i.i()(;rai>iiv 

riiis l)il)li(),i»i:i|)h\ In (li\i<|(Ml inio loin HTiioijs. P.in A <<>iu.tiiis souko o\ (Lismooiii in.iinials (Mu- 
<lfni or ic:i< lici ) :uu\ .sni»i;(\si ioiiN lor d.issrooin iim' oi lUc <oiu|nnci ,is .1 piohk'ni solvino lool in 
niailicnunj s. l*.-m i; lisis uIcicikcn in Mic ;nc:is of (onipuUT.s in c<ln(.nion .nul tonipntoi mIcmkc, 
Vitvi (:<onr;iin.s oilier inIo: ni.iiion. int l(i(lin,i» intiVlcs ol iiilcicM U) R'.mIicin and Mndcnis. joninals. 
:ni<l l)il)lioi»ra|)lii( :il nialci i:il. Pan I) liM> orolcNNional M)ric'Uc.>. 



A, CLASSROOM MATKRIAI^S 

L Mbinlii. RoIk'ii I.. Trndi Yoinsrli /l/tSIC. 2 
\ols. San Cailos. Calil.: IVuiica Ktluciiion 

If)70. Papcih.Mk. 
(Siudt-ni 

\n inncxItM lion lor junior lii<>h mIiooI or 
Nl<tu<'r liii;!! m hool snMlCMi>. I lic |);i(t' i> very 
slou* with <onUMnc'<l (•ilc>n.> 10 inucasc >in(lcni 
'hoiixation. 

2. Albicdn. kobni I... n al. Com/ntiir Mrihod^ 
nt Mathnnntus, |»alc> Alio. Clalil.; A<l<lis<)n- 
W'rsliy |»iil)lislnn«; Co.. IlKiS. 
(SUKlcin K'M) 

Foi' hi;;li xhool jnniois or >CMiois or for 
<oHrj;c Irrslnnen: tloi^ncJ lor a> a .>(i|>|>Ic< 

nicniaiy ivsi i ailuanaii(s roins('> in \v-InMi 

(out|Mn<'i,s an- iisni lor <l(>nion>irailon or 10 
M)l\c |>iol>I<ans. ii niav Uc used its n priniaiy 
U'M lor an clrMixr (oin.se in <oni|)titcr-oricn(C(l 
niatlu*niati<>, 

X Andicr. Richaid W Coinjmtrr I^tiy^ninniihiir 
and /{rlttlnl Mothnnotu/,. New York: |olni 
Wiley .K: Sons. I%7. 

('I'ca<her nuneiial or college .stndeni text) 

A book on |>io<>rann'n;; wiili a «;ood < hapter 
on tonipiiieri elated niailieinaiics. A college- 
level le.vi. I>nt a nninher of die esaniples aie 
a{)|)io|>riaie lor .secondaiy sd-'Jol usi\ 

4, Ui-nni. I.iidwii-. and Marian Visidi. The LKws 
of Com/>i//ei.\ /// nii*h S(h 00! \\ S \oK. Brooklyn, 
N\V.: Ilinnington Piojed. Polyieclinic Insii- 
inte of Uiooklyn. \WX ID/O. Papeihac ks. 
('I*ea( lier lelei en<e) 

A guide (oveiing iiianv lopic^ in niatlieiiiaticN, 
.Neieine. and so(ial .srieiue uliieli gives useful 
progianis and leadiing sirategies. 

5. COainalian. Urice. ei al.///>/>//VJ A'/////6'mv//i\/W//. 
oils. New York: John Wiley .K: Sons. 1909. 

( readier lelcicnce) 

An iiitei mediate tteatnietit of die theory and 
appliVaiions of ninncrical methods. 'I'lic tnetii- 



ods distnssed .ne illnsti.ne<l by Inllv <lo<nmente<l 
programs. 

Ck Cla\man. Miithnnatirs' Lohoiaioiy Worh 

I look, Tewksbnry. Mass.: Wang Laboratories. 
I!m7. l»apcrb:Hk. 
(Teadier uvmue book) 

rhiity-sc\cn ni.nliemaii< al to|)i(s that (an be 
tangin using die Wang (ahnlator. 
7. (.'oi;nniiiee on the l^n<leigradnate Piograni in 
Maihem.ni<s. CC/M/ .\Vjr>/w/rr. .VngnM VMM). 
('IVadur releien<e) 

riiis issue, with die ilnnie "Clalenhis witli 
Compniei.s." contains information on the iise 
ol (oinpinei> in lii.si-year cahidtis (oni.ses in 
colleges and nniveisitics in the Unite<l .Stales. 
I'niel ontlines aie piesented so thai in<livi<lnals 
(an (onnut ap[)iopiiaie institutions for fmther 
infoiniaiion. 

H. Computing and Maihemati(s Cmri<nlmn PiO' 
je<t. (loin/fhw Xiinihris, I'nuttions, IJniitJi, and 
Xiiiitio! luiu'S (or I i^oitthinx, Denver: t Univer- 
sity ol Denver. 1970. Paperbacks. 
(Student .siippleniv'uts) 

riie.se lour (ompnter-extended iiisinntion 
units Use the U.ASIC language and assume tlie 
availal>ility of (ompnier laeilities. Tliey were 
written especially lor secondaiy .sdiool seniors 
or udlege Ireslinien taking a calculus or pre- 
calculus (ouisc. 

9. Come. .Samuel I). Kh iitnitoiy Xitinrii4 4il Aiuily^ 
sis: /In Ajijuoach, New York: .Mc- 

C;rawdlill IJook Co.. 1905. 
(Teacher reference) 

.\n nndeigradnaie text that is paiticularly 
dear. FORTRAN IV is used in piogianiing 
examples. 

10. Corlett. Peter Norman, and |. D. Tinsley. 
Praciiail Piogrammiug, New Yoik: Cambridge 
Univeisity Piess. 19(iS. 
( I'eacher refeience) 

'I'his is an introductory text employing 
ALGOL as a langu.age. It has botli numerical 
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.iikI iiDMUiiniri i( .il jppIit.itioiiN. hiii lUv vtiu 

p|i.«Nis In slinii;*l\ on llic foiinci. 
1 1. (;islC:iS \M. /'/omm//;/^> of an luritittunutl Con 

fru'ttn' ou (ttlinhn anil thr (.otnjptttrt, '\'a\\:v 

Uassw: l loiida StiUc rnixciNiiv. l!)70. 

( \ r.u ii(*r K l(n(*M( c) 

1 r,iiiN( ri|)i .tiid suiiiMKin ,i ihicc (l.t\ (oii- 

|(«i<*ii(c (o (Ii'miiss alt asp/ds ol ii>in«» llic Stcib 

hci^ .111(1 W'alkrr ClklClSAM cildihts uw, I lu* 

Mi*;i;(Mi'(MiN t('flc( (liiriii*; die (oiHcn^iuc'. 

(lioti^li ili(*v aic made ally fur (Ins (cM. 

aic \aluaMc lo atuoiu* tcadiin** (aldiliiN. 
Ili. Dalloii. |. Othth:! Miuhitmtw I lain>vn N.IL: 

S(*(oii(Lii\ Sdiool l'ul>li(aiions. Daitinoiiili Coh 

!("«;(• Kirwn (.oiii|MUatioii CU-iUciv l!)7(). l*a|M*5"» 

Im( k. 

(Siiulciit lv\l} 

\ii rMcllcMl ('N|>lota(ioii ol (III* |)li\>ual |oi((*s 
inxulxol in oihiial (li<;lu. Iicticr .stndcnts of 
s((ond>\car alj;d>ra or more advanced totirscs 
(an nn(!(*iNtand rcwaidin*' ntatciial. Good 
a|>|di(aiion of iriooiKniiciiy and analy(i( i>coin> 
vi\ y. 

IX l)ani:isk(»s. N. |.. and M, I*. Sniyih. anti 
Ti'riniohiix. CIunUt. I*a.: PMC (:(>lk'j;cs. MHW). 

V'A\>VlU'M k. 

(Stnd(>nt icSi) 

I he |nn'|>«>%(' ol Mils icM is to icadi alxnit 
('n^ii"(*d in'^ and ic(hn(do<>\ Usin^; du* (asc 
Nindv apino.uli. Sex era I |>iot>l('nis :\vr cuUiimvil 
U\ (oin|nn(*r axailahiliiy. and the |>rot)|(*ni s(dv 
in*; ap|»<»a(h Is \v\\ ns(*fnl (•\(*n witliont avail« 
ahk' (onipntcT la(Mi(ics. Ml led wUU ideas foi* 
i(M(li(*is iniCKMed in applications. 
I'l, DannuMttii (.olk\^e isn^wii ('onipniaiion (.'( iiier. 
Sr<otnhn\ Stiiot>l l*u>irit (nnd-Ncar repon) 
and Dttnottsttntioti a ml h'xlu'innrnttition in 
(jnajnitt'i I'lttittin^f tnui r\r hi Snondoiy 
Sthooh. Ilanoxei. a\MI.: Daiinionili (lolle^e. 
IIHJS. 

( readier ieleu'n(e an(t sonnc h'siin;; ol Mn* 
(lent niaiei iaU) 

The booklets j;i\e .i desdipiion ol the l)an- 
nion(l)-Se(ond.n\ Sdiool Conipnier Piojcd. In 
ad(li(i(»n lisiin*^ many niailieinaiiis (nni(n> 
!nni anas uidi ((KiipnK^* potential, tliev \no- 
\ide information lejL^.ndin*; (l;e top*( oinltnes 
and odier insti m tional niateriaU ol die j>io- 
je(t. 

15. Dodes. Ii\in*; \.. and S. I.. (Iieit/ei*. Sunn nail 
.lnol\\t\ with Siu. iific AI>liluntions. N'ew ^'olk: 
lla\deii Tiook ( o.. WW, 
(Stndent test 

(!o|le<)( fiulnnen and better In!*!) >sdu>(>l math 



siudeiii^ uill hnd this iiiliodiidion t<Mniiiieii<.il 
anahsis .i 2as( in.nnii* ( li.il|<*n';( The U'\t .is 
miiikn au(NN t<» sfHiK i\p( III (ompntiiio ladhu 
and (.nni<»i Ik <<nMpl( t(d nsini; onl\ pent il and 
p.tp(r. \<» pKt^i.ninii*; is laU'^ln. and iIk icM 
is ((Hiip.itilde uidi ,ni\ MMtipntiip^ lad|it\. 

If). Doin. W'ilii.mi S., and Jndnli IV. l-duMids. "i ind 
in<; I he I'.est Sfdmion \ la (><»mpnier." fommil 
oi lUhuatunitti Ihitu Pinnssin;^ no. MY}, 
(\ eadier leleieme) 

I Ills aiti(le desdilK's how ilic (oinpincr (an 
l)e nscd in so|\in<; die ph>l)l( ni(s) ol m,i\iiiii/< 
in*; .III are.i. It is an e\(dl(*nt e\ampl(* of iiow* 
th( ((Miipnter (an Ik* iis((1 (Ateiid insinution 
t(» xdve iiiKMcsiin;; pi<ild(*ms in ma(lieiiiati( s. 

17. Doin. William S.. .nid I lei hen |. (Iie*Mihei«;. 
Mnthniuitu\ nnti Comlmtm:^: With lOKTi: /.V 
rpth^ttnnntin;^, \e\\ ^olk: |<dni Wilev Sons. 

{Student test) 

\n ev( client test lor !i;ia(le II! Mlidenis or 
(oth't'e iKslniien wliidi takes a((oiiii' <d the 
lolc ol the (Oiiipntei* in niatheiiiati(s instiiic 
tion. (See levieu* in the MAA's Jniriimn 
Mathnnatiail Monthly jannan l<l(iS. p. 
Also a ^ood soni(e ol i(!(MN lor t(*a(heis. 
IS. I'ji;^iiie(*i in*; (^»n(epis (:inM(nlmn l*ioj(*(t 
(KCCin. Mtm Moilr \Vo)hi :\ pis. New Voik: 
M(C;;aw Mill Hook Co., 

(Sindeni te\t. lah inainial. .tnd K.idier mate 
lials) 

l\(i(J* has d(*\ eloped a Miciue pio«*iain lor 
In'^h sdiool stndeiitSx S(d('(t('d s( ( tioiis (h .tl uttli 
the tea(hin*; ol (ompnier (omepts and nsiii<;; 
the (onipuier in so|\in;|i; piohl(*ms. 
II). Clallci". TKMiiaid \. V7o' I tnii^UitiH' f / (^omltntt is, 
.Veu Voik: MiCraud lill ilook Co.. \\Ki*L 
( I cidier leieieiKc inateiial) 

Some vciy j»ood "indixidiiar* piol>Ieiii scnin-^s 
lor senior lii^h .sdiool. A tea( her \v<mld hnd diis 
.1 ;;ood soiiKeol iiiter(*s(iti«; piohlenis. IIk IxK^k 
is fpiile re.idahle and would he an .ippio)>itaie 
ad(liti(Mi to ;he sdiool lihi.ny. 

20. Ceinnd l'tledM( (io. .Maik I I tiiK Sliaiin;* Ser 
\i<e 1 (Mdiinj; Collides. I \ols. lietliesda. Md.: 
(.<Mier.il ICIe(tM( I nloi Illation Sei\i((d)ept.. IU(i9. 
f'l e.idier ieleien(( I 

I .idi of tli(se lonr p.ipeiha(k hooks i ll^t'hiti 
/. lliirhht 11, 'r)iiiont}ttirii\\ .nid /*h:\n\f (oih 
tains a niiniher oi pio^r.mis iov piohhins ni 
ni.(theiiiati(s m .sueiue. aloiP^ with some e\er> 
( iscN. 'I lie m.^iMial was developed h) teadicrs 
in the Alt(K>na (l*a.) Aiea Sdiool l)istri(t. 

21. I lien heifer. Fied. and (.coi*»e | ail ray. 1*1 oh 
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It ttt\ t*n (,t»ntlfuli t ^ithitum. New VoiL. |oli:i 
\Vi!c-\ SiMiN. VMij. l».i|»(ilM(k. 
( I iirr icmiiik ( in.iii|i:iU 

\ WW Mond II N o| |)M>l>lciiiN o! widciv 
x.iixiii!* uU\ wliiili (.III ix \\\Vi\ In ( iMiiplc- 

tii(*iii ilir i(-i;iil:ii iii.iili(*iii.iM(N ( in 1 1( iiliiiii or 
loMii ilu' NIK li'iiN f>t ;iii clrdi'.c (omi\c nii (oiii 
|>iiu*r aiiniiN. 

(>ii:iliicii. I)niiiciil( N. lUw'u MtiilirinalitA: ,'ln 
iiltutuniit A jtjntfiu It: (It-nrnil MtitltrttnUit s: An 
/;/<'(///;;/// Ijtjntuith: ,iii<| 77//' A'/-/// Xinnhm: 
An /-Ardnnia A I'lntuK h. TcwkshMi v. M:ins.: 
Want; L.thiiniiorirN. l!Jf>.S. P:i|>cil>:i( ks. 

(SiiidcMU icM\ jihI I(*:i( Iici'n cdiu'oiiN) 

riitwc hooks .lie |>,in ol ;i (ixc-volinni: .ncmcn 
|>i(-|).iird lot Usv widi \V>iii!4 dcsk-lf>|> (oiiipiit- 
(■In. riic iwo lMK>k\ Oil l);isi(' :iiid i;('ncr:d iii:idiL'- 
iiKili(N' (*iii}>li::\i/c Ixisiiu'NN applications of 
MKidii-Miaiics .111(1 (fUic.Npondiiit; ii\c of (ahtilai- 
in;; o) (oinpniiii*; rtpiipincnt. Ural Xnmhvis 
iiK hidc'N disc iiwioiis and piol>!cni >uuiii<;N ap- 
pnipiiaK* lor .sindciiis in ;;i:idc 7 diroM.i;h jnnir>r 
(ollci-c. rile inai(-rlal mi Nttint'iiccs (iiu Indin;;; 
I'aic) N(*(picii( t') i>; panic niarly appr/>piiaic for 
(oinpnirr application. 

Ilaat;. |anu-s X. Co/njnrhriisivt' Sinntlatd /-'OA*- 
7"A' /.V I'l nil} n mini nil. Voik: Ilayclcn l>onk 

Co.. \{H\{). hipcihack. 
(St tide- lit text) 

One of ilu* IcMii'tliicNl intiddiutions to I'OK- 
TRAN pio^iaiiiiii^, "riic book is intcndrd for 
M'condai) mIiooI sindrntN or ( (>llci;e tnidcn lass- 
men who li.ivc ( on i pic ted two years of al;^el)r:i. 
.Many inincstini; applit :uion< ate illnstiaied in 
die example pioMems. 

Ilannnini;. Ridiaul \\^ (Uilvnins mid tin' Cnni- 
ffnirr fxriutln'hnt. l>oston: Ilon<;lit(;n Milllin 

Co.. urns. 

(Teat her iiiaieiial or material for .selected .stn- 
dents) 

I'his is an expansion of an earlier mono- 
giaph hy the .same title pnhlished hy the CUP.M. 
The l>or>klel disinsseN .some a.spccts of coinptit- 
luil as they aie related to the l>c*;innin<; calcu- 
lus (onr.se. The material is well written and easy 
to lollow. 

Hansen. V. V. l)is(o\erin.i; Mathematics ihr(>n<;h 
Computers seiics. (> vols, llartsdale. N.\'.: Ol- 
toit 1-oiward. lIMiS. I^iperhacks. 
(Sindeni {vKl>) 

Titles in this series are :is follows: Hatinnnl 
Xtunbcis (pi. 1 and pi. Aliichia, GV-V////- 
/7)y. Aihunurtl Aliirhra mid 'I'n*i(ntninriiy, 
I'whalnlily and Slniislics. The niaieriai was 



or!t;inall\ wtilteii hn i.nid pnMislted h\i ( 
\eiti Ciideiwood Coip. lor iim* with its desk- 
top (oiiipnteis: ilins the pin'^i.nniii!; n( tliii*;s 
.lie tied (Ion(>|\ to ili( ploudnies ol the l*iO' 
^[•i.niiiiia llH. rile iii.iihem.iti< al Neiliiii;^ .ne 
si.iiidaid to the i(*i;nlar 7-lL! < ni i i( nliini. 

2(i, lleinineih*. William J. Slf!li\iirnl Onnlnttntitm\ 
nn n hi^iltd C.nnilmiri . W'ahlKiiii. .Mass.: lUais- 
dell Pnhlishin!; Co.. VMM, 
("Teadier 'leleieme) 

\ii adx.nued text lh.it iiii;;lu he used h»r p.n> 
lidil.n inpio .ippiopiiale t/> .Klx.inced students 
in setondaiy sdiooK. 

27. Mickey. Alheit I-. " I he Vm- of the Cionipiiter 
ill .Matli(*iii.ili(s liisiiiKtion." 'ru-n.Ymy Cnlh'iir 
Mtiihrintilns /o//);//i/. Sprilii; Iii7(l. pp. -M-.'d. 
(Teadi'-i ielei(*n(e) 

The ;niirle .i;ixes a ^i;('iieral disdission ol ilie 
ude ol the (oiiipnter in the dassiooin and indi- 
(ates .1 iiiiinhcr i;l spe( ific seitin;;s wheie the 
(ompnier (an he iised as a piohlein solving; tool. 

1^8. Mi;;i;iiis. 0. A. 77//- /;/*■///<■;///;) v funt lions: An 
AliiOiiihniii AliJiKnKh. Hanover. N.ll.: .Secon- 
d.n\ .Sdiool Piihli(aiions. Dai t mouth Collei'e 
Kiewii Coiiipntaiion (ki.ier. P.)7n. 
(.Student text) 

A (otiise in elemeiitaiy fnnt lions in which 
Use ol a (onipnler phns an intiinaie part. 
Knowled,;;e of r>ASIC! and availahility of tom- 
piiiin.i; facilities are assinned. This tcxi. written 
h»r s(*(on(la)y sdiool or fnM-xear college siii- 
deiiis. is a i»oo(l soime ol ideas fi»r leathers of 
students in all secondary sdiool niaihemaiics 
(«)iuses. 

29. I loldcn. I leihcil I.. Inhodnclion io I'Oin iOlX 

IV. New Voik: .Matmillan Cio.. IJJfiiJ. Paperhack. 

(.Siudeni text) 
Text de.si;;iied lo leadi l-ORTRAN IV for 

Use as a stieniific tool. Good f<»r the heginner. 

hut iKM appiopiiate as a refereme woik. The 

lack of flow chatls is sometimes tonfusing. 
!J0. Mull. T. K. 77/(; Xmnn ind hiictimlion of 

O rdina > y t)illt*ycn t in I A7/ //// / ia ns, 1 5ei k el ev, 

C^alif.: C^oinmiitec on the Un(lei<;radnaic l*ro- 

,t;ram in .Nfaihemaii(s. MlGi't. 

(Teadier material or collc«;c studetu text) 
Colle.^cr-level mathematics and applications of 

the ((Muputcr. 
•51. Mull. r. and David I). Day. (Unnlynlnx mid 

l\oldrni Sidi'inii, Readinj^. .Mass.: AddisniiAVes* 

ley l»iihlishin«; Co.. 1%!). 

(.Student text) 
Tlic purpose of the hook :s to explain the 

fuiKtioM of a (oniputer :ind show how die coin* 
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|>iiUT cm \\svi\ i(> M>l\f :i wide variclv of 
iiiicicMiiii; {>i(ii>Ii-: While ilic luuik i< pri- 
iiKiiilv oiiciurd io (oiiipiiter Mirixe. in:iii\ of 
(he cKcitiM'N li.i\c iinplir.iiioiiN for die iikmIic- 
iii:i(i(N ( hiNNKMiiii. 
^1!. Inu I :..iiioii,:| liiiNincNN M:i(liiii('< C(M|>. ('niii" 
j/rtin Mnthciiuitit \ iii Sccniidiii\ St'honh, l*iihli> 

('rc'idici' in:iu-ii:d) 

(iliiiiiM- :i(liniiiiNti:iiifiii and ( iiri icidiiin ,!:;nid(- 
fl(MiilK'd 1(11' :i ((>ni|>iii(-r iii:idi('in:iii(s 
(oniNC. The hodk ((MliniiK iniiu on hisloiv (»r 
d:e (oinpnier, llmv nimhine I:ni,:^u:i,i;c'. 

deii\e(l l:nii;u:it;e. l'C)k'rKA.\. :ind advanted 
inailieuKiiicd i(»|»i(N (ninnhcr dieoiy. |>i(il»:i- 
hililv. in:ini(e<. eu.)- 

^3. ,.. . All liitititiiirtiiiii to I\iryjiirrriii*i z//?- 

«/vwv (ill (liiiiilniiri,\. While IM:nn<. X.V.. II»M 
'ItxInn'cn I'lddicition Depl. 
(Teat her niaiei ial) 

A ((»IIe';e-le\'el le.vi .Ok » wing lonipiKcr appli- 
(aiion< in eni;ineerin,t; |Hf»hlenis. 
Ivci'M)!!, Keiniedi l-'. !\U'iuriiliii\ !-iiiiciinii%: An 
Al'^fiiiifiiiiir Tiniliiieiit. C'iii(a_i;«>: Science Rc- 
>eai(h Awxiau-s. Illfifi. 
(.Studeni I ex I) 

\ (cxihook lor pieiahidiK >indeniN ai die 
hi^^h mIiooI f>r (ollr^e level. .All'io.:;;!! (he pro- 
(;raniin;^ lan;:ii tt;e. MM.. U dilliddl and riMiiial- 
isni \ei\ lii^oKMK. ihe lexi i< a j;o<>d .source 
ol idea< for leadier^. 

'{5. [olniMkii. D.tvid CI., i.aiiy 1.. Ihiifield. l*a:nel:i 
W. Kai/nian. Thomas K. Kiel en. Dale K. I. a* 
i-n-n/. ain! [olni W. Wahher. Conipnier .Assisi- 
ed Maiheniatiis Pi«»i;rani (CI.AM I') .series, 
vols. Glen view. III.: Scon. l'oie>nian Js: C«i.. 
Hh;S-I!)70. Papeihacks. 
(Student lexis wiih leadier ((Huuieniaries) 

Snpplenieniai y >(udeni hooklets for each of 
ine i^rade.N 7 dnoni^li VI. The uiaieriaU (on- 
lain many e\«elleni exeit isc.s for use wilh die 
.siandaid niadiemaii(s (uiritnlum: .Ntndents write 
(omp'iier pio(;raius in liASK^ lo .study (onrepts 
and NoI\e piohlems. 

♦SO. [ohiiNon. Donovan A., and Gerald R. Rising. 
(tiiitlrliiirs fin Tt'iirhiii'^ Maihriiiiiiirs. l>elniont. 
Calil.: WadNW«>ith l»nhlisliiu«; Co.. l<Ui7. 
(Teat her refeiente) 

The .sen ion '"The Role td Gonipulcns*' in this 
M'tondaiy mIiooI mat hematics mctliods text 
.siiows some inteiesting settings al the jmiior 
high .sdiool and senior high sdiool levels. 

;{7, Kat/an. Many. Jr. .■//'/. I'lO'^ianiniintr and Coin- 
pulrr Trrhitifinrs. New Voik: Van N'ostrand 



Rrinhold Co.. 1970. 
(Student tc\i) 

\ (ompieiiensi\e souuehook wilh e\.:mples 
liK luded lioui mathematics. s( icMue. euguieer 
ing, and iMisiness. 
:{S. KeuKMiv. |ohn C*.. and rhoniaN I*. Kurt/. HAS!(^ 
rnr^iinnitini'^. New York: |ohn WiU-y Sons. 
I!l(;7. I*apeilia(k. 

( ICu her nc.iiei ia! or supplemental v sindeiit 
lest) 

All iniindndioii t(» K^diiiicpies of (oiiipnier 
piograiiiing using the language liASIC. I h(*ie 
is .ui applii .iiioiis see lion that ((mtaiiis :i vaiiet\ 
of pi(»i>leui .sellings. 

.'{*). Killeii. Midiael. liiiiniliu Inni tn I'm'^iiiinniiii'^: 
A Mitthriiiiitii III Alipinnrh. Tewk\lMiry. .Mass.: 
Wang I.al>oiat(»ries. I|)()!), 
(Student text and leadier's edition) 

This hook is one of a seiies piepaied lor use 
with Wang dr\k-iop (ouipiiters. It (uiphasi/e.s 
computer Inmlameiiials with examples taken 
fioiu iiiatlieiiiaticN. 

•U). K II mil. D(»iiald K. l-nntlninrninl Al^niithinx 
and Si'iifi'Xiiiiiriiiiii Aloi)iiihiii\, Reading. 
.\lasN.: \(hlisoii.Wesley Piihlisliing Co.. l!)r>S. 
I!l(»i). 

( W-'.H her lefeieiue) 

These aie die hisi two \(dinues in a pio- 
jeded se\eii-\oliiine seiies. The Alt <if (.oiii- 
piiter {'logrammiiig. designed lo explain and 
ilhisti:iie most of what is known ahout hasie 
compiiter-piogramiiig technic pies (exclusive of 
iiimierical :inal\sis) . The liist vfdiiiiie (oiuaiiis 
many excellent set tings for illiistialiug algo- 
litlini design. 
■II. K«K'tke. Walter |. Ciiiiijtnti'i,^ in llir CJosvooni. 
.Mavnaid. .Mass.: Digii:d Mcpiipineiit Coip.. llMiS. 
Papeihac k. 

(\ eadier rescnnce manual) 

\ii inde\ed leleieiid* woik (oiitainiiig spe> 
( ili( snggesticnis on Ikuv and when to use the 
((kiiipntcr within .i sdu^ol's piesciit iiiatheiiiaii(.s 
( 111 i'i( idnin. 

•12. K(»v:idi. I. ad is D. ('.itnilndn'-Oiirninl Mat hi*' 
nnii'us: An Iniiodttcttnn to Siinn'iiial Mrihiiih, 
San lM:in(is(o. Cialif.: I lohleiid)ay. VMW, Paper, 
hack. 

(Te:idier lefeience or suppleinent:iry sttident 
inatei'i:il) 

This hook let deals with **iiniiieiical mailie' 
niati(s" and pieseiits :i nuuiher of inteiesting 
piohlems. While thr in:ttei'ial is written to he 
(lorn* without a (ouipntcr facility, the (ontent 
li:is implications for (oniptiter use. 
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(^t:i( km. l):iMirI I)., .iiui WilliJiii .S« Dorn. 
Xnmoniil Mrthods ami I-()l\'l'l\JX l*io^'am* 
nini^. Xcu ^l>lk: |oiiii Soii\. 
( I v.ii her iclciciu (■) 

\'\n' hoolv is (l('Ni;;nc(l lor iiM(l('i^r:i(Iii:iii' 
(IriiiN in cM^iiH'ci iim oi* \( iciu ('. S(ii(Iciil\ should 
li.nc :in :tii.iI\'viN or (.il<iilii\ biu k*;ioiiii(l hcloic 
.iitciii|>iiii^ in.tiix ol the piohlciiK. 'I he hook 
i\ M (oiiiiiicii(I('(l .i\ .1 i(M(Ii(*r iclcinuc in ihc 
;ti(*.'i\ ii\ cxaliKiiion ol linulioiiN and \ol\in,!^ 
cqiiiili'oMN .\\\i('iiiN ol ('(|ii;ilioi)\. 
.\hii((>\il/. Man l>.. and l-'ai I |. S( hwcpjx'. J;; 
hiinftlnf tnni to .ll'^tn itinnit Mcthifds I'sdi^^ the 
M II) /jinniiiS'^f*. New Voik: .Xhunnllan C."o.. 
WHWk l'a|)( iha(k. 

( Tcadit'i icIcuMUC ttv (o!lcj;c sindcni icni) 

\ louci-dl\ ivion (oll('«;;c i(!Nt lo inllodsKc 
MudcniN Ui iho\(' uiciho(l\ ih.ii .11 c apjilicahk- lo 
the hu)>l('Mi(Miiaiion\ ol ali^oihlniiv on (oni- 
pniiii!; nia(hin(*s. 

Mtttltnuiitii s I'i'atltrt. "(!oMi|iiilcr-()iicnicd 
Maih('iii.iM(\" dcpaunicni. hdiicd hy W.'ihcr [. 
Ko('ik(\ 

("IVaduT K-rcK'ncc and .studcni niaicnal) 

AiluIcs dcscrihini; hou" u-adicis and >(nd(*nt.s 
iiM-d du- (onipnu-i a< a |>rohIc-Mi>solvin!^ tool in 
die niadu'iuaii(N rlavMooni aic inchidcd in the 
[oliou'ini; list ol (oniiihntion^ 10 tlic dcpait- 
nu-ni. 

"Quadra I i( K(|uaiion\-Coni|>nior Sijlc."' 
Thomas I'. Kicicn. Apiil I !)(>*). pp. !>().'»-!). 

"CW-iu-raiin" 'Random' Ninnhcrs Uiini; Modn- 
lai' .\tiilnnoti( ." Kiothcr .Arihur Indclicato, 
.May ISKJ!). pp. .SSf)-!)!). 

"Piinie Tri|>Icis." Joseph lliisch. Oc[ol»cr 
WnW). pp. .IG7-7I. 

"Conipntcrs in ^!adloln:l(ics K(hication." 
Chalks J. Zoei. Novcinhcr 11)01). pp. fjOS-ft?. 

"A Ciasc Siudy in ^!adlcnlan(.s— di;; Cone 
I*iohlcni." Nikandor |. I)aniaNkf)s. DccondjcT 
\\m. pp. (Wli-I!). 

"Patic-rns in .-Mi^oridnns for Determining 
\Vhcdu:r I.:ni;c' Nund>cr> .Aic IM-inic." .Aaron L. 
Unchinan. j.-innaiy 1070. pp. :?()-^ll. 

"(.'ompmcr-CN'tcndcd Instruction: An HN'ain- 
pic. " William .S. Dorn. I-chruary 1970. pp. 117- 
58. 

"Topic.s in Numerical Analy.^i.s Tor llii^h 
School Matiicm:iii(,s.'' -Stephen I). Sdiciy. .April 

i!)7(). pp. :n:?-i7. 

■'.Polynomial .Synthetic I)iviNlf>n.'' Iruin lloff- 
inan and I. airy Kauvar. May 11)70. pp. 429-81. 

"I^rcdictinj^ tiic Outcome of the World Se- 
ries." Richard Hrown. Octoher 1970, f>p. JD l-.^OO. 



" \n l-ideii.tn l)e\elopmeut lor V'v. \ Re- 
\eaidi riojc( t lor I li_i;h School Sindents," 
I hoinas W. Siiudi>on. .\o\end)er 1970. pp. .■»97~ 
(iOS. 

■' \ Student Computer I hai Rrallv Woiks." 
Willi.im \. I.eonaid. I)e(end>er 1970. pp. (iSI- 
Sl. 

"IiMiodn( in«^ .\latri\ \!i;el»r.i with Computer 
Pioj;i:iiunnu,t;." .\hn.i;aiieie Monta';ue. |anu:uy 
1971. pp. r»,V71.*. 

■■Cau>N, ('ouiputer.:i\\i\ted."' Helen S. Iln>;he>\ 
l*ehriiai\ 1971. pp. l:'>r»-(»(). 
40. MuIliNli. ileiuA. Mtnlcm !*itt»}amtuiu*^: b'OU- 
TKAS IV. Walthaui. Mws^A IWaisdell Ptddish- 
iii^ Co.. I90S. I*apeiha(k. 
(Student text) 

An intioduttiou to pioi;i':innui; for the he- 
,i;inner uhidi (.in he iiNcd hy .NiiideiiK who ha\e 
(ouipleied oiid-year al.i;ehra (altlioui^h .some 
example.N would have to he skipped). C>ood 
piohlem development In later < hapier^. 
■17. X.itioii.il CouU(il of TeadieiN ol .Mathematics. 
lutimluctiou tv an Algoritlnuic Ijiugungc 
{H.ISIC). WaNhini;ton. IXC.: The Coundl. 1908. 
("I'eadier leleience) 

'The p.'impldet ((Uitains an e.isy-io-iead intio- 
diKtion 10 the p)o,i;iainini; laux^uai^e JiASIC. 
u'ilh illuNtiaiiouN of (f>inputer applications iti 
.sdiool madieinatics. It is intended for teacher 
Use. hut >iudents in i;rade 9 or ah<)vc could use 
it to leai-n how lo pio^^i.'un in I».\SIC. 

48. I*ennin^ifin. I^'dph II. lutindurtoiy Cowjnilcr 
Mrthiuls uml lyinncricnl Analysis:. New York: 
.Macniillan Cft.. 1905. 

("leacher lelerence or ^indent te.st) 

A post.iute,i;r:il calculus le.st h»r college; 
however, theie aie .setting's with implications lor 
.secondaiy school mathematics. 

49. Price. Wilson 'J'., and Merlin Miller. FAemciits 
of Duto P)or(\\siu*f Mnthcmatia. New Voik: 
Holt. Rinehari S: Winston. 1907. 

(Sindeni text) 

For .Mudent.N who have completed first- or 
second. year alt;ehra with a vocational interest 
in the fields of data processing and computer 
ptot^rannng. The major emphasis is on proh- 
lem solving lather than proof. No specific pro- 
granu'n^ Ianguai;c is taught or assumed. 

50. Ralston, Anthony, and II. S. Wilf, eds. iMaihe- 
motiatl Methods for Dioitid Comlnttcrs. 2 vols. 
New York: John Wiley K; Sons. 1900, 1967. 
(Teaclier refeience) 

.An advanced reference text too clillicult for 
students. Format consists of a matlieniatical clis- 



(iissioii of A (o|)i( loll()K('(i l)\ :i svi'ivs of ifhiu-d 

lo|>i(>oI (>:iiti( iihii' iiucicsi lo :i (oiiiputci' usvi. 
Til. Kidi. li.iincu. Moilrni Si hoitl Mnthrnnitu\-^nn 

ElntuniH Altj)nuich: Al^rbui I. "I Vuk>l)ury. 

Mass.r \\':in^ I .iilior.iioi ics. I!)7(). P:i|k'i k. 

(.Suideia U'Xi) 

A (oiiipleic liiNixc:!!- :ili>cl>i:i (<)ui>c- i>iiiU 

:iioMii(i ilic \\';in,<; < iihiior. 'This i<; .1 ••ixxi 

idea u sou lie hook for ic:iclicis uM'ni; :iny lypc 

<>l cl('(tioiii( (:d( uhiior. 
32. ko'^ciiihnl. Myion K. Xiimrrmil Methods iu 

Comjiiitri f*)o;^nnnini)i'^. I lonicuood. ill.: \s'nh- 

aid I). Iru'iii. wm. 

(W-mUvv rclciciKc) 

'I'lic |>ic.s(-iitaiion aNNiinu N a i;ood Im\i;Ii sdiool 

lllalllClllau'(^ l>a( k,<;ioiiiid, ln(lud(*d in the hook 

aic lions on ic(uiu-n((> 1cI:lli<>n^, iclaxaiion 

and Monu- Carlo nu-diods. landonMMnnhc-r 

*;cnciaU)is. dc-tci niinaiits and nianiccs. and 

>iniidian(M>us ('(j nations. 
r>:^. Rule. W illicd |\ ronrnjX tV Pintaunumniir. 

iJosion: I'rindlc. WchcT K: .Sdnnidi. M)70. I».i|)( r- 

l>.i( k. 

(Snidcni u-xi) 

C.'oniahis many >ani|>lc cnj»inc(*i in«> applici- 
tions dial (an he nnd(*l^tood hy ondary m hool 
Nhidcnls. Xo pic-vions (onipntcr cNjxrinuc- is 
assniHcd. and almost all madicmaiical maiciial 
is suiiahic- for sindcnis with a solid I>a( ki>i(>inid 
in .scton(h\far al^i^thra. 
r>l. Sai^c. Hdwin U. Piohlnn Snlvintr nith a Com- 
l>iiti'i\ Nc-whnrypoi I, Mass.: ljuc-lck. I<)()J). 
I*a|)c-i hack. 

(TcadicT iclcunuc or .suidcni u*.\'i) 

Tlic hook idcniilics {>i(>l>lcm> for (ompuicr 
M>huion Uiioui^Ii die niadicinau'(.s ('niri(nlmii, 
j;i'a(lcs S-rJ. 

To. Sdiool M,iiliciiiau*(s .Suidy Cionj). .Ih^otiilmi^. 
(.omlminlKnt. nud MiUhnuutin (willi .sUidcnl 
supplemcnis for FOIVrk.AN and ALGOL). 
I*asadcna. Calif.: .\. C. Viomaii. VM>. Paper- 
ha(k. 

(Siiidcni tests witli tcadicr (onimciitaric-.s) 
I'or a ,<;iadc 12 mat hematics and (onipniiii<^ 
(otirse. Spends c\(e.ssivc time on Iiow a (om- 
pnter u^uks: liou'cver. the later sections ntili/c 
llie (onipiiter in .stndyini; appropriate matlie- 
inaii(s. CJood soin(e of idea.s. (.See also l-'oi.sytlie 
iclcrence in part l>) . 

S(ieiue ke.scardi Associates, iiu. Com/)////;/^' 
Cow (' jits in Mnthnnatics. 2 \oIs. Cliica.i^o: .Sci- 
en<e Keseardi Associates. Il)()8. 
(Student tests and teadiin*;: j^nides) 
A j^ood history of (oiiipntei.s is pieseiited in 



the (list \cdnme. The s((ond suHe\> sexer.il 
(oiiipiitat ion.d ,di;oiiUiniN .nid picseiitN some 
topics hi niailu ni.iii(s whidi an snitahle foi 
ad\aii(ed studeniN. 
.')/. Seriskx. .\ I chin, (.oinjuittt Math Exf)rin'n<rs, 
llaitsdale. ^^^ : ()I(om I'oiuard. \\)H). P.ipep 
ha(k. 

( I cadier lelcience) 

The l)(M)k is uiittcn lor use wrtii the ()h\cni 
rioi^ianinia KM desk-iop (ou.oiuei, h is a (ol- 
lection ol pioi^ranis from dillcieiit mailieniaiic.d 
le\els. honi ali^ehia to (ahnhis. iii(hidiii«; some 
husiiiess and ie( ivational inatlieiiiati(<. 
Shaipe. William I-'. />V/.S7C: /;/ t uttodiu tiou to 
Comput'^r f*toii)innni*^ tlAStC Lnti- 

i^iiiiiii: New ^olk: Tiec Pie.ss. IJMJ7. Papeihack. 
( IVadier refeieiKe) 

This testhook is an ek-mcntan iniiodudion 
to piof^ramiiii; in the liiiie sh:n iiii; laii^nai;e 
IIA.SIC. and it in( hides cNainpkvN taken lioni 
iiiatli(*mati(N. M ieiue. and hnsiness. 'The hook 
is easy to lead and inidei stand. The ciuphaNis 
is not on haiduaie hni on nettin«; lUr iea<kT 
pioiiraniiiii* as (pii(kly as possihie. 

r)9. Smith. Koheit Iv. Thr lUiu's of H)li'rn.l.\'. 
.MiniieapoliN: Coniiol Data Coip.. IDG?. I*aper» 
ha( k. 

(Snppiemeniaiy sttideiu text) 

All excellent soiiKe of piohlem.s (mainly 
iiumhei theoiy) for (oinpiiter .sohitioii'-junior 
hi,«;li sdiool and .senior lii;;li mIiooI. The author 
is veiy (lexer in the \va\ he motivates the 
piohlems in a story setiiiig. 

00. HAStil ldc(i\. .Minneapolis: liiteina- 

tioii:d I'iineShariii«; Coip.. I !)()!). P:ipeih:ick. 
(TcMdier leleieiue or student text) 

The text indiide.s h)it\ one lessons and fifty 
leview piohleiiis :itiempiini; to teadi the l>ASIC' 
hnii;ua<;e and various :ippli(:iiioiis. Piohleiii s(»t' 
lini;s :ii e not :is imeiestiii.i; :is those in The 
liiisrs of t'OWrtiAS, listed ahmc. 

01. Sieinhadi. U<tl>ei t C l*yo<iitninnnii^ hxm i.ws f(» 
t*roblnu'()iinttrd I niii^iui^rs. Ilevcriy Hills. 
Calil.: (;ieii<oe Pie>s. llHii). Distrihuied hy .Mar^ 
iiiillaii Co., New \'ork. 

( readtei lefeieiue :md .souice ol piohh'iiis) 

The hook piovide.s a seiies of I:ih()iatoiy exer- 
( ises desi\i;ncd to "develop the student's ahility 
to eonmnniicate lieely with a dii>ital (ompnter 
iisiiio a prohlem-orienied Ian«;nage."" The state- 
inent of eXeui.ses is independent ol any specific 
Iaii<^ua<^e. Included arc a iiuiiiher of hnsincss- 
typc appli(atioiis. 
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(VI. Su'iiIh'Ii;. W.nu'u !>.. and KoIk-ii J. W'.ilkcr. 
(Hiilmhis: I (^i>mj>uti-i Oiimtal ru'H'uttittoti. 
*1 \nlN, i .ilhih.issri : MonM:i Si;u< ( 'nixci sil) . 
CklClsWI. 

I li( ol (.ilniliiN .lu iiilindiK ('(i nsini; 

iilnni( ( oik v\iU. \lih()u<^h iIk- older ol 
(o|it(N dilh iN (loMi (h;ii in oilier fii>i y(Mr cddi- 
Ills icMn. iii;or .:iid (oiMciii .irc not icdiucd 
mil. IIK cd uiih ilic help of ilic (oiiipnicr. Tlic 
WW is in(l(')>riid( III ol :i Npriifu ))io:i;i:niiiiig 
l:iii*;iLi!;( .iiid thus (.111 ix- used with :iii\ :ili;c- 
i)i.ii( Liir^ii:i!;('. 
(>:>. 'i honipNOii. I>in(r I,. Stati\tl(,s: />/V;/o«;v. Physi- 
olo'^x: Matht^mtiiii s of CJtemi\i)\: :nid Second- 
m\ I t\u'l Miiine.ipoli^: Coiiiiol D:ila 

Car]}. r:i|)c-i Ikm ks. 

(Soiinr ol pioblcni scttin<;s lor (cikIicis or Mu- 
<inii ifNls) 

riu'M- lour NiudciH hooklct.s illusii:tte :i u'idc 
vaiicty of :ip|>li(:i[ioiis ol the (oiiipuier in 
inailieiii:i[i(N and siieiue. 

V>'\. WVei;. (;. I*., and G. W. Kced. Intiuiluct'wn to 
SutnriUul ,'hnil\^tA. W'altliain. Mass.: lUaisdell 
Pnldishinj; Co.. \[m\. 
(\\-:u her I'elereiu e) 

\n .uh.iiued [e\i (ha[ (an I>e used lor (ei lain 
topics ihai aie appiopriaie on a more elemen- 
tary level, .such as enors in coiiipiiiaiion, leal 
loots ol an ('(piation. and the Gauss leduciion. 

05. WVissnian. K. School I>.'tSIC. Hanover. iV.II.: 
Setoiidaiy Sdiool Public at ions. Daitinoutli Col- 
lei^e Kiewii Compulation Center. 1970. I*aj)er* 
hack. 

(.Smdein text) 

\ laiii;na^e manual, hut one* wiitten for the 
student who has not completed even one semes- 
ter ol al^^ehra. I*or useis of the !)ar!mc)uth sys- 
tem, hut easily adapted to any U.ASIC' systen^. 

B. SURVF.V OF COMrUTKRvSClKNCI- 

R I ' K R !•: N ( ; v. .\ l A1 T. R I A LS 
()6. .Aclains. ). .\!ack, and Rohert Moon. //» hit)0' 
duct lot! to Com j) liter Science. Glen view, 111.: 
Scott, I'orcMuan C!o., 1970. 

.\n elementaiy computer-M'ience text with 
primary emphasis on I'ORTR \tV programing. 

07. Allen. Paul, IIL l':xl)loring the Coml>iitcr. Reach 
i)ig. .Mass.: Addison AVc sley Puhlishing Co.. 1907. 

A piogiamecl intHuluc tion to computer hatch 
wau'. Very elementaiy. with little emphasis on 
use of the fac:iliiy. Appiopriaie for students. 

08. Atkinson. Richaul C. and II. A. Wilson, eds. 
Coml>iitr.r»Assisted Instruction; A Booh of Rend* 



///^(^. .\c-\\ ^ork: Ac.idemic Piess. 19(>!). Paper- 
l):irk. 

\i\ excellent collection ol papers on .1 \ariei\ 
ol topics in c ompnier-asMsted iiisiriic tion. Irom 
general MnAe\ papeis to specihc applic:ition in 
instrnc lion, including discussions ol haiclware. 
langu:igc's. and economics. 

69. I>:iiker, P. |.. and W. \\ l>e\eiiclge. />^;^// C/>///- 
jfUtc) Studies. I.cliiihuigh; ()li\er X: lioycl. 1970. 

I his is .1 gener:il iiiiiocluction to the construc- 
tion, opeiaiicm. and applicMiioiis ol c cnnputeis. 
AI.CU)!. and FORTRAN aie discussed hnVdy. 

70. ISolt. Alheit !>.. :md F. W'aiclle. Conimiini- - 
C(itin<^ u-ith ii C.omj)utn. Neu ^^)lk: Camhiidge 
rnixeisity Piess, l!)70. P:iperl)ack. 

I he hook is an elementaiy iiitioduc tion to 
wh:ii a computer is and how it works. .Although 
it was written for teacheis. it is well within the 
grasp ol junior high m liool htucieiits. 

71. IJowles. Kclmund A., cel. (loni[>iitc)s m IhnmiU' 
istii Ixcsnnch. l-jiglewooci ClilLs. N.J.: Pieniice- 
llall. 1!)07. 

This collection ol papel^ pieseiits hhoi t siir- 
\e\.N on the use of compnteKs in antliiopology 
and ai c Iiaeology. language and liter:iture. and 
music ology. 

72. liulletin of the Xatlonal Association of Second- 
(nv School Piincil>(ils. February 1970. 

This issue contains a number of :iuicles on 
the theme "The Cromputer in Fchuation." One 
by Helen Mughes discusses an experimental 
piogiani in computer-assisted mathematics in 
which the students piogramecl the computer to 
solve problems in uKithematics. gr:ides II and 12. 

7:5. lJushnell. Donald 1).. :iiid Dwight \V. Allen. The 
Comj)uter in Anie^iitm Education. New ^^)lk: 
John Wiley K: .Sons. 1907. Papeihatk. 

.Shc/iild be of inteiest to te:iche)s. Readings c)n 
the many roles of the computer in education^ 
hidividu:di/ing iiisli uc tion, assisting in instruc- 
tion and lesearch. teac hing the computer .sc:i- 
eiices (secondaiy school and college), and inior* 
mation piocessing. 

7'1. Calingaen. Peter. l*yincij>les of Comlnitation. 
Reading, .\I:iss.: Addison-Wesley Publishing Co., 
190.5. 

A lefeience book or generahinteiest library 
book for students and te:icheis. It includes an 
inttocluctioii to the field oi computing :nid a 
discussion of number bases as well as some ni:ite- 
rial on numerical appioximation. 
75, C'aiioll, John M. Cawcrs and OI>l>ortunlties in 
Conij)uler Science. New York: E. P. Dutton 
Co., 1967. 
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A 5>iin<"y ol <)j)|)()i unihics in (oinpuicr icch- 
ii(>loi;y applied u> solving pioblcius in in:inti- 
i:u hiiinj^. i:.iM>|)oi i.iiioii. medic inc. cn^i^iiiccriiij;. 
and many odicr (icids. A fairly ( oniprchcnsivc 
o\('i \ icw ol ihc (ompniin^ (onmnmiiy. 
7Ck (.oniiol Dan Coip. 'I' he Tnuhcr-Stvdrnt Aj)- 
p)on(h to Comi)utci Pjo*i>amnnn(f Contrpts. 2 
vol!>, .Minnrapolis: Coniiol Daia Coip.. \%^. 
l*apcil>a(lv. 

Clood icfcuMuc maiciial. In addition, ihcic 
aic a numhiT ol sc[[in.i;s for possible classioom 
Use. 

77. Caawfoid. Kudd .\.. and David W. Clopp. littro' 
duct ion to Coin pit to l*)0^jnnjjning. Host on: 
llonj^hton .Milllin CJo.. I960. I'apciback. 

(Si u( lent texi) 

An in(eiesiin(; iniiodntiion lo niacliine-lan- 
i«uai*e pioi^raniin;^ whidi iradu-s sindenis lo 
wiiie pioi^ranis loi an iniat^inary tonipnier. No 
(ompnter ladliiirs are needed, and liisi-year 
ali>ei»a is ihe only j>reie(piisiicf. 

78. (Irowle). Thomas II. Vndvisttwdm» Comptitrrs. 
New Voik: .McGraw-Hill Book Dx, I%7. Taper- 
l>a(k. 

An intiodntiion lo how a (ompuier woiks. 
Readable by .studcnis. 

79. Dainowski. Vincv* .S. Computers— Theoiy and 
Uses. \Vislnnj>ron, D.C.: National Science 
Teadieis Association. 1961. 

.A pamphlet written for student use (with a 
iea(Jier (omnientaiy) in learn in*; about com- 
[>uiei.s. The .short unit indude.s materials deal- 
ing with what computers are. the development 
of eomputers, Iiow computers solve problems, 
and how com(>uters are used. 

80. Digital lupn'pinent C:()rp. Introduction lo Pro- 
i^iamniing. Maynard, Mass.: Digital Kcpn'pnient 
Coip.. 1970. Paperback. 

-\n e.\'(ellent introduction to machine-lantiuajre 
progrann'ng whidi is well suited for better sec- 
ondaiy school students and teacheis. 

8 1 . Pio^}(inimini^ iMUiruagcs. Alaynai d. 

Mass.: Digital K(piipmeiH Corp., 1971. Paper- 
ba(k. 

A compact reference for the progrann'ng lan- 
guages FOCA!.. UASIC, and FORTRAN and 
for several assembly languages. 'I'he text does 
not teach piograming techni(piei;, and assembly 
languages are uni(pie to the DEC fann'ly of 
computers. 

82. Farina, Maiio V. Computes: A Sclf-'rcaching 
Introduction. Fnglewood Cliffs, N.J.: Prentice- 
Hall. 19(59. Paperback. 



This book is .ni iiuiodudion to the held ol 
digital-(otnpin(M us.igc. It assuuus no picMous 
conipuur cxpcrieiKc .uid is a|>|>iopn.ite lor use 
b\ high s( hool situlcnts. 
8!5. l''ojs\ihe. Alexandra I.. Thomas A. Kceium. 
Flliott I. ()ig:nn\k. .ind Wancn Stcnbcig. (.oni- 
putc) Siirmc: A !'i)st C.ou^m'. New York: |ohn 
Wiley Js: Sons. I9()9. 

An eN(elleni intwuhu tion to (omputer s( i- 
en<e. Flie Hist diaptcrv deal with algorithms 
:ind (low dKut.s. Math^natic.d cNam[)les aio 
Used thioughout. 'Fhc tcM is oigani/cd aiound 
llowdianiiig. with :i snpplcinentin y book on the 
mou- widely used languages, and it is appio. 
piiate for high .sdiool or undcigradn:ne use. 
(IJa.sed on S.MSG refeience in pait .\) 
8'I. CJenn'd. R. W. C.oniputc).\ and lulmatton. New 
York: MtC;raw-llill l5ool; Co.. 1907. 

A general refeien<e book for edutatoi.s which 
in( hides :i survey ol developments in (omputer- 
assisted instrudion and learning, libraiy utiliza- 
tion, and adnn'nisir:uive letoid keeping and pio- 
ccduie.s. 'I'he book is :i repon ol a tonleience 
held :it the University of Calilornia to discuss 
the iutuie ol eomputeis and education. 

85. CJiuenbeiger. I'led. Computas and (Communi- 
cations: Towaid a Computer Utility. KngJewood 
Clill's. N.j.: Pienti<ellall. l9(iS. 

Pul)li(ation of the Computer Ciionnnunications 
Symposium. I9(i7. Tin's is a series of art ides on 
new (lit eet ions in computer organi/ation— nota- 
bly ;i (omputer utility— in government, industry, 
or the coMununity. 

86. Ilaga. Enoch. Undr).standing Automation. Flin- 
huist. III.: Business Press. \%:). Distributed by 
Taplinger Publishing Co.. New York. 

A reference book designed specifically for 
teacheis w'ho are teaching or planning to tead) 
courses about data piocessing. 

87. Ilassitt. .Antiiony. Computer l*)og)(immini^ and 
Computer Systems. New York: .Acadenn'e Press, 
1907. 

A (omputer-scienee textbook for advanced col- 
lege students. It assumes know'ledge of program- 
ing and deals with futtlier refinements ol ma- 
chine-language programing, monitor systems, 
computer hardware, and advanced progrann'ng. 

88. Loll berg, Rolf, and 'I'heo Lut/. Computers at 
\Vo)h. New York: Sterling Ptd^Iishing Co., 1909. 

An easy-to-read, accm-ate imroduction to com- 
putes at work. It relates the dilFerent computer 
languages and their uses; it traces the giowth 
in complexity of computers atul illustrates the 
differences in their potentials. 
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81). ljuiN. I*. I». i,oml>utcu / M\(\ (Minl>utv)S 2. Con- 
icmporai) Sdiool Mailu'inaiitN St-iio. IjosIoii: 
ll()ii.i;hioM Mililin Co.. Ii)(>l. r:i))t-H).u k. 

liOoklciN .ihoni toin))UlciN loi jinn'or lii<;h or 
.sfiiior hii;h sJiool >iiulfiHN. 

1)0. MoiiiMind. I).i\i(l C. //o:r Do //. 

r.flnioiii. (.alilw WatKwonh PubliNhini; Co.. 
I1M;<). r:i|)cil);Kk. 

riic l)o()k tni|)h:ibi/t*.> ali^oriilnii ciCM'mi .nul 
lloA\- (h.uis lo ilhi>ii.i[L' how ilic coinpuicr is 
UNcd lo >o|\c |)iol)l( uis. I( was wrillcn lo be used 
1>) school sindciiis w'lih a ha(ki>ioiind 

(hiou^^li M'(oud-\c,ir ali*chi.i oi l)\ wiulcii'i juhi- 
air (ollfj-e siudcms. 

1)1. .Mui|)hv. |oIni S. iUhii.'i of Dt^iital (loml)ntru\. 
S \ol^. 2d cd.. ic\. New Voik; llaydcii Book Co.. 
11)70. 

\ oood elciuc'iiiaiy intiodiK lion lo hasic (oin- 
|>mcT hauhvajc (•lcnu*nl> and liou* ihey work, 
with a .slii'hi fin|>ha>is> on flc"(noin(S. Usable hy 
\u*^\\ sdiool MU(U>nl;>. 
1)2. Kaiional Coniuil of 'IVatlu-JS of Maihemaiits. 
(.omj>iit('y'J,ssr\tril I Ji\t ruction a>ul fhc I'ctith' 
lni( of Mdthrm(Uu\. \\'ashiii<»i(>n. D.C'.: The 
Couiuil. Il)()l). Papt'ihack. 

This hooklei lepoiis ihc proteedint's ol a 
Naiioiial Coiiferciue on Conipuier-.\ssisU'(l In- 
stnuiion (onduttcd ai IVnii Siaie Univcisiiy. 
The rcpoii disdisSL's haul ware developmeni, 
!>ofiwaie de\elopineiii. and ihe deveh)|>iiit; lole 
of CAl in edn( aiioii. 

1)3. - » . Coml>nt( r rarilitir^ fo) Mathcnuittcs 

Instruction. Washingion. D.C: The Coniuil. 
Il)()7. raperl>a(k. 

A sinvey ol (ompnier lacihiies for possible 
clasMOoni use. Sonic sample pioblenis arc given, 
and ilic lesulis (lime.s and onipnts) for ninning 
on dincreni pio(OS of haidware (coinpnieis) are 
conipaicd. Should answer many (piesiions for 
schools jus I gelling siaried. 
9T Nolan. Ridiaid I.. Intioduction to ComfiUtint;^ 
iJnoivj^h the BASIC lMn*^uu*^c. New York: IIoli, 
Rinehau R: W'insion. Il)()l). 
I'll is is a good Jower-level undcigradiiaie icxt. 

95. I*osL Dudley I.. 77/r Use of Computers in Sec- 
ondaty School Mathematics. Newburyport, Mass.: 
Knielck. 11)70. 

.A very good general innodnciion lo coin* 
pmeis for icachei.s :nid adniiiii.siraiors wiili no 
tonipuieiMtrlaicd experience. 

96. Scientific /Imrrican l-'diiois. Information, San 
Tiancisco: \V\ II. Freeman R: Co.. lO^^O. I^aper* 
back. 

A reprini of ilie Sepieniber 1966 Scientific 



.Imoitan, \ (onipu lu nsi\c* h'\ ic^x of conipnici 
icdin()lo<^\ in man) areas. 
1)7. Sniiih. I'.ngcnt". and |osoph llii.sdi. Comlmto 
Mathrniatns /. I'ni niingii.im. .Midi.: Mi<h\t'&l 
Pnblitaiions (^o.. Il)()6. Paped>ack. 

I he .siudcni icM is .i n\o week unii. lor gi'.ides 
S ilnoiigh IL'. on how a (ompnier works, "Jlie 
maierial deals wiih .sndi lopics :is ihc binary 
S\.si(>ni. (oding. (loaiing-poini ariihnieiir. and 
(onipiiier piograniing and liisior\. Tlieie is .i 
leadier comiiiciiiary. 

98. Sierling. I heodor 1).. and Seymour V, Pollack. 
Coml>ntinif and ComlfUtc} S( icm <'>: ./ I'l>st 
Corner U'ith /V. /. New ^*ork: Madiiillaii Co., 
11)70. 

This i.s ail imdeigiaduaic K'ni giving :im iniro- 
diKiion to (onipnier S(ien(e and eniployiiig 
PL 1 as :i language. 

99. Siolnrow. l.awience M. Comlnitci J.ssistcd In- 
st nut ion. Den oil: .Anicric:ni l):iia Piocessing. 
I96S. l>aped)a(k. 

An c\<ellcni overview of C!.AI. 

100. Walker. Tciiy and William W. Coiierman. 
/In Intyodiu tion to Compute} Seicncc and 
.'ll*lo)ithmie l*io(rssrs, IJosion: Allyn X; I^acon. 
1970. 

The book is i mended as :i icNi for :in iiiiio- 
(hidory (onise in compnier scieiuc for siiidenis 
of :ill disciplines, 'l lie emphasis is on ilie :inaly.sis 
of classes of problems :nid ilie design of :d- 
goriilims. • 

C. MISCELLANEOUS ARTKiLES 
AND PUBLICATIONS 

101. Arithmetic Tradirr. .\faidi 11)()1). 

This issue is devoicd lo :ipplic:iiion», of ilic 
(onipiiicr ill elenieni:n y sdiool iiisiruciion. Sam- 
j)lc aiiiclcs: "Compuieis :ind An," by John 
Moii-Smiili; ".\ Teaching Program for l-'.xpcri- 
mcniaiion wiili C!onipmcr-.A.ssisied Insiruction," 
by James L. Fejf:n'; :ni(l ".A Workshop on Coin- 
piUer-Assi.sied Insiruciion in Elenieniaiy Mailic- 
niaiics." by Ma.x Jernuni and P:iirick Suppes. 

102. .Associaiion for Compniing M:ichinery. "Curric- 
uhini GB» Recommeiidaiions for Academic Pro- 
gr:niis in C'ompuicr Science." Communications, 
Mardi 1968, pp. ir)l-97. 

An ouiline :nid description of programs :nid 
couises in conipuier science ai ilie college under- 
graduaie and gradnaie levels. Siudenis may be 
inieresied in ibis for college planning. 

103. Business Automation (journ:d), Ilitclicock Pub- 
lishing G)., 288 Park Ave. West, Elmhursi, III. 
60126 
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KM. Coinjfuirr 0<v/a/o;;> (jouuial). Ilaydcn I*i;!>lisii- 
in<5 Co.. Thud Ml:. New York. X.V. I()01i2. 

'Vhis inoiuhly pnhlicaiion iiu hides .niidcs on 
all .is|>c(t.s of (ompmcrs and (onipuici use. well 
w'liiicii and icadabk- by die non-coiiipnicr s<i- 
cniisi. I( i'^ also an cNcellcm souicc of up-iodaic 
inloiinaiion on hardware and >ol(\\*aic (loxclop- 
ineius. 

I Of;. Ci)uil)ute}s inul Jutonuitioji (journal). Ucikclcy 
En ici prises. 81:") Wash inj» ion St.. Ncwionvillc. 
Mass. 021 GO. 

Almost ovciy issue iiitludcs good niaicrial (or 
kccpiiij; ahicasi of dcvelopniciiis and issues in 
(he (onipu(in<> held in education, and oiuc a 
year an eiiiiie issue is devoted lo (onipuicis in 
education. .Many articles on socioloi»i( al, cul- 
tural, and moral issues iiuolvin*; (oniputcis and 
automation. Highly i econiinended. 

ICG. Com l>u In nun hi (weekly newspaper). Cioniputer- 
world. \Vasliiiij«ton St.. Newton. .Mass. O^IGO. 

Devoted exclusively to the cuirent world of 
computers, llaidwaie. softwaie, and all appli- 
(ations aie included. This paper is a must lor 
all school libraries: it is motivating material for 
both matheniati(s and science depanments. 

107. CnnijtKiltio Siiunys (journal). Association lor 
Computing Machineiy, 11315 .Avenue of the 
Americas. Xcw York, .N".Y. 1003G. 

This is the survey and tutorial journal of the 
AC.M, It contains many intciesting and icla- 
tivefy eafyy-to-iead ai tides on (urrent activities 
in the computer Held. 

108. Comltiilo/fics (jouinal). .Association Uiv Com- 
puting Machinery, Washington. D.C. C;hapter, 
Reiss Science Bldg., Uni. 2:M. Geoigetowii Univ., 
Washington, D.C:. 1>00()7. 

Two special issucvs (February 1%.5 and March 
1!)()7) (ontain bibliographies on career infoima- 
(ion and film>. 

Oil (journal). V. 1). rhoinpson Publi- 
cations. Mason St., Gieenwidi, Clonn. OOB.'JO. 

.\ good souKe of up-to-date information on 
liaidwaie and softwaie developineiKS— the state 
of the ait. l'ie(|uent aiticles of inteiest to (each- 
eis and .students. 
1 10. Dili a Pioicssin*^ ,\ia*^azine. North American Pub- 
lishing C:o.. 1;'m X. i:Jth St.. Philadelphia. Pa. 
19107. 

Monilily (olletiion of thiee to seven main 
aiticles on data puxessing in general. Also ton- 
tains a scctioii on new pioducts. some short news 
items, and oaasional aiticles pertaining to edu- 
cational applications. 

ERLC 



1 1 1. Doin. \\ illi.im S. "C.oinput( is in the High 
Sdiool." DdUuiuihon, l'(binai\ 11M)7. pp. .*> 1-:^j. 

An .niidc des(ribing tlu lolc o( the <om[)uler 
in piobhiii solving or (in the woids ol the aii' 
thoi) (onipuier-e.xtended nistnution. i'.V,\. 

1 lli. hduKitiomil Media. lulu< atioiial Media. Inc., 
101:') Kloieiue .St.. Ft. Woitli. lex. 7(>101>. 

Moiithl) publication that (ontains o<(aMoiial 
artides on mIiooI (oiuputei .utiMtics. 

MB. lulmdliotial Tnlniolnox (jomnal). bdu<ational 
Tedniology Publications. Miiglewood ClilK. N.|. 

07(J:{2. 

riiis monihly publication deaU with tedi- 
nologi(al de\elopiiients. and its coverage in- 
cludes "all lines ol iinpiiry and piofcssioiial 
practice which oiler methods of making teach- 
ing iiioie lational." 
11-1. Ilesse. Allen 1\. '"IteiatiNc- .Metliocl> in High 
School Mgebia." Malhrfnalus Tauhn. jaiiu- 
ar\ limi. pp. 1()-1!). 

The article contains some suggestions lor 
teacIiCLs. 

11:"). llnghcs, |. I... and I\. |. Hng\old. "lleNapawn: 
.\ l.eaining Deiiioiistralion.'* Dotauiation. .March 
1!)G8. pp. 07-7:5. 

A sun pic demonstration piograir. for e.x plain* 
ing (o the uninitiated how a computer can 
'"leain"' through experience. An eNcellent article 
lor .students and teacheis. 

lir>. lulnfiur. Association for (!omputing .Machin< 
ery, \Vy^ Avenue of the Anieiicas. .New Yoik. 

N.Y. ioo:{(>. 

'^riiis is the l)ulletin of the Spec la 1 Inter, 

est Cionp on |Computer) Uses in l'!dncation 
(SlCiUK). Always contains a \ari('ty ol interest- 
ing papeis. 

1 17. Jomnal of Data Edmatiou. Society ol Data 
Kchicaiois. 2-17 Hdythe St.. Livernioie. Calif. 
OI.')r)0. 

'^riiis monthly publication includes a iiuniber 
ol aiticles of interest to teachers lioiii leseaich 
icpons to discussions of piograiuiiig languages. 

118. journal of Educational Data P^ioawsing, Uduca- 
tioiial Systems Coip.. 25 Cliuichill Ave., Palo 
Alto. C:alif. im:jo(>. 

The journal is a cpiaiterly publication "de- 
voted primarily to the publication ol technical 
information, original research and descriptions 
ol the oigarii/aiion and operation of data pioc- 
cssiiig systems."' .\ special issue. Spring 19G8, in- 
cluded thiee articles relevant to computer use 
in ihe inatheinatics classroom: "Staiting Com- 
pute! Instinct ion? The Third Phase is Most 
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DiIIkuIi.** 1>\ |<>hn (). P.ukri: "(^onipiun lih 
sinuiioii— n \'\nvv l)iin(-M>i(>M:(l \j>j>i<)a< h/" l>y 
jiKliih IJ. l.<l\\.n<K. .iikI * I Ik Coinpiucr. \ 
M:alu'Uian<s l.al)oijioi \."' I)\ \Villi.i:n S. Doin. 

119. Knmh. Donald h. "WUm Is aw ;\lj;<)riilini:" 
DaUwiatmU. Ociolx-i l!)(>7. ]>}>. :{0-:^2. 

rills cNtcllnu .uikIc <lis<usst's a pouion of 
\\\^{ <ha|)KT ol IwuUwu'UUil ll^tnithnn, 
\\sici\ in |>:ni A uiicUr "Knuih"'. The auilior 
innodiucs iht <on<Cj)i ol an alj;on'ilnM. using 
ilic KiuMdcaii aij;oMHnii loi CCV as an example, 

120. Lal'icn/. Dale K.. and 'I liomas h. Kicicn. '"('oni- 
pnicis lor .Ml Siudcnis." School S< icncr and 
MathrnialK.s, Jaiinai v \WJ. |>|). ISIMI. 

An oNcnicu* dial pioposcs ihc poini of view 
dial (onipuios .sliould i)c used niorc cMcnsi\cly 
in ilic sec ond:?: \* .scliooU: i( mi<mics(s .some sample 
seiiinj;s. 

121. "Tlie New* Conipnieri/ed A<«e." Saturday Re- 
vini\ 2:5 July VM'k p[>. ir>-12. 

\n e\<ellenj >ei of nuidcs dealinj; with many 
aspc<is ol du- (ouipuin revolmion— mk iai im- 
pli<ations. edMaiional uses, business appliea.- 
lions, eu. \ppiopn.ue for hij;h j>(hool suulenis 
and leadieis. 

122. .Sdiaal. William 1.. The High School Maihc- 
mains f thraty. -Idi ed., lev, \Vashinj;ton. D.C).: 
.Wiiional Comuil ol IVadieis ol .Madieniaiic^. 
1970. 

rills paniphlci (oniains a ^eciioii with a bib- 
liography ol many general or Miivcy books and 
pamphlets on (omputers and automation and 
on linear pioi»raniin<; (pp. 'I7«->I). 

123. ,Spen<er. Donald 1). "Compuieis: Their Past, 
Pieseiit. and I'ntuie." Mathrnialics Teacher, 
januarv 19()S, pp. (>r>wr>. 

Ilistoiy of (oniputeij): useful lor l)a(kj;iomid 
inlonnatioti lor (oniputer-oriented teadiiii<;. 

D. PROFKS.SIONAL .SOCI F/PIE.S 

I2'l. Amei i<an Ivducational Research .\sso(iation, 
II2(> Sixteenth .St.. \Vabliin«;ion. D.C. 

200,Sr>. This gioup ol educational ieseai<heis in- 
cludes many persons actively en<;aged in coiii- 
pute<-oi iented pioblems. lAtellent souicesof in- 
(oi illation (oiueining lecent uoik indude the 
oigani/atioir.s annual nieetin<* and it.s publica- 
tions. Of special help is the annual abstract of 
papeis lead at the \ ear's meeting, available 
(iiiough the ollue in Washington, "riii^ oigaiii- 
/ation also has a .special interest gioup for le- 
searclier.s in niaiheniatics education. 

Periodicals: .4)ncrican EdiKational Rcscatch 



Joittnal, IxCi'icr of I'dio alional l{tsc(n(h, and 
liduiaiiotial lirscaxho (new sletter). 

I2.^>. Ameru.ui l edeiatu)!! ol Inloi in.ition Picxessing 
So< ieiies. 2l(i Summit \\e.. Moui\.ile. \.|. ()7(> la. 
I bis is a ieder.uion of societies to sei\e as a 
national \oice of the computi.'ig (add. The lall 
and spring joint computer <on(cien<es ,ue note- 
woitln. Dates of these ccmleieuccs aie gi\en in 
the ACW pul>lications (see below). 

!2(>. Association lor Computing Madiiner\, \ \*\[\ M- 
enue ol the Americas. .N'ew Voik, .\A'. lOO.U). ,\ 
[>i4de.ssioiia! gioup seeking to *'ad\ance the sci- 
ences and aits ol information piocessing" and 
'■pKMiiote the liee interchange )f inlorniatlon 
aboin the sciences and aits ol infoiuiation proc- 
essing l>otli aincnig specialists and among die 
public." It lias several special inteiesi gioups 
and special inteiest commit tee^ dealing w.itli 
selected aieas. 

Periodicals: The loinnal. Conttnitnications, 
J\exne7es. and Conijiuling Suweys. 

127. Association fen* llduc aiional Data Svstems. 1201 
Si.\teentli St.. NW. Washington. D.C:. 200:U>. 
Seeks to "pionioie a greater (low of information 
:miong eclucatois ieg:nding data and informa- 
tion piocessing ideas, teclniicpies. materials, and 
applications." 

Periodicals: JEDS Monitor and .lEDS Jour- 
nal (cpiarterly). 

128. .\ssociation (or Machine IVanslation and Cioiii- 
putatioiKd Linguistics. I7.V> Massadiusetts Ave., 
XW. W:isliingtoii. D.Cl. 200;;(i. Concerns iisc^lf 
with signiric:uit application of coinputeis to ver. 
bal d:ua piocessing, including methods of textual 
:nialysis. :d)Str:icti:ig. editing, psychologic :d and 
socio lc)gic:d anal) sis of iiitei view ti:mscripts, 
gioup discussions. m:iss communication, and so 
forth. 

Peiiodicals: The Finite Shing (newsletter) and 
i\ I ech a n ica I I'm nsia t io n . 

129. International l-ederation of lnforni:ition Pro- 
cessing .Societies, IFIP .Seciet:uiat, P.O. liox 311, 
1211 Geneva II. Swit/edand. .\ federation of 
.societies to seive as an international \c)ice of the 
computing field. It has a technical committee on 
computer science cchication (TC^) and a work- 
ing group on computer education at the secoiid- 
aiy level (WG 3.1). llveiy tlnoeyeais the federa- 
tion sponsois :ni iiiteiuatioiial computer meet- 
ing: the- most lecent one w:is held in iliesuimner 
of 1071. 

130. .\aticmal Council of 'leadiers of .\l;ulieiiiatics, 
1201 Sixteenth St., NW. Washington, D.C. 
20030. 
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CHAPTER 7 



PROJECTION 
DEVICES 



by 

Donovan R. Lichtenuerg 
University of South Florida, Tampa, Florida 




Chapter 7 treats such instructional aids as motion pictures, 
television, fUnistrips, slides, and overhead and opaque projectors. 
The overview of the knids of devices and accompanying materials 
that are available, particularly recently developed ones, should 
help teachers make wise selections. Also included are suggestions 
for making effective use of projection devices, hints on the 
preparation of transparencies, and advice on keeping informed 
about films, filmstrips, and other media. 



4 A VIDEOTAPE RECORDING SYSTEM includes a televisioi> camera and 
monitor, a videotape recorder, and a receiver. 
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Of the (()iMril)iiM()M.s tli:it nuxicni tc'( lni()l(>«>\ 
has made to cdiiraiioii. the inateiijis (lis(ii>se(l 
in this (h:i|)ter are anioiii; the most used and 
also the iiu^st al)tised. In some ies|)e(ts Uie\ 
.seem to hold the creates; |)romise for the liitme. 

This ('ha|)ter deals with the n.se ol device.s that 
project a lii»ht imai;e on a m leen. Stric tl\ .speak- 
in,!;. tele\isioii does not lall within diis < la.ssifi- 
(aiion. hnt it has nnu h in (onunon with projec- 
tion de\i(es and is therelore inc hided here. 

Proje< lion deviccN are n.snally looked on as 
iiistinments lor l>rin,i;in|; (onnnon eNpeiieine.s 
to laij»e j;r(»np.s of .^tndents who often var\ j;ieat- 
1} in !)a( k<»iotni(ls and ahilities. With onr hin'- 
<;eonin<; seh.ool popniatioirs. this i'nnction of 
these aids l)C(ome.s inc ieasiii«>l\ .si^nifi( ant. How- 
e\er. in lecent \ears more and nune attention has 
I)een paid to indivi(lnali/in<; instrnetion: and 
leathers aie (indini; that proje(tion devites (an 
pla\ a tnn'(|ne role in this aspec t of edtuation. 
also. 

The pm'[)Oses ol this chapter are io j^ive the 
reader an overview of the kinds of materials 
a\ailal)le. to discnss some ways that they (an he 
and are heini; used, and to offei .some .stii»i»e.s lions 
lor ellective nse. We l)e*»in onr discussion with 
motion pidtire.s and then move on to televisi(.*n 
and to the several means of projeetinj; still ()i(. 
iine.s. 

MOTION PICTURKS 

.Aliliongh motion piciin*e.s intended for class- 
room n.se have heen availahle since the twenties, 
it is not possible to assert that they have met 
with a great dej^ree of acceptance 01/ the par* 
of mathematics teachers. Indeed, there arc pro!)* 
ably thousands of teachers who have never 
ntili/ed a film in the maihcmaties classroom. 
The rea.sons for this arc varied. For some teach* 
ers the task of ordcrinor a film, previewing* it, 
and arranging for its ;.iowing .seems too time- 
consuming and too complicated to make it 
worthwhile. 



.Vnoiher reason for the la( k of aueptante is 
nnd(»nhtedl\ the intonsistem (pi.ditv. in teims 
of mathematical content, of man\ of the films 
on the market. With respect to this there has 
fortmiately l)ecn nnich improvement in ie<ent 
years. V\h\\ piodticers have begun to pay heed 
to the fa(t that a film on mathematics is not of 
nuich use if it is filled with inac < inacies. 

Man\ mathematics teaciiei.s leject motion |)i(- 
ttnes because they (piestion their appropriate- 
iie.ss. 'I'hey contend with a great deal of convic- 
tion that motion pi( tm es are not as appropriate 
in the teaching of this si:bject as ihe\ .are in the 
leaching of the .social studies or .science. IWu 
many of the leasous given l)y the proponents 
of the medimn for using motion pi(tuies are as 
lelevaiu loi in.uhem.itics as foi .un othei snl)ie<t. 

As any experienced leadier knows, the pro!), 
lem of motivation is critical in the teaching of 
mathematics. There aie many filnrs available 
which can do nntcli to arouse and sustain in- 
terest. Clood examples ol sue h films are the ones 
in the .Vclventures in Numl)er .and Space series.^ 
The.se nine films feature I^il I'aird and his ptip. 
pets, and ihe\ deal with topics ranging from 
.arithmetic to topology. I'Vom a mathematic i.an's 
point of view the films m:i\ leave soiiiething to 
be desired, bm .any junior high teacher will find 
that they generate considerable interest in the 
sul)ject matter. .\ncL like so many other films, 
they add variety to oin* teaching* and provide a 
dramatic impact not easily obtained in another 
way. 

The motion picture also affords :i way of 
bringing* to stticlents in the cla.ssroom experiences 
that woidcl not otherwise be their.s. In the film 
77/c Mittlictiuitu uni aud t/tr Kivrrr vieweis are 
Shown how maif)emaiic*s is tisecl in analyving the 
flow of the Ohio and Mississippi rivers for the 

I. l^ililiMicd hv \«()(i:ui(iii l-iliiis. U» niiii. Ii u. .'(0 
mill. (%'i(h. 

1!. l'iil)lislic'(I l>\ l*(Iiic:in'on:il I csiini; Service. I<i uiiii. 
color, 2(1 niiih 
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o\ II(M)<I (Oiiiiol. Ii is iiiilikciv \\iM A 
k.m Iki (oiild |)K'M iii ilie i<l<.is <()nMinc'(l in lliis 
hini .Is well ilir<)ii<^h :in<ulicr nialiiiiiK 

IMic inosi ()l)vi<)i(s <'li:iri'icicriNii< of inoiiiHi 
pit lines is. ol <<)insc. ihc iic.ilion of iIk- illiiNioii 
(A morion. Alihoii.i;li <cTi:iiii in;iiiicin:iii< :il (on- 
(C|>tN Midi .Is lot (is .ne now l.'iui^hi iVoni :i .siaiit 
|)oiiu ol \\c\\'. iIk'K- .nc siill ni;iii\ ;is|)c<(s oi 
ni;tilicin.iii< s in \\ ln<h iiioxcmumii (onirihiiie.s lo 

< l:iri(i< :iiioii. Tliis Is |):irii< ithirly inic in dis- 

< ii.ssions ol ihc :i|>|)li(;iiion.s of ni;i(hcni;iii( s. In 
in.uiv i;oo(l ni;iilK'in.ni( s films, moiion is |>iO' 
(liKC'd iliioii<*li ilic let lnii(|iic ol .iiiini.iiioii. I his 
alloWN ihe |>oili.i\.tl ol pliciionicii.i lli:ii :ii'c> noi 
io;i<lily ohscrvahic in ical li!c. In ilie film 77///r,' 
lor example, a rorkci <iivlinj> ihc canh is shown 
lo illitsuaic iIk' no<CNNii\ foi sl-t inUMiiaiional 
<lai(' line. 

.Vnimaiion is (Ic\cmI\ iis<«<| iii/-ilio Sdcn 
Ihidjliw of f\6ttiii.\hrr;^* w show llow I'.nlcr 
.iiKil\/c<l ilic |)roI)lcm of <roNsinj» she .scvcii 
lni<h^cs in .1 uiii<nr.s:il walk. In So, 
I\tha^Oia.\.* ihc .l^iliaf;oic.in ihcoicni is demons 
sii.iic<l l>\ a li.iiisloniiaiion ol aicas whidi is 
ciic< ic<l ilnottoli animal ion. In ilie nxc fihii 
I)is<o\ci inj» Soli<ls sci icV* animal ion is iisc<l ic- 
|)C.iicdl\ 10 <lc\clo|> the roniiiil.is lot volume 
and smr .t area ol prisuis. <ylin<lers, |)yrami<ls» 
(one.s. nii<l spheres. Other onisian<liiii; examples 
ol ihe use ol aniinaiioii lo roniinniii< aie inaihe- 
iiiaii<al <oneepis can be loinKl in ilic stii<leiii 
films ol ihe NC/T.VI series Kleineniarv Maihe- 
inaiirs for Teachers and Sin<lenis-" 

Aspects ol nioiion-picune leelmology siich 
.IS < h.ini>c-spee<l plioio.i;rapli\ aiul mi< roplu>to<>- 
i.iphv <.in .ilso he nse<l .i<l\ .ini.ti^eoiisK in in.iihe- 
niaiics films. .Siii<lenis will he raseiuaied hy the 
<'lose-iip shots ol bees manipidailng' wax in 
Math(*inati( s of tin* ! loitrycovih,^ a film ihai 
shows how hees miiiiml/c the anion in of w:tx 
iiee<le<l l>\ nsiii;; hexaoonnl prisms. 

Us!iig Molioii Pichircs Effcclively 

111 onler 10 select a film that will help achieve 
a <iesire<l iiisiruciioiial goal, a teacher nattiially 



has to kiKAN wliai is a\.iilal)le. This iiieaiis that 
he niiisi he i.imili.n with (lie <.iial<)i;s put out 
l)\ <oiiiniei< iai disii ihnioKs .iiul film lihi.n ies. 
rh<* piiiuipal <lisirihni<n s o\ fihii> in lh<* field 
<d iii.iihem.iii( s .11 e liMe<l pie<e<liii<* Hie leler- 
eiK'es at the end ol this <liapier. 

The i<M< liei shonM also he familial with mmiic 
ol the <<»inpieli<'nsi\e som<es ol filni iiiloriiia 
iKHi. l-oi maiiv veils Thr Edttiaiwual I' tint 
Cltti(l(\ piihlished hy the II. \V. Wilson Com- 
paiiv. was ilu' le.Kle' in its fiehl. Tnloi iiinaielv. 
the piil)li<aiioii ol this i»ni<le w.is <lis<oiiiiiiiied 
alier the iiiii.il MipplemeiU loi was issiiccL 
(!opies ol the ;4iii<le aie still available in libiar 
ies. liow<'ver. aii<l it s still useful. 

Maiiv films are Iiste<l in 77/^' Mttaiitottttl 
Mnlta Ittdrx (3). 'fhis loin K^eii vohmie iihle.K 
is a ( onip/l.'uion ol ax.^ilabh* iiisii ik tional le 
sources other tli.'iii priiite<l m.-tierials. \'ideo- 
lapes. films. kin<'s<opes. filiiiMrips. sli<les. aii<l 
11 aiispaieiK i<'s aie in< lii<lc<l in th<* lisun**s. \\y\- 
nine 10 is<le\oie<l einiielv to lesonncs lor mat he- 
iii.it i<s tc.Kliiiii; 1 1 0111 the juiiioi lii.i>li s< hool level 
iipwaid. V'ohmie I {Prc-sdtool (ivd Prittt tt'\ i awA 
volume If (Itttnntrdiatr) <oiM.iiii listiiij;s ol ma- 
leii.ils useful in the te.i<hin<; of eleiMeiitai v s< hool 
matheinati<.s. .Supplements to the l\dtt<altott<tl 
Mrditt Ittdr.x were |)laniie<l, bin none has yet 
been pnl)lishe<l. 

In l!Hi7. the Xatioiial Information Center 
for Kdiuational Me<li:i (NICIKM) was estab- 
lis)ie<l at the l^niversitv of Southern California. 
XICKM plans to produce a seiies of ieieien<e 
volnines on aiidiovisnal materials. One voliiine 
piesenth axailable is its Ittdr\ lo lotttttt Edtt- 
((tiiottal I'ilttts (Mi). .Vpproxiniatelv fi\e liini<lre<l 

t^ihliNlii-d 1»\ liKluiia ( h» iiiii). <ot<u\ 15 

IIIMI. 

•\. PiihlMiCil b\ liii<'iiiati<iiial I'lliii niiuntti. \i* iiiiii. 
color, -t iittii. 

5. Ptil)li>tii-cl li\ liitciiiatioiial I'llui Itiiu'aii. lii iniii. 
<<)loi\ 1 1 mill. 

(». lMiI)liNlK-<l 1)\ CfiKo MdtKaiioiial \uK. U\ iniiu <h1oi\ 
\'t inhi. each. 

7. l)c\ Hoped 1)\ the Naiioiial C:oiiii(tl of lVa^tiOi> of 
Maili<'iiiati<< hi <oo2)Cia(ioii with (*ciii-ial l.canMii<; C.u\\y. 
:iii<l di^tiihiucil hv Sil\cr Ktiidcii Co. \i\ iiiiiu u)lor. 7 «> 

mill. 

S. PtihiiNlicil 1)\ M<Mut\ liiNiiiiiio of Science. Hi iiiiii. 
<oIor» i:t mill. 
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in:iili(*iii:ili( s liiiiis .iic lisicd In (his V(»hiiiK\ 

The iccciii <<)ui|)K'heiisive iii<U"X i.s ilic 

/rr/r/////** Diinion This is a scxni-xoliinic 
lislliii* of (iliiis. slides. filiMsii i|)s. ir.tiis|):ircn( ics. 
;itt(l other iiisn ik ii<)ii:il iii:u(*ri:ils. 

Another ptihliciiion with \\'hi(h the teachei 
shoiihl he (:iiinli:if is Educalous Oiuilr ttf I'lrr 
/7////A ((»). This ;^tii(lc is issued :itiiiu:ill\ :ind 
lists the Idiiis ifni* :ire :iv:iil:il)k* hoiii 

hiisiiiess. iii(hisii\. and ;;o\ei nnieiilal ai;fii(i<s 

When .1 teachei linds a lisiin*> ol ,i {ih:i thai 
seems a|>|>]0|>riate lor his purposes, it is :\ j»ood 
ide.i to h)ok h)r an evahiative review of |hc 
lihn. Rexiews of appioxiniately l.jO lihn.s weie 
pid)lished in the I)e(eud)er \%:\ iNsiic of the 
Mathriiiati(.\ 'IVdt hn\ Other rexieus have hcen 
ptd)|ished in more recent issues of the Matho 
mat Its Tnt('hn\ The Filtn E^uil nation Ouitlr 
piihh'shed hy ihe Kchuaiional I'ihii IJI)r;iry As- 
MX iatioii contains e\ahi:nions of ahotn 30 mat he* 
inatics lihns. Fihit i evict's iaw wIso I)e fonnd 
in the ltiupl:h\\i, pnhlished t\\'i<e a month hy the 
Aitierican l.ihrary Association. 

If a teacher decides to nse a panic uhir lihn 
and it is not :ivaihihle h>eall\. he .shonld order 
the lihn ftom a clisiril>inor c onsiderahly in :ich 
vance of the chite for Nhc)win,i»» To lit the fihn 
pieseination in at liie proper point in a course 
ohxioiisly re<pnreN caiefid planning. 

When the lihn arrives. arraitj»ements shonld 
he 'tiacle to pteview it. No teac her shonld he so 
iin^ ».leiti as to nei;le(i this step, lor the preview 
serves many pnrposes, ICven if a review of the 
nim has heen favorahle. a tearlicr mij»ln dceidc 
npon pre\iewin,v; it that the lihn does not do 
what he ihonolu U u'cndd do. Ccrt.iin!) there 
is no \va\ lor a teacher to make his linni dec ision 
tei;ardinj^ the nse of a fdm e.\cepi hy familiar- 
i/ino hintself with it. The prexiew also provides 
an opportnniiy to phm the class activities that 
will precede the s'nowino c)f the lilm and those 
that will follow the shou'ing. 

When a filip is to he shown, the room and 
the projection apiipment shonld he readied 
ahead of time if .it all possihlc. The film shonld 
be threaded into the projector, the machine 



shotdd he fc)( nsed. and the scnmcl ;id jnsted. 
Wlieii it is time lor the class ic» view the Idni. 
a Mick cil the switch is .ill th.n shoidcl he neces- 
.sarj, 

It is, ol (onise. the lesptnis'hijitx c^l the teach- 
er to make sme that cveij child in iIk* class is 
seated .so that he can .see and hear. A rnle of 
tlnnnh is that no child >houlcl he se.necl Iniihei 
Iroin the m reen than a distance >i.\ times the 
width cd the screen. I>ni the hesi way to assess 
seein,i» and hcraiin^ conditions is simpiv to walk 
from phice to place in the room. 

A iiiotion pic t me should not he regarded as 
a le>son in itself. Reseaic h lia> demonstrated 
the itnportance ol tlie heloivhaiid prepaiation 
and the follow-np activities. Maximnm henelit 
will he j»ainecl from a lihn c)id\ if tne teacher 
prepares the class properly. .Stnclents should he 
j;ivcn sn,i»j;estic)ns .ihotu what to expect in the 
film. Some teachers c^vperienced at nsini; lihns 
Unci that presenting u list of cpiestions ahotii 
the key concepts to he cleali with is an effective 
way of seitini; the mood. It may he necessary 
to discnss .some of the vc)c*:d)nhiry tised in the 
lilm. .Students cpn'ie naturally tend to lose in- 
terest if they hear too many unfamiliar woid.s. 
The teacher must consecpienily loam to an- 
ticinaie dillicnliies of this naitue. 

If a list of cpiestions has heeit i;iven to the 
class hefoic the showini* of a lilm, the follow- 
up activities would ohvioiisly include a dis* 
cn!.Mc)n of these cpiestions, Km :i <»oocl teacher 
w^ill <»c) heyond this, lie will use the film as a 
sprin^hoaid to further learin'no;. Suppose, for 
example. ii)ai Mathnnatirs of the lloncyromb 
is shown to a class. This fihn shottid lead to an 
examination of the relationship heiween \olmne 
and .surface area of ihree-climeitsional ri<»nre.s 
and l)etween area and perimeter of phuie 
lij»ures. The possibilities for exienclinf» the con- 
cepis developed in such a film are ahnosi nn- 
limited. 

One of the immediate objectives of the follow- 
np session is to help the teacher ascertain wheth- 
er the fihn was nsed at the right plac/? and 
whether it is worth using again. Some teachers 
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koc|) J ic(()i(l oil index (.nd.s o! ilic Illiiis ilie\ 
ii>c .111(1 I heir elle( ii\eiie.ss. In ilii> \\m\ ii i> 
possible (() l)iiil(l J \;ilii;il)le caul file in .1 lew 
yc;ns. II .1 ie;i( liei liiuLs ih;ii .1 < en .tin dim i< 
c%|>e(i.ill\ w'oiihwliilc! Jiid ill inks he will he 11 v 
i( ovei .nid ()\ei. he .should (on.sider ie(<»ni- 
tiicn(lin«> i(h piircIiMse hy die locil n( hool s\su-in. 

Devclol»nrnls in Projectors 

The siaiuhnd ( hissioom ii!oiion'|)ieiiire |)ro- 
jectoi foi A niMiihei of \e;ii.s li;is heeii (lie Ii'»-iiiiii 
.sound |)i(>je(t(>i . M;in\ ol die ncwei models ;iie 
.scll-tlireadiii<> (Figinc 7.1). This fcaiiirc eei- 



l.iiiih x:liniiii.iies «>iie «d die iii.dii ohsi.u les lo 
lie(|iieiu Use ol iiKMioii |»i( tnu*s. The hetu-r 
|>M»je( loi.s are also (jpahle <»! st(»|)|»iii^ on a 
.siii<;le IVainc i\ idiom hiiiii damage u» dt(* liini. 
and die\ (an he ie\eKsed so di.ii a se(|iien(c in 
a (dm (.an he ie|)(:aie(l loi eni|»Ii.isis and darifi* 
(ation. 

I)es|>iie die <;reai iiii|)rovemeiits in Il»-nini 
|)i(»je( i(»r.s. ie(em develo|)iiienis in S-min e(|5ii|)' 
mem will |)i()I)al)t\ have an even t;ieaier iin> 
|)a(L We are lefoirin^^ U) die development ol 
(arni(l|i;e pi ojeetois and die improvements in 
S-inm lilm. 




FicifkK 7.1 

Sclj'llircadiu^T movie pvnjcctor 



Cmtrtvsy of Hell and llowrll 



I'ROIKCI'lOX DKVICKS 



Lorulini; .1 ( .irh'i(l,i;c iJiojt'iior In Niiii|>l\ .1 
iiiiiucr (>r |)iiNliln<* :i liliii (.iiim(Ii;c inin .1 slnt 
{l-l<;iiic 7.2). riiL- liliii is ic.kIn Ioi Ininicdi^iie 
sliowiti|^. As i\ is \icwc(l it is rewound in ilic 
(:n (i'i(li;c. TIil- |>rol>lcius ol (Iii(-:i(liiii*. adjiisi- 
iiii;. .111(1 rcu'iiidiiii* aic iioiiL-Nisiciu. Tlir (.ii- 
iM(l;;cs i.iiii;c' in (.i|>.i(ii\ fioni lonr ininnics d!' 
lilni n|> 1(1 diin\ niiiniics. 

riic |>ios|)C( (ivc |>ni(lM>ci (d .1 (.niii(li*c |>i(>- 
j(.'( toi* li;is .1 ilioid- (>i scvcul (\|>c.s. liotli sik'iii 
.nid .sound |>i(>ji-( lor.s .nv hcini; ui.nkcu-d. Somr* 
|>u>ic((ois .lie ol (lie noiin;il fiont-sdccn i\1)L' 
(|-i.!L;Mic 7..'>). while oiIicin ni;ikc use ol le.n 
|noje( lion (|-ii;in(- 7. 1). In ilie i(-;ii-|)Mije( lion 
.s\sleni the j>ioj('rte(l l)c;nii is rcflcded from ;i 
minor oiiio ilic ie;ir ol ;i scieeii iiKide of ;i 



ininsliKcni in:i(eM;il. The ni;iin .i(lv.ini;ii;e ol 
ihis svsieni i> (Ikk ii ic(|niM\s link- d.nkenin,:* 
ol (he \iewin«L; room. Re.ii |>ioje(iioii de\i((\s.n(' 
.iN.iihihlc .!> .in.K linienis toi nnils designed loi 
Iroiii |>roje(iioii (I'i^^ine 7..'>). 

(.'.;riri(lt;c |)ioje(lor> use .S'liiin lihn. When ihe 
liiM ones were inirodiued. ihc 8-nini film th.it 
w;i> :i\:iil:ihl(' w:is ol ihe npe (le>i!ine(l lor home 
iiio\ ic iiKikini;. riii.s (iliu ielt nindi to he de.siied 
in the nv:i\ of |)icture (|n:dii\. ;ihhoM«»h it w;is 
s.iti.sl.K (or\ I'oi iudixidn.d 01 .siii.dl-i;i(>n|> view 
in<;. In I !)(>.'). siipcr-S niin w;is intr(>(hue(l i>v 
I\;isiiii;in l\o(l:ik. This (ilni h;is iiKiny a(l\.tiihii;es 
oxei the .St. nidauhS lihn. ihe ( liici one heini; .in 
.i|)|)iosini:itel\ r)(^-|)eiLent-l;u)L;cr |)i(ttne :ne:i. 
Tiie l;n'*^er ;iic;i is oI>i:iiiie(l l)\ dc('Je;isin«j ilie 



i'ldfui-: 7.2. Carfridi^a film pmjeclor 
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CIIAr i KR Sl-VKN 




CottJiesy of TvcUuivolor Coiluuniimi 



.s|):ux' lor ^|)r()(ktM liolc.s niul llic .sp.uo hciwccii 
iVciiuc.s. HfcuLsc of ihc iii(rc;i>c \x\ \nv\\\\v si/c. 
ilic projcried iiu:i<;c- is iuikIi l)n<;lii(*i and 
sliar|)Ci\ Snpcr-S film i> (oii>c(|nc'iiil\ suii:ihlc 
loi' \'if\\iiit> I)} ^^loups ()l as ni;ni\ ;i luindied 
|)C()|)!c. 

AiioUici ,id\.iiiiJt;C()U.s Uatnic ol >u|ki .S filip. 
Is die I .!) I atlo ol UM'c w Iddi lo pic un c 
hci,i»lu-dic >:Mne as lor KJ-imii liliii. Tliis inoaiiN 
thai su|)C-i-S |)iiiu> can l)C made l;oni Id iiim U\\n 
u'idioiM runiuj* oil pan ol each Iraiuc. Tlic 
icadifi (an cn|)C(M lo >cc die |)riiinni> ol ii-niiu 
x'ci.sioiiN oi inau) cdixatioiial (ihn> pi(*vi()U>]\ 
a\:tilal)lc o\\\\ in I()-unH loituaL As a nianci ol 

lMGin<K 7.:5. fronlscrrni ixfw 



Couftrsy of FaiicUUtl Otmcra ttnd ln\i)iinivnt Coin/Mtt\ 





pR()|i:(: rioN dhvichs 



l:ul. :i( lc;isl one lc:ulii)i> dish il)ii(()r ;ul\cnisc's 
ili:u ii will iiKikc 8 inin priniN of .iny litlc in 
ils libraiA :\s >ooii ;ks ii Ills ordci.s \iu :\\ Icasi 
five \niu\s oi (li.ii lihn. Thi.s inc.ni.s (h.ii (he 
nioh'on-|)i( Hire bndoct u ill siicuh nnuh Innhci. 
Xol onl\ i.s (he ()ii,i;in.il (osi lor Sunn iihns(on 
.si(le);il)l\ less (luni (h.i( loi 10 nnn lilnis, l)n( 
I>c(.iHnc h.ind.N ne\ei h:i\c (o (onch .1 (.niridi;ed 
(ihn i( should \(:u in good slKipc for ninny 
inoie slu>win<^s. 



The ni,(j()ii(\ oi (he (,ir(ii(it»ed fiinis (h:n .ne 
cm icn(l\ .(\.nl;d)le .ire .shori. single(()n(e|)i 
"loops." These .ne ideid toi inilividn.d 01 sni;dl- 
t»rouj) ins(rn( (ion. The .slni|)li( i(\ ol opcnnion 
ol (he (.n (1 idt>e projedoi means (h.n ahnosi .my 
(liild of.school cm opera(e one 1)\ hiniscll. 
And .since (he fdm rew inds iisell in (he carnidt»e, 
an iiidi\i(hi.d .s(n(!en( cm \icu* i( .is ni.iny (imcs 
as he wishes. The mo(ion-j)i( ((ne film has finally 
hccornc as accessihie lo a diild as a library hook. 



I'i(;(;kic 7.'). Rcar-lfrojcclion dcxncc as uttuclnucut 




ERIC 



Cou)l('s\ of Haling Corpouil'wn 



TKLKVISION 

The |)()s.sil)iliiy ol nuli/iiio iclcvisioii lor cdii- 
cuional pinpo.scs wn.s iccoj^ni/cd ainiosi iioni 
ihc l)c^iMnino ol c'.\|)crinicin:n ion wiih ihc 
inccliuin. Ai [he hcij^lit ol ilic cIcpR'ssion in ihc 
carh liVMh. ihc Unlvcr.siiy ol Iowa. Kansas 
-Slaie. and Pnnlnc' Ihnvcr.siiy prodnccd iiial 
cducaiional j>io<>ianis. New York Univcrsiiy l)C- 
<^an lo rx|K'ri!nL-ni wiih .such proj^ranis in \9:M'h 

Alicr ilic inicnupiion caused by World W ar 
II ihc pace of dc\cloj)!ncni ol cchicaiional tele- 
vision picked Mj) raiher slowly at lirsi. bui ii 
accelerated in the early ID^Os. In February 11)50. 
WOI-TV l)ei»an oj>er:i lions on the canjpns of 
Iowa Slate at Ames. W'OI- TV was licensed as a 
coninieicial station, hut lioni the outset it de- 
voted much time to educational proj^rann'n,^. 
h) li)r)2 the I-'ederal Connnmn'cations Commis- 
sion reserved 212 channels for exclusive educa- 
lional use. The number of reserved channels has 
since been inci eased. KiUTF in Houston be<(an 
broadcast in<( in jnne l9i)H, thus becoming the 
lirst nonconuneic. d educational televi.sion sta- 
tion, hi the next few yeais do/ens of other .sta- 
tions were established. 

Concurienily with the development of broad- 
casting stations, experiments were l)cin<> con- 
ducted with closedcimnt installations. The 
Penn.sylvania State University experimental pro- 
.i;rani be<(innin<» in 1051 and the llai^erstown 
(Washington County) .Maryland projecl initi- 
aled in \%{'> were particularly noicworihy in 
I he early years. Koih attracted widespread at- 
tention and amply demonstrated the feasii)ility 
of direct teaching by lelevision. 

Connnercial networks ha\'e :dso played a role 
in educational television. In October HloS the 
National Broadcasting Company initiated its 
"Continental Cllnssroom" with a coinse in 
physics. A year later a chemistry course was 
lelecasl, and in liHiO-GI "Continental Class- 
room" presented a comse in modern algebra 
during the fall semester and a cour.se in prob- 
ability and statistics in the spring. 

At present there are nioie than fotn* hundied 



educational television stations on the air in the 
I'nited States. Theic aie moic than eight Innidied 
( l()sed-( iiciut s\st( ins in educational institutions, 
and inoie ol these are being piu into operation 
ever) \ear. Se\eral stales ha\e statewide educa- 
tional networks. It is dillictdt to estimate how 
many students aie receiving at least some ol their 
instruction b\ means of television, but the num- 
ber nncpiestionabb exceeds 10 million. 

Despite these liguies. iele\isi()n has not had 
the profound inlluence on education that man\ 
enthusiasts had piedicted lor it in the ID^Os. 
Few will dispute the statement that television 
is the most potem. vei.satile. and compiehensive 
medimn of (onn* mncation yet devised l)\ man. 
but its impact on education has nevertheless 
been negligible. This is parti( ularb true at levels 
l)e\ond the elementary school. 

It is not that students cannot leani I)\ means 
of television. In the years since '.he advent of 
educational television, lunidrcds ol studies have 
compared the ellectiveness of instruction using 
this medium with that of more conventional 
means of instruction. .Most of the research in- 
dicates that theie is no signihcant dillerence— 
students learn at least as well from televised in- 
struction as the) do from ordinarv classroom 
instruction. 

\Vh), then, has the poteinial of educational 
television not been realized? Certainlv one of 
the factois is the inertia in the .Vnierican educa- 
tional system. .Most change takes place slowly. 
.\fany teachers, panicidarly at the higher levels, 
seenj peilectly willing to conduct cla.sses in the 
usual manner and stubbornly lelusc to even 
consider the possibilities of televi.sion. 

.VIso hindei ing gieater acceptance of television 
is the lact that the vast majority of the programs 
produced .so far have not taken advantage of the 
medimn. The programs arc aclecpiatc— as stated 
above, children leani from them— but mo.st oi 
them do not generate great amounts of enthtisi- 
a.sni among the participants. In Februar) liHi? a 
confeience on television in mathematics educa- 
tion was held at the National Center lor School 
and College Television in Blooinington, In- 
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tliaiia. Jlic conlciccN wac iiMihcniniiis cdiK.i- 
(oi.N jikI tclc\ isi'on pci.sonncl. l*Oi iwo (Li\> ihcsc 
people \ic\\C(l \ i(lc()l.i|)CN .111(1 kinescopes ol 
Ic1c'm'>c(1 HMihcni.uic.s 1csv)11n lioiu <ill p.nLs ol 
(he ( oMiui ). Vhc) wcie iioi inipicsscd with wli.u 
ihc) s;i\\' (If)). J Iic <;c;iicral (oiKlusion ol ilic 
,i;ioiip at I lie cud ol the (oiilcicnrc was dial 
only a lew ol ihc lessons had cxliihiicd any 
real ( icaiivilN. In far »oo iiian\ ca.scs a iclcicsson 
is produced U\ .sinipK nairsrcning a ilassrooin 
sciiini» lo a iclc\isioii screen, h i.s not Nnrpiisiii<> 
(hat (lie rcspoiKsc (o >n(li pn)^r<nirs lia.s been 
iiidillerciu. 

rile inllexiblc .schcdnle of l>ioad(a>t television 
has been another deieirent lo i>icaier utiliza- 
tion. This piobleni may e\entnally be (on- 
queied with the aid of some lecent develop- 
ments. One is the prodnclion of low-priced 



\i(lcotape iec()i(lci>. .V .school of iiiodciatc 
(an now alloid this piece of ecpn'pmeiu. 1 he tape 
machine (iM't'ine 7.(5) eiiablo a .sdi'jol to kvokL 
foi Liter pla\t)a(k. proi>iaiiis that arc broadcast 
at an iiK oinenient time. It «dM) allow> lepeat 
showiiii»s for ( lasses that need the extra exposuie. 

Another Mi«iiili(ant deNelopmciu i> the open 
iiii^ up for educational purposes of ,some Iie- 
(pieiK ies in the upper lei^ious ol the elcctro- 
niai^netic spectrum. C)iil\ one piogiam at «i time 
(an be broach a>t c)Ner a i»i\en television chan- 
iieL and in the V^IIF and UN!' portions ol the 
.spe(truni only one channel can be assigned to 
a station. In HK'kS. the I'edeial Cionununications 
Commission opened up l\\ ( hanuels in the 2500- 
2()?)0-niegacv(ie fre(piency range. A licensee can 
be assigned as many as four of these channels 
and (an hence br()a(l(ast as uiany as four pto- 
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t»r:nn.s siiinilcmconsh . The liismu lioniil 'IVlc- 
vision Fixed Service (iliis is the icnii (he FCC 
Ubes lor ihe 2r)0()-nie<»a<*\( le sx.siem. .ilso known 
:i.s ihe 250().nie<4ahen/. sy.stein) is siill in its ex- 
perinienial siagc (9), bin ji looks pronn'sing. 

Ohen raised as an objection to ins(rn('(ional 
(clevision is the contention that the piospec tivc 
learner |)hi\.> a |)a^^i\e lole. I he student has no 
()j)|)()Unnit\ to ask a ([tiestion oi participate in 
a disctission with the instructor. .Stndent.s cx- 
perJ-Mued at lcaniin,i»* by television have» how- 
e\e!. dis(()\eie(l that this dilfi(ult\ (an he over- 
come h\ taking (aielul noiesand b\ jotting down 
(piestions as the\ (onic to mind. The (pie.stions 
can then be discussed in a I ol low- up session. 
As a matter ol lati. some experimental studies 
have noied that a positive icsuli of televised in- 
sinuMon is that students feel responsible for 
their own learning to a greater degree than 
oilierwi.se. Fiie skill> of li>tening\ (cnnentrating. 
and talking notes aie inimeasui abb .shatpened. 

Effective UtiUzdiioii of 11 V 

'Fhere is a distinction between instYUctionnl Iclc 
rfision (ITV) and cducntioml Irlnnsion (l-7rV). 
Fhe former icleis to loimal school or college 
instruction using television, whereas the latter 
term applies to all cuhtual educational pro- 
grannng. 'Fhe discussion here is limited to FFV. 

Although there still is certainly much to learn 
about FFV» it is possible to give some definite 
.suggestions to the classioom teacher who wishes 
to utiii/e this medimn. 

Tlic most important thing for the classroom 
teacher to keep in mind is that he is part of 
an instructional team for a television lesson. Mis 
duties as part of the team dilFer from those 
of the studio teacher, but they are just as im- 
portant. 

Fhe classroom teacher must prepare himself 
and Iiis students for the lesson. If there is a 
written guide that accompanies the program, he 
shotdd familiari/e himself with it and make use 
of the hints therein. 

He shotdd do everything possible to promote 



inteicst in the lesson. Sttidies ha\e .shown iliai 
an eHtbusiasti( <utitude on the part ol the (lass- 
loom tCMclier is extreme!} iiiipoi taut, A negative 
or iiidilleieiu attitude will be (pn(kl\ (om- 
nunii(ated to the students, and the televi>ed 
lesson will not I)e ellective. 

1! the lesson guide li.sts (eitaiu luatciiais tiiai 
studeiit.s will need during the telccist. the 
teadier should make (citain that !he iiiateiials 
aie a\aihd)le and that students have tiiem oi- 
gani/ed before the lesson begins. 

'Fhe (lassroom teacher should enipliasi/e the 
iiiipoitance ol caiehd listening and \iewiiig. He 
iiia\ want to give suggestions to the students 
regarding note-taking. 

It is up to the classroom tcMdier to deteiiniiie 
tile eflecti\eiies> ol the telex ised le>M)ii lor hi.s 
particulai class. Dining the telecast he should 
be using his intimate knowledge ol his suidenis 
to assess the degree to which they are conipre- 
lieudiiig \iUious poition.s ol ilie le>s()n. 'Fhi> will 
give him some idea as to which areas need re- 
inf(uciiig during the follow-up. Some (areiully 
lornudatcd (piestions alter the telc(ast i> oxer 
will shed still more light on the degree of com- 
prehension, Fhe chLSsroom teacher then does 
what he can to ieinfor(e. clarily. and expand 
the ideas presented by the television teacher. 
Fhe follow-up session shotdd be deemed an in- 
tegral and important part of the total lesson. 

One of the criticisms sometimes voiced about 
televised instruction is that it doesn't take in- 
dividual differences into account. It is true that 
every student is presented the same material at 
the same rate of speed. But here, once again, is 
wlieie the classroom teacher makes a (ontribu- 
tioii. It is primarily his responsibility to provide 
for the individual differences. The methods for 
doing so are not essentially dilfeieiit Iroin the 
methods ti.sed in the conventional classroom sitti- 
ation. Some students, for example, are going 
to lecpiire a gieat deal of individual attention. 
It is ( OIK ei\ able that after a telecast the majority 
of students will l)e able to carr\ out assigned 
tasks independently while the teacher works 
with a few students on an individual basis. 
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Classroom A nan grin ml for IT J' 

111 anaii^inj* ihc classroom lor :i televised les- 
son i( In iinporcuH lo keep in mind (as ohvious 
as il seems) iliai lelevision is an audiovisual 
look As Willi uK.iion pirmro. ii is noi possil)le 
U) achieve iiKiNimum clieciiveuess unless every 
siudeiu can sec and hear wliai is inicnded loi 
him. IMaceiiicni ol ihe leceivinj; sei, sealing ar- 
lan^cnieni. li^hiiui;, and acousiics musi all he 
considered. 

The maximum viewing disiaiice is naiurally 
deiennined hy ihe si/e ol ihe piciure luhe. Ac- 
(oidino (() ,1 delniiiive siudy done for Kduca- 
lionai Kaciliiies l.ahoraiories (II). siudenis uiih 
normal vision <aii he phued ai distances IVom 
ihe screen ihai lanj^e np lo 12 limes ihc .uiual 
uidih ol I lie (elevised imaj^e (uol ihe diagonal 
measure, which is ihe nominal si/e ol a luhe). 
^i'his means ihai lor a 2;5-iMch sei the maximum 
viewin<^ distance is ahoui 20 feet. 

The minimum viewing distance is dependent 
upon the height at which ihe set is mounted, 
and this hei,i»hi depends to a certain extent on 
ihe seatino arrangement to he used. The set 
should delinitely he placed a hove eye level, hut 
if \iewers aie lo he placed one hehiiid the other 
ihe set will have to he considerahly higher in 
order lor each siudent to have an unohsirucied 
line of sight. II' a staggered seating arrangement 
is used, il is not necessary to mount the set so 
high. Oiue the height of the screen is esiah- 
lished, ihe minimum viewing distance should 
he determined hy keeping in mind that the angle 
ol elevaiion from the eye lo the top edge of the 
screen should he no greater than ahout 30^ 
(Figuie 7.7). 

Theie is also a hoii/onial viewing angle to 
consider (Figure 7.B). If ihe angle formed hy 
ihe line of sight and ihe center axis of the pic- 
ture luhe is greater than 1;")^. the distortion of 
the image usually hcconies ohjeciionahle. For 
ihe viewing of some kinds of materials the dis- 
loriion hecomes objeciionahlc if this angle is 
much over 30^. 

li should not be necessary to darken a room 
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(lnrin<( :i iclccasi. Ai times ilic iclcvisiou icichci 
may wain lUc \ic\vc-.> to do .sonio pcncil and- 
|)a|)cT work (lMrin^^ ilic lesson. This and oulinan 
noic-iakini; lecjuirc* adc(|uaio Iit;lnin<». CJlaic on 
ilic iclevi.sion m i con may he a piohloin, Ixn 
iliis can nsnaliy he taken care of hy proper 
placcnicni of ihe sei in the room. In ihe avera<;e 
classroom ilie hesi location for ilic .sei is prol)- 
ahly in a corner on ilie side neaie.si the windows. 

Tlicre is perhaps not much dial can he done 
aboni aconsiics in our older schools, ah hough 
some teachers have noiicod some improvement 
when the walls are covered l)\ htu'lap or simiLu 
material. In plannin<; new schools. thoni»ht 
needs io he i>iven to the importance of i><)<Kl 
acoustics for lclevi^ed instruction. Ciarpetini; on 
the floors has pioved to I)c advantai>eons and 



(•(onomi(.dl\ leasihie in cxpei imeni .dtci c\- 
pciiment. 

The lemaiks in the preceding; parai^raphs 
pcitain mainly to television instrnctioti in a 
conxentional ( lassroom setting. Pl.nniers ol cdn- 
(ational facilities should consider (aicfully the 
opportunities for individuali/in<» iusti uction 
which are afforded hy ix leamini; (Cnter such 
as that ilhistraied in lMi»uie 7.*h A typical 
l)ooth in this center is ocpiipped with i\ small 
television screen, earphones, and a telephone- 
like dial. liy dialini; an assii»ned number a sin- 
(lent oain.s access to a lesson roc tn (led on video- 
tape or hhn. Perhaps when centeis such as this 
l)C(ome (ontnionplace— and creative pr()i»rams 
become plentiful-tele\ ision will lin.dly hei»in 
U) assume a vital role in edttration. 
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OX'KRUKAn PROjl-XrnON 

"The model n oxcrhciul piojodor Ikls evolved 
from devices u,sed I)y ihe inilii:iiy services in 
iiainiu*; |)roi;r:iins diiiini:; World War II. The 
e:irl\ niodoK had sex era! (lisadvaMiat»e.s, ihe Tore- 
most l)ein<4 ihai diey were Iari»e and cumber^ 
some. Today'.s version is veiy ronipaci yei 
ni<«oed: ii projects an i!nat;e hriglu enoni»h lo 
be seen in a lii^hied room, and ii is rclaiively 
uie.\|)eMsi\'e. 

.Mechanically .speakini;, an overhead projecioi 
is a .simple device (Fi.i;nre 7.l()). h (on.si.sis of 
a i)a.se and a projecu'on head ihai is supported 
l)y a xenical posi aiiached lo ihc Iklsc. The 
l)a.se (oniains a li)L;hi .somce and a hori/onial 
piojecMon .sia^e. IJi;hi passes ihrou<;h ihe .siage 
and i.s lellecied omo a scieen hy a lens-mirror 
asseMil)ly in the head. ,Vppearing on ihc screen 
is ihe image of uiiaiever is on ihe siage. This 
inighi be a shoci of iranspareni plasiic wiih 
wriiien material on ii (.such a sheei is usually 
(ailed a transparency), a transparent slide rule, 
or ihe like. 

Ii has been noted that motion pictures and 
television have not been enthusiastically received 
by niaihemaiics teachers. With ihc overhead 
|)rojecior the situation is just the opposite. Ii has 
won overwhelming acceptance in the past decade. 
Perhaps ii is overused by .some teachers— the 
aiuhor has been in classrooms where it .seems 
ihai siudenis arc .so a(x:ustomcd to the overhead 
ihai ii no longer commands their aiicniion. 

Some of the reasons for the popularity ol 
overhead projection follow: 

1. MaihenKiiics teachers have always made 
extensive use of a chalkboard, and almost 
anything that can be displayed on a board 
can be shown better with an overhead pro- 
jector. It is easier for most people to write 
on the hori/ontal .stage of a projector than 
on a vertical board. Improved legibility and 
more accurate diagrams arc the icsults. 

2. When a teacher is presenting material on 
a chalkboaid, be is turned away from the 
class naich of the time. The teacher faces 



ihe (la>s when using an oveib.ead |)rojc(- 
toi". He (onsc(pienil\ has better (ontrol. 
and it is ea>ier for him to gauge the le- 
(eptivify ol ihe cla^s. 
The fact that it is not necessary todaiken 
the room means that Mudents (an take 
notes as the lesson is picsenicd. It also 
means ihat attention (ai: be shifted to a 
mode!, a chart, or other visual aid to bt* 
used in the lesson without changing ihe 
lighting in the loom. (In connection with 
this, the teacher shoidd remember an im- 
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Fi(;uuK 7.10 

Schematic diagram of lylncal overhead projecit 
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|)()ii:im nilc: When aiiciiiioii is lo be 
sliificd a\v:iy from ilic .screen, ilie projector 
hui]} should he switched off.) 
1. Nhiierials can he prepared in advance and 
Used icj^eaiedly. The projector is (ortainiv 
a t»rcat tinie-savei*, .since it enahle.s a teacli- 
er to picpare a table, i^rapli. dia;^r:nn. or 
dra\vin)» ol a (ouiplex mathematical lii>nre 
and nse it over and over. 

Pre pari fig Trath^parcncics 

In the past lew \cars, hundreds of (onnnorcialh 
prepaicd transparencies have I>econie a\'ailable, 
T\ic\ aie beini; produced I)y book publishers, 
nianufac turcrs ol (Opyiu!; ecpiipment. lilni mak* 
crs. and nian\ other (ouipani(:s. Sexeral ol (be 
main sou ices ol such transpaienc ies are listed 
at the end of the chapter. 

While some of the connncrcialb prepaied 
materials are excellent. man\ teachers liud that 
the transpaieu( ies ol most \abie to them arc 
the ones they have made themselves. The 
sinij'/lest means of pt'oducinj^ a transparcncv is 
to \>iite or draw on a sheet of deai plastic witli 



a grease pencil or a lelt-tipped or in Ion-tipped 
|)en. 'I'his method should, however, be (onsid. 
ered a temporary measure. 

A unich more professional-look iuir and nioie 
periuauent transparency can be nuide with the 
aid of an iulrared copyiuj^ machine (Fii^ure 
7.1 1). The matciial to I)e shown is first drawn 
in pencil or ink on a piece ol paper. A sheet 
of nauspareut lihn is placed in (outaci with this 
orti;inal. and both aie fed into the (opyint> 
machine. A transparency ready lor projection 
is available in a matter of seconds. 

For reproduction in an infrared copying 
machine, the orii^inal nnisi be done in black ink 
or No. II pencil— the machine will not (opv color. 
The oiii^inai nnist be a sheet of pa]>er thai will 
pass through the machine. 'V\\h means that it 
is noi possible to copy fiom a bound volume 
with the infrared copier. 

A photocopying machine is more versatile. It 
will produce a black and white trausj)arency 
Irom a (oloied original and will also <<>py liom 
a bound \olume. Uut the photocopying process 
re<piires more time. It involves tiic production 
of a negative. Depending on the (y|)e of machine. 
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llic |)(>.>iri\c |)riiu is (hen dcNclopal cilhcr by 
hc.'it or in a h'(|ni(l sohnion. 

C.oloi (an be a<l(lc(l to nanspaionc ii-s in nc\> 
cral \va)s. A .simple but dlcdixc meiluxl is lo 
ap|)l\ aiu (lesiicd (olor with a lcl(-(ippcd pen. 
Another inelliod ntili/e.s pie.ssure-.sensitive (ol- 
oicd tianspaifnt nIkvls. A teacher who has ihe.se 
.slieeis on hand can add color to a ie<>ion of a 
h:nisparen(\ I)\ (nnint* bom a (oloied sheet a 
piece ol the s'l/r and .shape needed. 

By n.sinj( .special lihn. an ima«»e in a sin.i'le 
color on a clear back<»roinicl can be produced 
with an inlraM*cl copier. The .special lilm comes 
in several dillereni colors. It is nauirally more 
c'xpensixe lhan lilm that pu>clnce.sa black ima;L;e. 

.V transparency can also be produced in a 
-sini^le color thrc>ii<>h the so-called dia/o process, 
'i'his prcHess recpiires spec ial dia/o lilm. an nhra- 
violet li<*lu source, and a development chanil>er 
cc)ntainin,t>^ anunonia fumes. Dia/o lilm has a 
cliennVal coatini^ that produces a brilliant color 
(dia/o films are available in several dillerent 
colors) on exposure to the annnonia fumes. The 
coaling is, however, rendered inactive, and color 
will nol form in the parts of the lilm which 
iiavc lirst been exposed to ultraviolet lij»ht. To 
prcxhicc :i colored transparency, a translucent 
or transparent "master" is produced lirst. This 
is then placed iu contact with the dia/o film. 
When the film is exposed to ultraviolet li^ht, the 
opacpie rej»ions of the master piotect the cor- 
lespondinj; rei^ions of ihe dia/o film. These 
iei:;ic)ns theielore become c oloied when the fi!m 
is placed in the (ontainer of ammonia fumes, 
while the exposed H«^ions leinain clear. A com- 
plete (lescri|)tion of the dia/o process can be 
found in the booklet 77/r Ovcvhrnd Hystnii: 
Production, hnplcuiniuitiou, and Udliztitlon 

(2r,). 

An illustration from a magazine can be trans- 
ferred to a traiispaiency thiough a color-lift 
puKess. As the teiin implies, in this process the 
ink is litendly lifted from the magazine page 
and transleired to the lilm. This can be done 
onh if the original was printed on a clay-coated 
paper. To determine if the i)ai)cr is clay coated, 



one simpK rubs a nioisteiied ^nl^er on the 
inaigin of the page. If a white residue rubs oil 
on the finger, the color can be lifted. (.Most 
of the better-kno vn magazines such as IJfc and 
I^otfl; are printed on claj-toated paper.) Of 
course, a transpaiencv can be n>ade onlv once 
from a single page. Thr Ovrrluad Swstrni (lii) 
gives full details on color lilting. 

Ilhislralious of Tr<nisj)(n'(*ncies 

.A few examples will serve to illustrate the kinds 
of projectuals which the teacher can make for 
himself. One type that the author has found very 
usefid is exemplilied by Kigures 7.12 and 7.13. 
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I'lta^RK 7.12. I'rnU'didjrydni /)v///.\/;r/)r//cv 

Kach ti.tnspaieu(\ consists of a peinianent basic 
format to which material will be added when a 
concept is developed in class. The Venn diagram 
transparency in Figure 7.12 can be used, for ex- 
ample, to show that 

A n (11 u C) = (zi n 11) u (A n q. 

in step-by-stcp fashion, students can be shown 
that A n (Ii U C) is represented by a certain re- 
gion within the left-hand rectangle and that 
(/] n II) U (A n C) is represented by an identical 
region within the right-hand rectangle. The in- 
formaticm added to the transpaiency in class is 
done with a grease pencil. It can easily be erased 
with a tissue or soft cloth, and the transparency 
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Kkjuiu: 7.1:5 
Transparency for base-five fuuncralion system 
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FicuKK 7.14 
l r(nisl)are)icy for Pyihagorean theorem 




FiciJUK 7.1:") 
Overlay for Pythagorean transparency 



v:ni iiiiiiialiaicly he used lo show :» diircraii 
ich'itionship. 

A ir:iii.s|):ucn(y hkc ih:ii shown in Kij»urc 7. IS 
can he (iscd iii (lcvc'K)|)iii<> the achh'tioii :iihI iinih 
itplicaiioii tal)lcs for a l)a^c«^lvc luniicratioii sys- 
iciii or for a fiiiiic iiiaihciiiaiu al .sy.>iciii. Raihcr 
than hastily skcichiiij; ihc lahlc formal cadi 
lime ii is needed, ii makes sense lo lake ihe lime 
lo produce a peimaiieiii iraiispaieiicy. 

"The iiiailieiuaiics icacher can dFcciively 
tiiili/e I he lechnicpie of reveal iiijj a iransparency 
a poriion ai a lime. This works (pn'ic well, for 
e.xaniple, in explaining ihe .solniion of an ecpia- 
lion. All die sieps in ihc conipleie process can 



FlOlJKK 7J() 

Second overlay 
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FicuRK 7.17 
Third overlay 



riU)iH(. i ION i>Kvic:i:s 



he primal on :t |)crin:iiiciii ir:ni.s|);iiciicy. A 
shcci of |):t|)cr (or :iiiyihiiii; o|)a()uc) ciiii ihcii 
i)C nsc<l lo (ovcr all hiii ihc original c<|n:nion. 
As it ica< licr explains .i sicp <n a.s lie ciicii.N Uic 
cNphniaiion lioni ihe class, lie reveals an<Mlier 
line. This <onii;nies nniil the enihe iianspar* 
en(\ is nn(o\eiecl. 

'The revelaiion K'(hni<|iie works as well in 
ihe pre.seniauon ol a i»eoineiri( pi oof. Some 
(e:i<h<'i.s also use h (o adinhii.sier an exaniina* 
lion. \\\ revealing one lesi item :ii a lime, ihey 
set a pa<e for ilie .sindeiii and make ii likely 
ihai he will i^ive .some (hon<;hi lo each iieni. 

While piojecinals consist ini; of a single sheei 
are cxiremely iiselnL ii is ilie oxerlay lerlmicnie 
iliat h:i.s sold many maihemaiics leachers on 
overhead pioje<iion. \\\ pl:i(iii<> one or more 
iraiispareneies on lop of a firsi ii is possihie 
U) dexelop a inailiemaiical eonrepi in stai^es. 

The amhor uses ihe iranspareney shown in 
l'ii»ii:e 7.M as ihe het^hinini* phase ol a dis- 
cussion ol a eonjeeime ahoni ilie discovery ol* 
ihe P\ilia<>oiean iheoreiii. Tiles have heen round 
hii<l oiii in such a paiierii in ruins in ilic 
Middle Kasi. A second iranspareney is placed 
over ihe lirsi lo produce ihe shadini; shown in 
Figure 7.1:'). Uy coimiing triangular regions, it 
is easy lo see ihai ihe area ol' ihe scpiare on 
ihe hypoiemise of the isosceles right triangle is 
ecpial lo the sum of the areas of the scpiares on 
the legs. When a ihiid transparency is overlaid 
(Figme 7.1()). aiieiition is lociised on a laiger 
right triangle, and it can he .seen that the same 
lelaiioiiship among the scpiares e.visi^. .Another 
overlay fixes attention on a still larger triangle 
(Figme 7.17). The shadings on the three over- 
lays are in three dilfereni colors. 

Overlays can he nsetl very elfectively in de- 
veloping graphical concepts. When working on 
the slope-intercept method of graphing, for ex- 
ample, the eoouliiiaie grid cnii he shown on a 
bay irmisparene) with a line ol fixed slope 
on overlay. The overlay can then he moved 
up and down to show the elfeci of changing the 
y-inieicepi. 

As another example, suppose one wishes to 



clisciiss the invei.se of a ftmction. Again the base 
transparencv can contain the cooidinaie gricL 
The graph of a fniiction is then drawn on an 
overlay that is attached to the base with lape 
hinges along the line v ^ x (Figme 7.18). When 
the oveilaj is Hipped over, the giaph of ihe 
inverse appears. 

.Many vaiiaiioiis of the above teclmicpie can 
be tisecl. Mow does the g»Jiph of ( (.v); 
compare to the graph of v =^ /(v)? .Suppose 
that the graph of ihe laMer is shown as in 
Figure 7.11). Since the absolute value of a nimi» 
her is never negative, the graph of y = )/(.v)i 
will not contain any points below ihe .v»a\is. A 




FictJKK 7.18 
Transpfircjicy for inverse of a function 
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Graph with overlay 
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FlcilKK 7.20 
Overlay lUpfxul ahovr x nxis 




FicuuK 7.21 
OlUical iUiLslnu 



iii(>iuciu\n ihoM^lii will (Oiniiuc one (li.il (he* 
i«r:ij)li ol V ^ / ( V) W \\\k* swww ;in die 

,i;r:ij)h ol v = /(.v) cx<e|)l (!i:i( llie pan below 
I he .v-axis l)c iclkried above. This can he 
illiisdiued h\ Wuv^w^ an ()\eil:i\ alon;^ (lie \>a.stN 
(I'i«;ine 7.20). 

ri«;urc 7.21 illns(ra(cs aiiodier \va\ (o ibc 
ovciiay.N. TIu'.n well-known ojxical illusion can 
l)e projected widi die (wo parallel lines on (he 
ba.NC (ranspaieiu y and (he lainily of in(er,sec(iii«^ 
lines on an overlay. When (he overlay is re- 
moved. Mndcn(s see di.K (he illusion of heiiding 
lines is des(royed. Op(ic:aI illusions such as (Ins 
.soiiie(inies help «;eonieiry s(u(len(s lecogni/c (he 
importance of noi fonninf^ conclusions from 
(he appearance of a ll^^uie. 

I-'or nioie e.xaniples of (eaeher-niade iianspar- 
eucies. die reader is leleried (o e.xcelleni articles 
by Hansen, Osborne, and iMikrick (il: 18: 2!)) 
and (o a booklet i)y Krulik and Kaiiriiian (12). 
See also CHiapier l of The Tntcht:r and Oiwrhmd 
Proja ltnn. l)y,Scliul(/ (22). 

If dteie is a i;eiieral guideline for (he (eaelicr 
lo follow in die design of a (rar.spareiicy. i( is 
tlii.s: Keep i( simple. Do iio( iry (o ctowd (oo 
many <liagrams or (oo iiineh wriiten material 
oiKo one iraiispaiency. The si/c of figuies and 
le(teriiig on a project nal is an iiiiporiaiit con- 
sideration. A teacher cannoi e.vpect to obtain a 
nsahle (ranspurency by copying oidinary lypc- 
\vri((en material— the leKers are simply (oo small 
to he seen when projected in a typical elass* 
room. iMgure 7.22 .shows (he si/e of type that is 



I"k;i;uk 7.22 



THIS IS THE SIZE OF TYPE THAT IS FOUND ON 
SPECIAL TYPEWRITERS FOR USE IN THE PRIMARY 
GRADES. IT IS RECOMMENDED FOR TRANSPARENCIES. 
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loiind on >|)Lri:il lypcwnicis dcsij^iicil for use 
by iL:i(hci> in Mr- |)iini:ii\ ;;r;iilcs. The ini:igc 
inojccicil l)\ i\|)r i> l:ii.i;c enough lo l)c 

.sL-L-ii i)\ :i |)ciM)n wUh noini:il m'm'oii :it (li>i;iii(cs 
u|) u) II) ltd iioni I lit- M i Lcii. "riit!>c i\|)cwriicr.s 
:iic u)iisc(|ncnil\ liis^liK laoinnicndcd for die 
picpni.'in'on oi u:in>|):iicn('ic>. 

As iiiiliciicil cMiluT. die o\Lilic';id piojciior 
is not limited lo die projeciioii of in;neri:d 
prinictl on (i:iM>|):iieni .dieeis (;ddioiij»ii die>e 
w'lW iiiidoiilxedly he (lie in;iiii |)iojeeni:ils :i 
leiiclur ii>e>). 'rr:in>|):ireni nilm. |)roir;inors. 
.slide uilcs. :iiid odier lool.s cm he di.sphiyed very 
uvli widi die oveiiieiid. Iiee:iii.se of die si/e of 
the projerieil ini:ii;e. it is |)ioh:d)ly e;i.sicr lo ex- 
j)l:iin die iLse of one of die.se (ools hy ine;nis of 
overhead projerdoii than in any inher ^vay, 

Scrrni Placcmeul for Oxfcrhaul Projection 

The main eon.sideraiion in plaeing ihc MTcen 
for oveiheail projeriion (oncein.s ihe keyMone 
elled. Ke\>U)iiiiii; is die inia^e ih.siordon (l'ii;iire 
1*1:)) laiised hy die fael dial one edj;e of llic 
Mieen is hiidier fioiii ihe piojecior than the 
o|)|)osiie e(l.i»e. The oveiheail piojector is plaeed 
niiich il().ser lo the screen than odier kinds of 
piojeciois. This (conihiiied with the fan liiat 
the seieen must l)e hi^h cnoiij^h for siudenis to 
see aI)ove the learher) pnxhices keyM()iiini» un- 
less eomilermeasines are taken. 

Key.sioniiii; i.s e.speeially inidesirahle in niaihe- 
ma I ICS hee.'ui.se viewers may not he ahlc lo .sec 
what iliey are suppo.sed lo sec. For example, a 
scpiaie will noi project a.s a stpiare nnle.ss kcy- 
stoniiiir is eliniinaied. 

To a\oid key.sioniii<». the line deieriiiined hy 
the center of the seieen and the eenier of the 
piojeetion head should he perpendieiilar to the 
.screen. In most elassrooiii.s. die lop of the screen 
will have lo he tilled forwaid (KiVure 7.2'1) in 
Older lo achieve tlii.s. It is piohahly best to have 
a .screen periiianetiily mounted in such a po.sition. 
If a commercial screen caiinoi he so placed, a 
piece of liardhoard will snllicc. Many ieaehcr.s 
have found dial a piece of liardhoard painted 
while will reflect :i very .sati.sfaclory image. 



I , 

1 DISTORTED 
1 IMAGE 



I'lci/RK 7.2;?. Keystone effect 




I'lCUKK 7. 2d 

Praf)er screen pfacenicyit for overhead fnojator 
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OPACH K rR( ) I ixrriox 

With ilic iiKi ciisiii!^ i(y of (he ovcihcad 

piojcrior. the ()|):i(|iic' type .sccins (o h:ivc losi 
.sonic of lis TiiNk.s for which Mic 0|)a(|iK* 

|>i()jc'('(or was UMialh nu'h/cd arc now iiC(|Mc-n(- 
1\ pcilonncd witii (he aid of (he overhead pro- 
je((or. Ne\er(helcNN. dieie aic dioiisands o! 
o|>a(|iie |>rojec(ors availahle in onr .schools, and 
(cacliciN will con(imie (o iind iises for (hem. 

An ()|)a(|iie projector is j(is( wiiat i(s name 
iniplie.s—a device lor j)!<)jec(int; an ima<»e ol 
()|)a(|iie nia(erial. An .>iieh. i( projec(s lii»ht (ha( 
i.s rellec(e(l IVoni (he material hcing displayed 
(l*i,miio 7.2.')). Since (he lii»lu is lellecied. the 
piojccted ima!:;c is not as i^rilliant as it is for 
a (laiispaiency projected on the overhead, and 
(his means tiia( (he room naiM he darkened. 



^I'he lii'iKini' elli(ienc\ oi s(nne ol (lie newer 
models has, however, heen inipioved (o (he ex- 
(en( (ha( a mo(leia(el\ darkenetl loom is ade- 
(pia(e. 

Odier leainie.s ol (he newer opa(|ne piojeeioi.s 
are a down diah (oolin^ .s\s(em (ha( holds pio* 
jec(ed maicriaLs in place and a rela(ively Iii>h( 
wei!»ht (hat niake.s lor reaMniahle portability, 
^riie model shown in Fit^me 7.2() wei*;hs 
poimds. 

The main advan(ai'e of an opacpie piojcc(or 
is (hat nia(erials can I)e shown widi lit(ie hcfoie- 



MIRROR 





TO SCREEN 



LAMP 



PLATFORM 



Sdunnalic diagram of lylncal ol)a(iuc piojcclor 



FiGURM 7.20 

Model of opaque projector 



(Umrtvsy of ChtnU's lUsvlcr Comftatty 



PROJMC.TION DKVICHS 



hand pi cp:n:i(i()iK If a teacher wishes to disphiy 
a paper or a pa^^c iroin a book with an overhead, 
a (ranspaiencN nnisi he made firM. P^iii widi an 
()pa(pie |)roje(ior an\ paper (or praciicall) any 
object less than two inche.s (hick) can be shown 
(o the (lass ahnoNi innnediaiely. .\nd the pro- 
jected inia,i;e i.s in line color. Kxaniples of pic- 
tnre.s that come to the anthor'.s mind as he 
writeN this are tho^e loinid in the Lile Sciente 
Library vohiiiie MiithnnulUs and the oiicn in 
Ilcimicb rici/c\ FntnoiLs I'xfhh tus of Ma the- 
mains, ^m\\ exceptional coloied ilhLstiatioiis can 
he tiaiisleited to <i ti.iiispai enc\ tlnon(;li the 
coloi-lift piocess. but in so doing the orii^inal 
is ol (oiii.se de>tio\ed. Meiue. displaviiig iliciii 
with an opacptc projectoi is the sensible thing 
to do. The UMcliei will aKo liiid the opacpie 
projector a handy device when he wishes to 
display a student s paper. 

Still another use that some teacliei.s make ol 
(he opacpie piojectoi is the enhni^dng and copy 
inj» ol intricate geomeliic (ii^ine^. To copv a 
cliai;iani. the imai»e i.s projected on a clialkboaicl 
c»r poster boa id. It is then cpiickl) and easily 
traced. For a disc n.ssion ol this tecliiiicpie and 
oiliei n.scfid iclea.s, the teacher .sliouhl refei to 
77/^' Opaque Proivciov (2-1). 

S1.1DF.S AND FILMSTRIPS 

.Slides and filni.strips can be treated together be- 
cause of theii siinilai c haiacteristics. Coiiimci- 
cially prepared slides come in two sizes, '^\ 
by I inches and 2 by 2 inche.s, with the .smaller 
.si/.e being by far the most popidar. Teachers 
can and do make their own slides. An excellent 
reference for the teacher interested in trying 
his hand at making slides is Production of 2 X 2 
Inch Slides for School Use (2(5) . 

A fihiisirip is a collection of still pictures on 
a strip of 35-111 in film. There are usually some- 
where between 25 and 00 frames on a .strip. 
Thousands of lilnistiips are available, and per- 
ha|)s more use is made of them in our .schools 
than of any other kind of projected matcTial. 
The Index to )5-nini Educational FiUnstril)s 



(17) lists nearly a thons.nid titles on niatlie 
iiiatical topics. 

Tlicie aie I'ood ieas<>ns lor the popularity of 
slides .nul lihnstiips. '\ \\v\ aie ielati\ely inex- 
peiKsixe. and because ol their si/c» tlie\ lecpiire 
little .storage space, l liey tliu.s can be purchased 
I)\ .schools :iiicl made readily available. The pro- 
jection ecpiipmeiit is aLso low in cost, i.s ea.sily 
poi table, i.s simple to operate, and recpn'res 
little iiiaiiiteiiancc. 

.Mathematics teaclieis have found filmstiips to 
tlieii particular liking bec.uise .so nianv topics 
in mat hematics must by their \eiy natuie be 
cliscu.ssecl with the step.s in a certain .secpieiice. 
"File proof of a geometiical tlieoiciii. the .solu- 
tion of an e(piatioii, the stepbv-.step process of 
the slope-intercept method of graphing, and the 
exphni.ition of an algorithm all lend themselves 
well to presentation by means of filiiistrips. Kacli 
IVanie can I)e viewed as long as iieces.sary. the 
tcMchei can aii.swer cpie.stioiis that aiise. and the 
strip can. if de.sired. be backed up to a previous 
frame. 

Many nic^tion-pictuie producers put out film- 
strips to accompany their motion pictuie.s. hi 
most cases the (ilnistiip con.sist.s ol ceitaiii frames 
taken cliiectly IVoiii the iiiotion-picturc film. A 
(ihiistrip of this .sort provides a teacher with 
an excellent means of focusing attention on im- 
portant points in the motion picture. 

Projectors for slides and filiiistrips arc of .sev- 
eral types. "Fliere aie those that will pioject only 
filiiistrips or only slides, but one of the most 
popular projectors is a combination type that 
will handle either filiiistrips or 2 by 2 inch slides 
(Figure 121). One of the greatest .stiiuulams to 
the use of slides has been the development of 
projectors that can be fitted with a cartridge 
holding a number of .slides in proper order 
for projection (Figm*e 7.28). The cartridges also 
serve as .storage boxes for the slides. A useful 
feature of .some projectors is a remote-control 
attachment that enables tlie operator to change 
slides I advance the filmstrip from anywhere in 
the room. 

Some filnistrips and slides are cooiclinaied with 




Couticsy of Guiflcx, lucoi'lfomlcd 

VicvRK 7.27 

Conibiiuition iyj)e j))oj('(to) jot films o) slides 



sound rc(()Hlin^>. Siu h (<)inl)inaM'()n> 
the (eadici with anotluM nuMiK^ of indix iduali/- 
ini; iiiNtnu tion. A icccnt dcNclopinciu h a .^ound- 
slide sjstcni iuili/ini» a >lidc holder that ha> a 
iiiajL;neti( soiind*di,^( eiuiulini; the sh'de (|-'it»iire 
rhi> >\Meiii a>Mires sxiu luoni/atiou ol 
soiiiid and pictine. I'^ach dix will hold n|) to 
secoiuh^ ol M)inid. A teadier n>int» the sjsteni 
can puxhue hi> own jf) mm >lides and (an do 
his own ie(()i'din.i». New soinid can he lecoided 
()\e! the old. and a .^lide (an he rephued in tlu 
Iiolder in a matter ol seconds. 

While talkini» ahont M)nnd in connection with 
slides and (ilmstn'ps. wc shoid<l niention a prom 
ising dexelopment that doe^ not seem to fit inio 
til is yearhook anjwhoie eKe. This is llie (as,^eue 
audiotape s\>teni. The (a>sette system employs 
a leel-to reel mn't encased in a plastie (ontainer 
tliat measines ahont 2j l)\ 1 inches. The hi;^ 
advantage ol a ( asset te is the ease of nse. .All one 
has to do is snap one into phue and pi ess a 
button, Sound (|uality is .i;ood, and cassettes aie 
so (hnahle thai the) cm he played thousands 
of times i)erore i\-eaMn<>' out. 

.Most of ihe mathematics audiotapes available 
in the cassette lonnat at the pre.seni time aie 




Cotolcsy ol Easlman Kodak C<)m/;tf«y 



Figure 7.28, Projector liol(li)ig slides in order for fmjeclion 
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(:out((\\y of Minncwia i\/m/»^' and Matiufat (ttinti^ (.omjmtn 

FicruK 7.29. SoiDid'slide system 




designed U) be u.scd lor drill and icvic\\\ Thcx 
rover Mich topics as addition. .snl)ira(*iion. nudii- 
|)li(aMon, and division ol whole nnnibcis and 
Kiiional Munihers. piohlem sol\ini». and elcnien- 
nnnihei {hcorx. Saidcnis listen lo rhe tapes 
and nsnalK respond nsini» pencil and paper. 
Some tapes aie coordinated with sindy hook- 
lets. Teachers find that audiotapes help to re- 
inforce and maintain skills and find them use- 
Tnl in diai»nosin<» weaknesses. The tapes also 
picsent a way ol providin^i»' for individual dif- 
lerences because a Mtident can pioceed at his 
own pace and listen to a .sini»le tape as many 
limes as he wishe.s. 

One other innovation that slioidd be noted is 
the transparency ,.artriclge projcctoi (Figme 
7.*{0). This combines some of the advantages 
of the overhead projector with those of a .slide 
projector. It projects :U by I inch slides that 
can be produced b\ the teacher in the same man- 
ner as transparencies for the overhead. As many 
as si.\ slides can be made at one lime from an 
S by 10 A inch piece of transparency film. The 
slides are momnecl in snap-together frames that 
interlock with one another to form cartridges of 
as man\ as forty frames. As with the overhead, 
the transparency cartridge projector can be used 
in a normally lighted room. Slides can be 
changed through a remote-control switch, so the 
teacher can remain at the iront ot* the room. 




Coiu'iny of MlnncuHn Minmg and Mtmitjactuiing Comfxniy 



228 



CH \P I KR si vi w 



SOMK MAJOR SOIMICI'S OF PROJKCrriON KQlMIWlKN^r AND MAI KKIALS 
Acldic-sscs of imKliiccr.s niul disiribiuors :iic li.sied in Uic Appciulix. 



.xrcri'fox iMcrr>RK pRojixn'Oks 

Bell :iiul Howell Co, 

Biiscli Film unci K(jnij)inciH Co. 

Kasiiuaii Kodnk Co. 

Cranc'x. Inc. 

l lanvald Co. 

Kalart Co., Inc. 

l.AV Phoio, inc. 

.\fovic ■^^ilc Coij). 

Pail lard, Inc. 

RCA. Coimncrnal Klcnroiiics Div. 

8-MM CaR'HUDGK Pko JI'CIORS 

Ka.siniaii Kod:ik Co. 

Faiirhild Camera and In.sinnneni Ciorp. 
Techin'color, Conmicrcial and Ednraiion Oiv. 

OYK R 1 11- AO l>ROJKCrOUS 

AO Instrnmeni Co.. Scieniific Instrument Div. 

Applied Sciences, Inc. 

Hell and Howell Co. 

(*Jiarles Heseler Co. 

Huhl Optical Co. 

Cm flex. Inc. 

Crei»ory Mai^neiic liulnstrie.s. Inc. 
Key.sione View Co. 
v.. Leit/. Inc. 
;\fath-UMallc, Inc. 

Minnesota Mining and Manufaciming Co., 

Visual Products Div. 
O/alid Div., Ceneral Aniline and Film Corp. 
Projection Optics Co., Inc. 
IVcnifax Corp. 
II. Wilson Corp. 

OPAQUi*: PROjKCn'GRS 

AO Instrument Co.. Scientific Instrument Div. 
Bausch and Lonib Optical Co. 
Charles lieseler Co, 
Karl Heit'/. Inc. 
Keystone View Co. 
Lnccy-Luci IVoclucts, Inc. 
Projection Optics Co., Inc. 
Squibb-Taylor, Inc. 



Sl.lDl" \.VI) FILMS TRIP PROjK C'l^ORS 
.\iic()Mipt, hu, 

AO Instrument Co.. Sdeniific Insiriuneni Div. 

Audio'Master Corp. 

Bell and Howell Co. 

Chai les Besclcr Co. 

Bruml)cit»cr Co., Inc. 

DuKauc Corp.. Audio Visual Div. 

Fast man Kodak Co. 

FI(o Corp. 

CAF Corp. 

CiadcN, Inc. 

Ploneywell. Inc., Photographic Produci.s Div. 

K. I.eit/, Inc. 

.\kCIiue Projectors, Inc. 

.Mund us Ca). 

Spiudlcr aiul Sanppe 

Standard Projector and Fcjuipmeni Co. 

Victor .Animatoi^niph Corp. (Div. of Kalart Co.. 

Inc.) 
View I ex. Inc. 

KIL.\fS 

(TJunr arc many mote (Ustribulors of cduca- 
lional motion pictures, bul ihcsc appear to be 
the main sources of mathematics films.) 
KJ-M.M .MoTiox Pic:Ti;kKS 

Association FihiKS. Inc. 

Ba i I ey- I'i I ni A ssoc la ics 

I'luversiiy of California Fxieusion Media 
Center 

CV'uco Kducational .Aids 

John Colbiun Associates, Inc. 

Coronet Films 

l*jicyclopaedia Britannica Educational Corp. 

Film .Associates of California 

Indiana University AudioA^isual Center, 
Field Services Dept. 

International Film Bureau, Inc. 

State University of Iowa, Buicau of .Audio- 
Visual Instruction 

Knowledge Builders 

.NFcGraK-Hill Book Co., Text-Film Div. 
Modern 'Falking Picture Service, Inc., 
Modern Learning Aids Div. 
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^il\ci I>iii(lc'(( Cio. 

rni\c)>al I'diicuion :iM<l X'isiial Aits 
(:\Rii(ii)(;i I) l-'ii \i> 

AiulioA iMul S\MrMi.s ol Anji;lo|)h()l(). 

i.ul) 
\\is l-ihils 

KiK \( lo|):ic(li.i I>ritanni(:i Kdiicaiioiial (loij). 

I Ic'nU'I :um1 Ansoc hues 

Mo<lcMi l.c:nniiii» Aids 

NatioiKil l-'iliM I)o:im[ ol (!:iM:kl:i 

Xaiion.'il liisu IK (ion:il l''ilins 

roucr> Photoj'niphic Applitruioiis Co. 

Ihiixc'i'Nal Ktliuaiion and Visual Ans 

l"II..M.S'l Rll\S (:5r>M.M) 
Slaidfv r>()\vniar Co. 
(!cn(() I'.dtKaiional Aids 



john C!!<>[l)iin] \^^()(^alc^. ln<. 
( A)loniai iMitns, ItK . 
(am i< idnni .MaK i iaK Corp. 
(ainis \iidi() X'iMial Maicrial> 
Kdiualional Audio X'iMial. iiu, 
K(hi(aii()nal Piojcciion>. Inc. 
Ik"il)cn M. KlkinsCo. 

I.M( \( lop.icdia r>riianni(a l-.<li:( anonal C!oi|). 
I'Ac CJaic I Ioii>c. In< , 
i-1liMs(ri|) 1 louse 

Jam I !an<[y .School Scrvirc Inc. 
M(C;ra\\d!il! Wool Co.. '! CNl-I-ilni 
Nuinhcr I-'iluis 

Popular Science !Nil>li.shini> Co., Inc.. Audio* 

X'i.sual !)iv. 
So(iet\ lor X'isual I'diuaiioM. !n<. 
Slipe.s !*ul)lislnni» Co. 
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ERIC 



•rHK VOLUMI-: OK 'I'm-: gravel pile h npinoNimuicly I cubic Nnrd. lis shape 
Is almost iIku of a rii^lu circular cone. The pile was formed hy hllintr Uic sinall Mcel 
l)ON (insiilc ineasuicuiems () by {] by {] inches) shown ai lower leli *2\i\ times and enipn- 
in.i; ihe (onieuis over ihe center ol the base of the pile. I leiue the volume of ihc 
pile shoidcl be 27 cid^ic feet, or I cidjic yard. [(2I() x X 0 x <)) -: 172^^ ^ 27.) 

The i)ON with faces marked oil in scpiaie inches has the shape of a cid)e 12 inches 
(MI edge. Its piupose in the pictme is to help die readc^r make (ompariMms ol si/e. 
The heii;hi ol the boy is (U) inches. The "2 * inside ihe iar<;ei on the veni(al ruler in* 
dicales thai the heii;hi of the pile is 2 feel 2 inches. If the (one-sh;iped pile roulcl 
have been lopped (i.e.. pui in ihe lonn of a perleci cone), iis hcij-ln would be 28 
inches. The radius of the circidar base of ihe pile is 10 inches. If ihe very small error 
incmred by taking; 28 inches a.s ihe height of the cone is ignored, ihe volume of the pile, 
compmed by using ihe fornuda F=.',7rr=//, i.s 27 J I eidjie feci, which is approximately 
I cubic yard. f(.\ x ! x 10 X 10 x 28) -r 1728 = 27.1 1.] 
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The principal concern of Chapter 8 is the role of models in the 
teaching and learning of mathematics. There are illustrations to 
show how models can be used to promote discovery, to enhance 
class discussion, and to encourage independent investigations 
by students. There are also illustrations to show how models can 
be used to generate interest in new topics, promote enjoyment 
of mathematics, build appreciation, improve retention, and teach 
applications. Suggestions are given for making effective use of 
models, promoting student production of models, building a 
school model collection, and selecting models for puixhase. 





8- VSIKG MODELS AS INSTRrcriONAL AIDS 



Tcadiers .-iiul sindcm.s of maihcniaiicb have used 
inodcls as iiiMHictioiial aid.s m'ikc aiuiciH liincs. 
Usinij models liclp.s lo cnlaigc the loialiiy of .scn- 
saiioiis and lo improve the (|naliiy of sensations 
received by the learner. These two phcnon^ena 
(omril)me lo inipiovenient in perception, which 
is basic to improvement in learn in<». 

Models may be made of paper, j/lastic, wood, 
metal, or oUier kinds of constrnction material. 
They may be in the form of three-dimensional 
objects; or they may be picinres. diagrams, or 
!>raphs. 

The word model is used in two ways in this 
cimpier. It is used in the nsnal sense to refer to 
concrete representations of mental constrncts or 
ideas. I'or cNample, a geometric fignre is a 
mental consinict; and a model of the fignre is a 
concrete representation of the mental consirnci. 
The word modal is also nsed in a generic sense-- 
that is, to refer to the various kinds of instruc- 
tional materials listed below. 

1. Demonstration devices (large concrete rep- 
lesentations. including charts) 

2. Manipulative devices 
Compu national devices 

■1. Instruments for measuring and drawing 
r>. Kits 

(). Games and pu//,lcs 

7. Science apparatus 

8. Realia (ordinary objects) 

THE ROLE OF MODELS 
IN TIIINKIMG 

Models are constantly being used in thinking. 
Consider how scholars in different fields use 
models to solve problems. The geologist uses 
maps and chans to locate a new ore field. The 
chemist represents atoms with models made of 
little balls and comieciors. The arcliiieci designs 
a building by using a scale drawing. The econo- 



mi.sL tises graphs to find the most elficieni pro- 
duction process. And the psychologist uses a flow 
chart to display processes in learning theory. 

Because nnich of mathematics is concerned 
with abstractions, there is a special need for 
models in mathematics. Mathematicians recog- 
nize this when they create new mathematics. 

Eulers development of certain to])ologicaI 
properties of geometric configurations is a good 
example of a mathematician's use of models in 
creating new mathematics. Euler sought a solii- 




Pythagoras making a model 
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lion lo ihc K()nig,sl)cig hridgc piohlcni (Figuic 
S.I). 'I Iic chnlloiigc in ilic prohlcni wus to liiid 
:t pedestrian path thai would cross each of the 
.seven bridges cx.ictly once. 

Hnler identified those features in ihe concrete 
situation thai were esseniini lo the problem. 
These he repiesenied in a diagram called a net- 
work (l*ignre 8.2). In ihis network points rep- 




Figure 8.1 
A 



C 















< J 




D 




Figure 8.2 



leseiit land and arcs lepreseiit bridges. liy using 
this network as a model Eiiler discovered sev- 
eral geuerali/ations. Later on he extended these 
generalizations to netwoiks (in .oh lug regions, 
\crtices. and arcs) thai had no physical counter- 
j)art.s. In Uiis way topology developed into a 
mathematical strucvUic that was completely in- 
dependent of biidgcs, networks, or applications 
to reality. 



rilK ROI.I- Ol- MODI L.S IN 11 II- 
TFAC:illN(; AND u- \R.\T\x; 
Ol- MA ri iKMA ric:s 

This M-( lion (K-m i Hks nine genei al w in 
whidi models (an be n>ed b\ die teadui, l)\ ilie 
leainer. or l)\ Ixuh. hi ea( h (ase the p(Mm ol 
view presented is illiisiraied with e.\ampleN ol 
lesson ledmicpies. 

ModrLs Proxfidr a Selling for 
Discovery of (Unicepls 

Consider how >tn((ent.s (an (lis(o\er KnIeiV loi 
nmla lor polxhedra. I'ir.su ea( h Mudem inake> 
.skeuhes ol piane neiw()rk> and ie((ii(K ilie 
number ol \eni(e.s l\ edges /;, and icgious A* 
lor eadi network a.s shown in the tal)le. 



Plane 


Number ol 


Xnmber ol 


Number of 


Network 


Verti(es T 


Kdges /■: 


Regions I{ 


A 






2 


B 


■1 




:? 


c; 


5 


7 


•1 


D 


7 


10 


u 


I- 


8 


12 


i) 



Alter (lis(()\ei ing and inlornialb proxiiig thai 
the loi inula R 1' — l\ ~z li hoUK for plane net- 
works (he studeiiLs are given sexeral models of 
poljhedra (I'igure S.j) lo examine, or ihey aie 
asked lo (oii.siriui iheir own out ol (ardboard. 
This lime the sindents re(ord ilie lunuber of 
\ei tices. edges, and hu es ^instead ol regions). 
The loriiiiila /' • which is aInioM 

i(lenii(al to the lormula foi plane neiwoiks. is 
loiind lo appl\ in ihiee-dimeiisional sprue. Sii:^ 
deni.s may be helped to prove the loriiiula b\ 
studdng ilie piool (oniained in the book 117//;/ 
Is Matht tiiatits^ b\ Coiiiaiit .uid Ro!)bins (1.*)). 

When the Miideiiis .ue satished thai the (oi* 
nmla /" HI- /' — /i -r 2 holds lor all |)ol\hedia. 
the tcadiei pieseiits «i new iiiodei— still a poh 
liedial model, but dillereni lioni the models 
pKseiitid euliei in it li.ts a hole thuuigli it 
(I'iguie 8. 1). .Substitution ol the mnubei ol 
laces, vertices, and edges ;^f the new model in the 
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"proven"' formula leads to a contradiction. A 
lively discussion ensues. Can the same statement 
be proved and disproved? Ai: important aspect 
of the scientific method becomes evident. Stu- 
dents can (I) I eject the '*proven"* formula, (2) 
restrict it to eliminate contradictory cases, or 
(S) extend it to include the new case. Eventu- 
ally, the students recognize that the formula 
J' J- F — /i = 2 is true when properly liniiied 
but is o:ily a special ease of the more general 
formula /• + F - £ = 2 - 2H, where H is the 
number of holes in the polyhedron. 

Successful discoveries prompted by manipulat- 
ing or just contemplating physical models give 
students a sense of independence, a feeling of 
active participation, :\iv\ the exhilaration of 
success. 
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Models Can Be Used to Focus AlUniliou 
ou Ideas Thai Are under Discussion 

Mow iiiodcl.N cm l)C u.scd to loci is :i((ciuioii on 
idciis (li:u :iic uiulci diMiissiou is pcrluips l)C.s( 
ilhiMr:iK-(l uuli :i dcsn i|)U'oii ol :i lesson. 

A liciiny chi.ss di.siussion involviiii; l;ii-ic;uli- 
iii*^ idc;i.s he .sciricd hy .sliowiiiy; .suidcnis :i 
cli.iii like l!ic o!ic di.s|)l:iycil in ri.y;urc 8.;') ;ind 
|)Ui.suiii!{ (lie rf)llou-iHi^ line of (iiic.sMoniiig: 
I. \\ li:il docs .V rcpiv.sciil in c;kIi li.y;iirc? 
*L \\'Ii:it expression can be nsed lo icpreseni 
I lie :nea of llu; M|n:irc? 

I'iGUKK 8.5 

SEGMENT I" ^ 



SQUARE X 



CUBE 




W'liai eN|>rc.ssion (an Ix' nsal lo icpu'scni 
ihc volnnic ol Mic rnbc? 
•i. Mow many dimcnsion.s docs a lino -sei^^- 

nicm li:i\c? a M|uaic? a rnbcv 
f), I low many dinicn>ion> arc .siii;i»c>ic(l l)\ 
ca("i» of I he iollowiii«»' al«»el)raic cN|)ie.N- 
>ions; .v. .Y-. .v ? 
r.sin<^ (he ciwm hcl|)> .sMukiUs forn.s aucniion 
on die |)o>>il)ilii ;• of lelaiin;^ ihc mcasnre.N listed 
helow on I lie leli wiili ihc ali*el)rai( expressions 
listed on die i ii*lit. 

I.en<>(li of a .sc^iiieni x 
Area of a s(pia!e .v- 
\'olnme of a cnl)? .V" 
L'sint; (he cliari also helps sindenis focus ai- 
lemioii on developinj* a correspondence between 
ilie alijcbrait expicssioiis A', .v-'. and .v- and fami- 
lial one-, two*, and dnee-dimen.sioiial ii<;nres. lint 
let u.s pioceed widi die lesson and a few more 
(pie.siions. 

(). Mow many dimen.sion.s does die aJ<;el)rai( 

expression .v' sni»,i;esi? 
7. (!an a <^eonie(ric lit; n re have nioie dian 

(luce (h'mension.s? 
S. Docs die drtunu*i^ of die cube in die diari 

have dnee diiTien.sions? 
*). I.s die drniciiiii of the cube in ibe cliaii :i 

{ w'i )• d i me 1 1 s i on a I 1 ii; n re? 
10. I.s die dimciiiii of die cube in die ( liait a 
(wo-dimeiisioiial lepresemaiion of a dnee- 
dimensional li<i;uie? 
The lasi lew (piesiions should t»ive die leader 
a hiin of die reason foi* .s(ar(iii!>; (his lesson with 
a (ban radier dian wiili diree'dimeiisional 
models. 

.At (his point in (he di.scussion. die class .should 
be leady (o consider (be (piestion: "Who can ex- 
plain bow to build a (hree-diiiicnsional model of 
a four-dimensional lii^'t; If d»e (pieslion draws 
a blank, (hen die time is a( hand For (he (eacher 
(o unveil a (bree-diinensional model of a (es- 
sera(( (l"i,i»me ^.(i). A (csscracl is also refcned to 
as a founh-dimensional analoi; of a cube or as 
a hypen ube» 

Represent in,i^ a (csseracl with a tliieediiiien- 
sional model is analogcus to reinescnling a cube 
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Imgure 8.6 



wnh ;i u\(KlinicMsi(>n;il (lr:iwin<^. One way oi 
ifpic.saiiin.^ a loscran in ilncc diincMMons is In 
joinin.i^ (oncspoiulino unices oi an u|)|)tT cube 
and a lower cube uiih parallel obli(|ue rods as 
shown in iMgnre S.d. 

Once ilic iniaj»inaiions ol sindcnis ni:ikc ilic 
leap lo ilie idea ol lourdiniensional .s|xi(c. sonic 
eai-cr sindcni can usually be (ounicxl on U) raise 
ilic (|ncsiion ol how lo give conercie lepresenia- 
lion lo a li^ure in livc-diinensional space. To 
kcc|) die iniaj-inaiion.s of ^^ulenl^ in oH)ii. siu- 
denis nia\ need lo Uave a clue U) help dieni widi 
die new pioblein. A usehil ehie can be j»i\en b\ 
Iiavin.i*" Mitdenis locus anemion on ilic ke\ to 
ihc soluiion of die problem— dial is, by askini^^ 
dicin !o (oinii the e(l)i;es joined lo one vene.\ ol 
ihc lessciaci and lo do die same diint^ lor each 
lii;nic displayed in die clian. Consideraiion ol 
dieabsnaci idea ol //■diiiiensional space isonlva 
step away. LMn» models lo help sindeins Tocns 
aiieniion on ideas dial are under (liscussion can 
lead lo some very sophisiicaied iiiadieniadcs. 

.As a sc(|uel U) die lesson oudined above, class 
discussion involving denionsiraiions ol special 
(ases ol die biiioinial iheoreni ini.i;lu be ami- 



(ipaicd. .Such denionMradons ai c leally pioolsol 
die special cases. Tlie ledniicpie reconniiended is 
die same as described abo\e—( lass disc ussion mo- 
livaied by (picsdons diai relcr io lii»uies lepie- 
.semed l)\ (lia.«L»ranis or diree-dimciisional models. 

The lir.si dia.i»rain in Kigurc 8.7 shows a sei,^- 
nieni of len.^di a joined lo a sei^nieni of leni»di /; 
U) lorni a st\i»niem of len^di a -•- h. Cenainly. 
(a I by =z a .:. 

In die second diat»rani in Fi.'L»me 8.7 each 
side of a scpiare is ccnnposed of iwo sei!;iiienis 
whose cond)ined lcniL;di is a h. The diagram 



Figure 8.7 
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Coitttvsy of LaPinc Scientific Conipany 

Figure 8.8 



shows how a squaic may be sej^a ratal into two 
smaller s(| tunes with areas n- and b-, lespective- 
1), and two lec tangles, each with area (ib. Thus, 
the diagram shows that 

{(I 4- bf = (I- 4- 2ab b", 
I'he dissect iblc mo<lel shown in Fignie 8.8 cm 
also be used for this demonstration. 

The bottom diagiam in Fignie 8.7 shows a 
cube with ea<h edge composed of two segments 
thai have a cond^ined length of a -|- b. .More 
inipoiianil), the diagiani shows how a cube with 
edge <i -f /; can be sepaiaied into the eight 
ilncediniensional llgnres desciibed below. 

1 cube with volume (i^ 
rectangular prisms, each with volume a'-b 

3 leciangnlar prisms, each with vol tunc ab- 

1 cube with volume b^ 
Therefore, the diagram shows that 

{a -f by = 4- 3«-^ -f 'iab' 4- b^. 



Figure 8.9 




Couiirsy of l.aPlnc Scientific Com any 



USING MODELS AS INSTRUCTIONAL AIDS 



For hoiiic .stiidciUb a iluccdiniCiiMonal (lis.scctihlc 
model is inoic liclplul wiih ihi:> (Icinonsiraiioii 
than a <liagraiu. Figinc 8.<) pictures a dissccti- 
l)lc plabtic model that is available commercially. 
Students can also make a model like this. (See 
Fiome 10.20 in Chapter 10.) 

Fjonre 8.10 bhows a tesseract with each 
edge separated into two segments having lengths 
a and respectively. The entiie tesseract is 
scparate<l into the fourteen siibspaces described 
below. 

1 tesseract associated with a* 

'I hyperprisms, each associated with a^b 

0 hyperprisms, each associated with a-b- 
A hyperpiisnis, each associate<l with ab^ 

1 tesseract associated with b* 

Thus, the tesseract in Figure 8.10 can be used 
to show that 

(a -I- = a' ^Ui'b ih-b- -f 4ab'^ 4- b\ 

Focusing attention on ideas that are under dis- 
cussion is one of the most important functions of 
models. The examples described thus far illus- 
trate uses that have been carefully planned. 
Ilowever, this particular function of models 
bometimes operates dramatically even withoiu 
preplanning. Mere is an account of :.n episode 
that actually happened. 

A geometry class was asked to prove that the 
volmne of a triangular pyramid ecpials one- 
third the product of its base and altitude. The 
class had available a chalkboard diagram similar 
to the one in Figure 8.11. The usual way to do 
this proof is to start with the triangular pyramid 
A'BDF, construct a prism ACE-BDF on the base 
of the pyramid, and then show that planes i4CF 
and ADF dissect the prism into three pyramids 
with equal volumes. The crux of the proof is to 
show that there are two pairs of equivalent 
pyramids. (The word cquhmlcut i.s used in tlie 
same sense as in Cavalieri's theorem.) A few 
students in die class were able to do this proof 
with the aid of the chalkboard diagram, but 
most of them were imable to identify and keep 
track of the pairs of equivalent pyramids that 
enter into the proof. No amount of talk by the 




Figure 8.10 
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ic.'iclia helped, ciilici. llowc^ci, when liic teach 
CT iinrochued a thiee-diincnsioniil (hsseciihle 
model of a trian,i»nlar pii.sni (Kii^ine 8.12). die 
proof came iiuo foeu.s lor most .siudeiUh in class. 

One reason stud en is had difficnhx with this 
proof is that the chalki)oard diagram \nn a 
premium on .selective attention. There was sim- 
ply loo much in the diagiam to keep track oi. 
U>ing a linee-dimensional (lisse( til)le model en- 
abled stndenls to focus attention on fewer rela- 
tionships at a time. 

Another leasou students had clifTicidty with 
ilu'.s proof is that the usual dissection of a tri- 



an^nhn piisni \icl(Ls tinee p\r<nni(ls that aie not 
con<»ruent. This last didicidtx cannot, of course. 
hv completely lenioNcd. e\en b\ usini* a concrete 
dissectihie model ol a trian,, ' - prism. The 
(lifrutdtN ib inherent in the piohleni. So it is sug- 
gested that when .students aie asked to considei 
the pioof aboni which we ha\e been talking the\ 
be gi^on an opportunity to e.\«unine a three- 
dimensional model of «i cube tlKii i.s dissected 
into three < iicul pxraun'ds (Figine S.KJ). 
The proof that the vohnne of each of these 
pyramids ecpials one-diiicl the product of its 
base and altitude is both easy and convincing. 



Figure 8.12 
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FiGUKF. 8.1!!. Tha models of the three conguioit pyramids can be put togethe) to form a 
model of a cube that just fits inside the cubical-shaped box. 



Models Provide a Mea)is for Makt)ig 
Imlcpendcnl Invcsligalions 

Suulcius can find a raiioiial appro.xiinaiion lo 
ilic value of TT by comparing ilic circunifcicncc 
and (liaiiicicr of cacli of several ciicular objects 
such as a tin can, a plate, and a hoop. One way 
of fiiidiiig ilic ciicuuifercncc of a circular object 
is to I oil it like a wheel lor one coniplcie turn 
and then measure the distance iiaveled. An- 
othei way is to measuic the circunifeiencc diiect- 
ly by wrapping a tape nieasmc around the object. 

In caining out investigation's, students sliould 
record in a table the diameter D and circuni- 
feieiice C for each object and then compute the 



diflerence C — D, the product C x D, and the 
quotient C -7 D for each object. By comparing 
the results of these computations, students 
should be able to see that the quotient C -r O 
is constant for all circles and is close to B.hl. 
(See the table.) 

The fact that tt is approxiniatel) equal to !5.1 1 
can bo xeiifial b\ computing the perimeter of a 
main-sided regiilai polygon iiisciabed in a circle 
of unit I ad i us. Aichimedcs foinid the value of 
TT to be between Sjif and Stt by couipiitiiig 
peiinieters of OG-sided regidai polygons inscribed 
in and circumscribed about a circle with unit 
radius. 



Diameter D ' Circumference C 

Object in Inches in Inches C — I) C x D C -r- D 

Tin Can 3 9.4 6.4 28.2 3.13 

Hoop 26 82 56 2132 3.15 

Plate 10 31 2! 310 3.10 
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Figure 8.14 
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A lorimihi lor ilic aici oi a circle tan \k 
(Icicnniiicd fX|)cnnicnl,ill\ b\ ilit* lollowiiit* 
procedure, (iut a circular diM: ol radiu.s r imo 
an c\'cu number (10 ov luoie) ol (ont»rneiu 
circular .secior.s (Fi<>ure 8.1 1). l-'i^ ihc .sector^ 
together a.s slumu in Figure 8.1:"). 'Flie shape 
ol the re.sidiiiit; h'mue is soniowliai like a paral- 
lel oi» ram. 'Fhe .suni ol the icu<>ihs of the arcs 
alou.i» the ixnioni (or aloni* the top) ecpials hall 
the circuuilercnte of ihc circular disc. Since the 
ladius ol each sector is r, the lieii^hl of the lit»iue 
is approNinuiicK r iniit.s. I herelorc, an estimate 
of the area of the figure shaped like a parallelo- 
gram is onehall the circuiulercnce of the disc 
times the radius or Trr-. Since this ligurc has the 
same area as the ciiridar di.sc. it is reasonable 
to accept A = td - a.s a formula lor the area of a 
circle. 

.A fornuda lor the sin lace area of a sphere can 
be obtained ex peri men tally by using a grape- 
fnn't. Slit the skin of the grapefruit from each 
pole tou-aid the equator, peel it off. and make 
an outline of the skin on a grid (Figure 8.10). 
.Also draw a circle with the .same radius as the 
grapefruit on the giid. Next, count the .squares 
in the interior of the region bounded by the 
outline of the grapefruit skin. The ninnber of 
.squares in this region may be considered an ap* 
proximation of the aiea of the grapefrin't skin. 



Figure 8.15 
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A conipari^oti oi this ;iica with the area of the 
circle ihai lias ihe same radius as the grapefruit 
suggests th.ii the area of the grapefuiii skin is 
about foui times the area of the circle. Tims ii 
seems icasonai)le to accept // = Ittj - as a fornnila 
for the area of a sphere. 

There is another interesting way to detennine 
a fornnila for the area of a sphere using con- 
(lete materials. Divide a crocpiet ball into two 
parts b\ sawing it ilnongh the center. Co\er the 
hen n'sph erica 1 smiace of one pan with a spiral 
of venetian'blind cord (Kignre 8.! 7). Tlien cov- 
er the flat surface of the other half of the croquet 
ball with a spiral of venetian-bliiul cord (Figure 
8.18). The length of the cord needed to cover 
the sinfacc i" each case may be considered a 



measure of the area of the Muiace (overed. If 
the work is careful 1\ done, a comparison of the 
Icngtiis ol the two pieces of cord should show thai 
the aica of the hennspheri<al surface is twice 
the area of the circle. Thns it appears that 
// = 27rr- is a suitable lorniula for the area of 
a hemisphere; and this leads, again, to // = 'iTrr- 
as a fornnila for the area of a sphere. 

T'he residt of the following experiment can !)e 
used to obtain a foiinula for the volume of a 
splieie. The three plastic models shown in 
Figine 8.19 are constructed so that I) = PI 



t 




Figure 8.17 



Figure 8.18 
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ior all ilucc inodcLs. II ilic (vlindci is filled u illi 
wiucr ;ind the spheie put inside and forced to 
ihe boitoiiK the water thai icinains in the c)l 
indei will jii.si iill the cone. ^I'liis re.Mdi Mii»i»r.si> 
the following derivation of a fornuda for [he 
volume of a sphere, ^xpressetl in terms of the 
radius. 




4 12 ■ 



G 

Let /) = 2)\ 

where r represents the radius of the sphere. 
Then 




1 

Courtesy of Ideal School Supply Company 



A more M)|>histic.ited w.ty of oht.dMini^ a loi* 
utida loi the \ohnne o( «i spheie i.s su<^<»est(\l 1)\ 
the |K)ssil)ilii\ tint .i spheie cm he (h\>ected into 
>pheiic.d p\i.nnids (Fi<;iiie 8.20). Klihei an oi- 
.mj;e oi a gi.ipefitiit (.ni he n>e(l .is a inodeL I lu* 




IMGURK 8.20 

(levelopiiient of the formula relies on die follow- 
ing assumption: A sj)hr}'(: is a jHAyhalron \oUh 
an 'nifniitr uumbcr of srnall faces; xoith tlicsc 
faci\s as hasrs and the miter of the sphere as the 
eoianioii vertex, the sphere eau be .separated hito 
an infinite man her of pyramids. These pyrainidN 
all have the same altitude r, and the sum of their 
I)ases is the area of the sphere— thai is. A = lur-. 
Since the vol tune of a pyramid ecpials the 
product of its I)aseand altitude, the voluineol the 
spheie is ;'r-'l7r»-. or *\Trr''. 

Models Ca}i Be Used to Provide for 
lndivid}iid Differences 

Students differ so drastically in their ctiltnral 
experiences, in their ability to deal with al)straci 
ideas, in their interests, and in their inathc* 
matiral backgrounds thai it l)ecomes necessary 
to tailor iiistnution to provide lor these dilfer- 
en CCS. 

The slow learner needs concrete lepresenta- 
tion. Me needs to make and deal with objects 
because he usually reads poorly and has dif- 
ficulty understanding verbal instruction. In the 
case of the slow learner, there is no substitute 
for e.s:perieiices with (oncrete materials. 

The abler student usually progresses rapidly 
and independently. Many of today's accelerated 
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|)r()<»i;iins were dexeloped wiili ilie L^ilial .sindeiu 
in iiiiiui. Unlouunatel). an olcraiioii lias ofieii 
ineani liiiiiied in.sinutioii, len.mlieiied a.ssit^n- 
ineiu>. and complex icxi niaienal. The re.suii 
has hoen (i iiNinKion. ho.siiliiy. and lojedion of a 
iniuie in niaiheuiaiio. K\en for hrii^lii linden is 
insirnciion needs lo be enrirlied wiili CNperi* 
ciucs thai develop inieiXM, aron.se cnrio.siiy, and 
l)nild appic( iaiion. Kxpencn^cs coiuicie 
niaieriaLs often enliaiicc aiiainnieni of ilie.se <»oal.s 
l)ener than do dircri appeals lo ab.snact ideas 
and formal as.si<;nmeius. 

iiciween die .slow learners and die l)rii>lu 
sindeius ilierc is a laii;e ^^ronp of average 
.sindeiu.s u'lio al.so need varied expeiiences lo 
ensnre learniiii;. 

A pe<.» board on which die pegs lepi'eseni a 
Mpiaie laiiice is an example of a model thai 
(an be n.sed lo find areas of polygons in .several 
diliercni ways dependin|-j^ on die abiliiy level of 
ihe .sindeni. The diagram in Fij'nrc *S.2I show.s 
how elastic thread rai* be used to locate the 
vertices and bonndarics of polygons on a peg- 
i)oard that has the desired construction. 

The slow learner can obtain a|:4ii*oxiniations 
of the areas of the polygons shown in the di* 



agiam b\ countnig s<iuares in the inteiioi.s. I he 
average student (an piobabi) diMover foiiiiulas 
for the areas of polygon.s A. 1). K. and F but ma\ 
need to connt .s(piares to find the areas of poly* 
gons li and C The abler .student .slionid be 
entouiaged to explore tlie po.ssibility of obtain* 
ing a foriiuda lor the aiea of a polygon in terms 
of the nunibei of latti(e poiiit.s ou the perimetei 
and in the interior. The lable contains the per* 
t incut data lor polygons A. B, C. D. K, and F. 
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Hy examining .specific ca.ses, the discerning .stn. 
dent should be able U) di.scover the aiea formula, 
I. lYiis i.s Pick'.s formula. The 
formula holds for simple polygons under the 
condition that vertices are lattice points. The 
proof of the formula leads to some rather ad- 
vanced mathematics- (18). 

Figure 8.21 
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Models in:ulc i>) loldini; |):i|)cr :irc unothcr 
kind of model thai cm l)c tiscd ai dillcrcm 
:d)iliiy lc\cls. li waxed paper is nsed. ihe lolds 
sl:md out leaclil) and (an i)e projected on a 
sdeen l)\ an o\eih(Md piojedoK I'liis tc(lmi(|ne 
is cllc(ti\e in helpini; the .slow learner learn 
I)asi( idca.s aI)ont pei |)en(li( idar line.s. parallel 
lines. (on(tnrent lines. anj»le bisectors. .se<»ment 
l)ise( toi.s. and (on.i^inent ii<;mcs. The .same tech* 
ni(pie is eilective in hclpiiii^ ihc a\'eiai»e .snulcnt 
dis(()\er piopeitie.s ol .secondai) lines ol iri< 
an<;le.s. dia,i;onals ol a paiallelo.i;ram, diords ol a 
(irele. and (cniral an<;les and ar(.s ol a (irclc. 
'!1ic ahler .suident olten- [ind.s real cxeitenicnt 
in loldintL; paper to ohlain lepiesentiiiions ol 
envelopes ol parabolas, ellipses, and hypeibolas. 
and then inve.stit;.'itin«; pjopcnie.s of the>e < nrvc.s 
(iMi-ures S.22. s;2:5. S.lil), l-or Inrther inlorma 
lion about paper foldin,!*. .sec /^//nr Iu)I<lh}ir [or 
thv MaihotKitu s Class l)\ I)ono\ an john.son (.-Jj). 




FiGUkic 8.22. Each full-drmvn live rclncscnis 
a crease formed by folding l)al)er so that a 
jwint of line DIY coincides with a Jwint K 
that is not in line DIY. Thirty-seven full- 
diauni lines are shown in the diagram. The 
set of all snch lines is ihe (mveloj)e of a 
parabola with focus F and directrix DD'. 
Itach line is tangent to the parabola. 




lM(;t'KK 8.2;{. liach line rcj)ir,\ent.\ a crease 
fo)med by folding paper so that a point oj 
the cirde that has C) as (enter (oinddes with 
point F /;/ the inteiior of the dicle. Tieenty- 
eight H)ies ate shoivn i)i the diagiam. The . set 
of all snch lines is the envelol)e of an ellijKse 
with jwinis () a}id V as foci. Each line i.\ 
tangent to the ellijKse, 

Fictjuic 8.2'1. Each line represetits a crease 
formed by folding jfajwr so that a point of 
the circle that has () as center coincides -with 
jjoint F in the exterior of the circle, '/'jernty* 
seven lines are shown in the diagram. The 
set of all snch lines is ihe envelope of a hylfcr- 
bola with points O and V as foci. Each line is 
tangent t'o the hyperbola. 
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Modrls Can lir l\sr(l lo (loirralt* 
hilruwl ill a Xnr Topic 

StudcMis fu(nirnil\ ha\c iiucicsis in innilic- 
in:iii(:il \o\)'us tli;it au- rchilcd lo tlu* ici;iil:ir 
nil i i( iiliini 1)111 all* not pan ()l ii. I c*a( hcis ( an 
ciK oiiiaj'c' Iniilin (Ifxclopinnu ol >,xu\i imiT- 
rsls l)\ oilnin^ Mr4!;c'sli<)M> lor doiii,^ in(lc|K"ii(l- 
I'ln piojfds. (S(v (.liapuT 10.) In addition, 
iradu'is should M'ck it) kindle iniciol in topic > 
that nia\ \tv ( oniplciciv new lo .sindcniN. One 
\v:i\ oi doiii4» I his is lo staii widi a lann'liar idea 
and I hen e.\p:iiid ii lo :i new iopi(. I Ia\in<; 
.siiidenis niaiiipnhiu* iann'liai ( oiu icic iiiaK'iials 
i.s an oxaniplc of ihis i('< Iniicpie. Anoilicr way 
lo siiiiudale iiitcicsi in new u»pi(s is lo tise a 
no\cl de\i(e. 

(Consider how e\peiinienis iii\ol\ini» lossint* ol 
coins. di(e. or I litnnl>ia( ks (aft help stndcni.s he- 
<oine inu'iesicil in piohabiliiy. SlndciiLs olien 
l>e(<»inr so .iI)noi hrd wiih expeiiinenis like ilie.se 
iliai ilie\ willini;l\ keep lecoids of le.snli.s lor 
1(10 losses. Ol e\en 1,000. Recoid keepiii,!* of ihis 
kind (.Ml he used lo iniiodiue mk h i(lc:i.s a.s a 
sei ol all possihie (^nuoines. a dis(ri!>niion. a 
i»iapli ol :i disiiihiiiioii. and so lonh. "I'he.sC 
ideas lead iiaiinallx lo definiiicMiN of events as 
seis ol oiiuoiiies. iiiiiinalh eNchisixe and iiide- 
peiidein e\eins. and enipirital and iheorctiral 
piohahilii ie.s. 

riie .simple expei iiiieni s mentioned ahovc 
cm he eiilaij»ed upon wiih ihe aid of a dcviee 
known as Cialion .s QniiKinix. A modern adapta- 
tion ol CJahon\s de\i(e. (ailed a Ile.\.siat» i.s 
pietined in I-'ii-inc 8.25. Approxiniaicly 2r)() .small 
steel lulls aie trapped inside ihe device. The 
pidnie .show.s the posiiion ol ihe halls after he- 
in*; pomed down ilie diannels honi the le.scr- 
voir ai the iop» The disirihniion ol lesnlt.s oh 
tallied i.s .in appioNini.ilioii ol .i hiiioiiii.d di.s- 
trihiuioii. wInVh in imn is an appioximation ol 
.1 no.Mii.il (lisiiil)iitioii. riiiis. ihc Ikw.siat may he 
used to inli'odnce iiiiporiaiit and en,i»a»iii«» ideas 
liom piohahilitx. 

It i.s iiiicrei)tiiij» to note the parallel hetweeii 
pom'iii<4 hall.s down the ehaunel.s of ihe llcN- 

O 
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Stat and lo.ssino S (oin.s tinie.s. rhe>e ex- 
periinein.s are e(pii\aleiit in ihe lollowin;^ .sense: 
The ninnher ol hall.s expected to hill into eaeli 
ol the nine (hannel.s ai the hottoin. (Oiiiited in 
oidei fioin either end, (Oi ie-spoiuLs re.spec ii\ely 
to the ninnl)er of tinie.s 0 heads. I head. 2 head.s, 
and M) forth, aie expected to oceiir if S (oins :ne 
tossed 25(1 times. 



FicUKK 8.25 



Co»w<'iV of lint court Hi arc fovanovich, /«r. 
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Courtesy of Gihiter Hernnanti Courtesy of Gt'inter Herrmann 

FiouRK 8.28. Half'luni board Figure 8,29. Reflection and translatiou board 
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Another topic in kIucIi siiulcni interest can 
be jjencrated l)\ UMUg models h geometric tr:ins» 
formations. The animation hoaids pictured in 
Figures 8.20. 8.27, 8.1^8, ;md 8.29 can he used 
to advantage in helping .students peiceive what 
is meant hy .such transformations as reflections, 
rotations, half-tnrn.s. and translations. 

Logic is still another topic in which student 
interest can he developed with the aid of models. 
Shown in Figure 8.H0 is an electronic logic 
trainer that can he used to clarify the basic 
postulates and theorems of logic and set theory 
and the meanings of the operations "and," "or/* 
and ''not." The logic trainer shown in the il- 
lustration can also be used to demonstrate what 
is meant by Boolean algebra and switching 
circuits. 

Arousing interest in a topic can he critical 
to the future of om* culture. Consider this start- 
ling statement, which is contained in the open- 
ing paragraph of the Ford pubh'cation IVorld- 
wide Use of Mcdsurhtg Systems, 



Figure 8.30 
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The metric system has been adopted by 82 
of the l!5r> nations of the world. Britain and 
the United States are the only highly in- 
dustrialized nations that continue to use 
the inch'pound .system, and Britain has an- 
nounced its intention to convert to the 
metric system. [(53, p. 3] 

'Fhe following excerpt from the forewoid of 
the same publication indicates why today's 
.students should have ad expiate oppoii unity tioir 
to gain familiarity with the metric .sy.steui. 

Emphasis in this publicat'^m has been given 
to the development, growth and current 
status of i\u: uietiic sy.stcm in anticipation 
that the United States and the automotive 
industry may uu)ve to expand the use of 
metric units in the f'Meseeal)le future. [();>. 
p. 2] 

Siiu:e the United Stales lives i)y the inch- 
pound systeni, teadier^^ ol mathematics do not 
have a feeling of urgency about teaching the 
metric system. The lesult is that the topic often 
gels cursory tieatment. But the topic is import* 



Figure 8.31 
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.'lilt, and it i.s likely to bcroiiie luoic iiiiportniit. 
M) the iHoeiii hikcwariii iiitcicst in the iiietiiL 
sx.steiu .should he heated iij). To atliic\e this, the 
h)llo\\'iii,!* e(|iii|)iiient .sliould he a\:iilal)le foi Use 
l)\ e\er\ luediinu-M/ed class ^i^roiip: a lialf-do/eii 
iiieler .sti(.k.s, a metric li(|ui(l iiieasiiriii<^ .set. a 
di.ssectihle liter hhxk (Fii»ure S.;il). and .se\eral 
inexpeiiMvc hahiiices that aie calihrraed in 
i»iaiii.s. Piociiieiiieiit of this eciiiipmeiit. however, 
i.s only a start. T*lie really useful materials for 
firing up interest in the metric .system will come 
lioin a collection of leah'a that can he ohtaiiied 
from the kitchen cnpboaul, the grocery sioie. 
or the gasoline filling station. 



T*he pa('k.ij[»ed products shown in Figure 8.:52 
are pait of the (ontents of a kitchen Clipboard 
that one of the u'l iters i aided. U\ actual connt. 
.'{() out of !K) items fonnd in the cupboard ueie 
labeled in both Kn^lisli and metric units. The 
Kiii*lisli and inetiic weii^lits or voliiiiies printed 
on the labels of the pac kai^ed prodiu ts shown in 
the picture are disphiNcd in "boxes." IVesentini; 
a collection like this to students is certain to 
i^eu crate inteiest in the metric system. Students 
who lia\e an oppoitunity to examine such a col- 
lect ion will no longer think of the metric s>stein 
simply as "the other sjstcm" they have to know 
in science class. 
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Models Can Be Used to Promole 
Kn joy III en I of Alaiheinaiivs 

Mo^t Mudoni.s are imri<;uc(l by games, pu/zles. 
aiul novel problems and willingly hpend lime 
on lliem. The RMiliing' Icaininy experiente.s can 
be both ("liallcngiug and enieriainiiig. 

Games tomiibme lo a ^ludenl'^ enjoymeni 
of maihonaiits bctan^c ilie\ aie lim. A well- 
.Ninitimed game al^o helps Mudems leain maihe- 
mat ICS. Fol lowing ihe rules of a <;ame is not 
unlike pm^niug a programed insii ntiion unii. 
Ordinaril} the rules oT a game promole atii\e 
pariitipaiion and pro\ ide for immediaie leiu- 
forccnieni of learning. UMially. iherc is i\\>o a 
ceriJM'n a*?m\:in(e for individual pacing. Games 
lhal are hiniciured so iliai ilie learner encounier^ 
increasingly complex siiuaiions as {t\<. game 
piogresses have an added feamre ihai is similar 



10 couirollcd adaptation of learning materials 
in piogramed instruction. Tor a further discns- 
.sion of the analogy between games and pro- 
gramed ini>tru''tion. .see "Games and Progranuned 
Instruction" by Allen (I). 

Teachers may wish to construct their own 
games, but there arc plent\ of Avell-con>tructed 
games available fiom comnieitial |)roducer.s. One 
e.xample of a versatile and creative game is 
Kcpiations (Figure S„S,S). This game is designed 
to pro\idc stinudating and entertaining oppor- 
tunities for piattite in addition, subtraction, 
nndtiplieation. di\ision. exponentiation, and the 
.s(|uare root opeiation in various number bases. 

Pu//lcs contribute to a student's enjoymeni 
of mathematics because the} aie intriguing. 
One example of an e.xciting pn//lc involves the 
Soma cube. This is a cube cut into seven pieces. 
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no I wo oi which :iie ahke (Finnic S.j I). The 
pii/zle to pui il:c .seven pieces i()i»eiher lo 
h)im a cube and lo make other shapes. The 
pieies of ihih pu/vlc «ne eabil) conMiucied b) 
<»hiing ioi>cihei cubical louiuing bh.Lkb. For a 
lullei ilesciipiion of ihis pii/zle, see Mathe- 
matical Models by Ciiiuly and Rolleit (M). 

Another piiz/.le h the oxbow pu/./lc .shown 
in Figure 8.!)5. This pu/zlc is somewhat like a 
game, because there uie rules to observe. The 
object of the puzzle is to exchange the maibles 
on the two sides of the oxbow using a minimum 
ninnbei of legal moves. A marble can be moved 
cither one or two spaces in one move, but no 
more. If the marble in hole D is moved into the 
open hole E, this leaves the D hole open. Then 
ciilicr the marble in hole C or the marble in 
hole F can be moved into the open hole D. This 
pioccss is continued until the marbles on the 
two sides arc exchanged. 



Figure 8.34 



Figure 8.35 
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Suuiciit.s :iIm) iiiul eiijoyiuait in- iii:iiliciii:iiics 
hy Korkiiij* on iiuriguiiiij problems, or jix^i con- 
iciiiplatiiit; thc'iii. RiuIc'iiiiK iicr and Tocpliu.s 
(klii;luhil book Thr Enjoymait of Mathanatics 
(r)2) i,s lillc'd with excitiiij; problems :md their 
solutions. Listed below ;iie tlie titles of severnl 
sec tions tiiat aie panicnlarly rich in solved 
problems that tan he tested witli the aid of 
models. 

"I'ra versing Neis of Cnrves" 

"On C.'hxsed Sell-liilcisectini;^ Cnrvcs * 

"The Konr(;olor Pioblem ' 

"The Re,i»nlar Polyhedrons" 

"Prodiicini^ Rectilinear Motion by Means of 
Lin knifes" 

" The Fi.mire ol Greatest Area with Given 
Perimeter" 

"Cnrves of C^onstaiit Breadth" 

The section entitled "Producinj,^ Rectilinear 
.\!otion l)y Means of Linkages" contains a num- 
ber of inviting* problems that suggest the use 
or production of models. Peaucellier's cell is one 
ol several linhages that aie described. 

Peaucellier's cell (Figure 8.3(5) consists of a 
hinged rhombus ADCE and two lods AB and 
BC that are hinged to opposite vertices of the 
ihombus. The two rods AB and BC are equal in 
lengdi and are hinged together at Zi. Because 
of the .symmetry of the linkage, B, D, and E are 
always collinear. By applying the Pythagorean 
tlieorem it (an be pioved that (B!))*(B!^ = 
(/;//)- - (AD)' = k\ A constant. 

There! ore, D and E are said to be inverse to 
each other with respect to a circle with center 
B and radins where B is referred to as the 
center of inversion. It can also be proved that 
the image of a circle that passes through the 
center of inversion is a .straight line. Thus E 
will travel a straight line if D is constrained 
to move along :i circle which passes through B. 
In Figure S.;57, bar Dl! h;is been added to the 
Peaucellier cell, and the positions of H and B 
fi.xed so that the distance BlI is equal to the 
length of bar DII. As I) moves it will follow the 
arc I)B, which goes through point B, the center 
of inver.sion. This will force E to move along a 
straight line perpendicular to BEI, 





Figure 8.37 



Models Cmi Be Used to Build 
Ajfjn'eciatio)! for Mathematics 

The follo\viii<^ M;acincm l)y Bciijainin Fiank- 

liu <*ivcs :ni iudicntioii ot the inipoicnuc. he 

phicecl on I)oth the pnicticil :ukI the :iebtlietic 

aspects of iiiatheuKitics. 

It would l)c well if they [t lie .students] could 
be taui^lu everyihiiisr thai is uselul :uid ev- 
erytliiui> that is oniauicutal; but art is long 
and their lime is short, it is therefore j)ro- 
posed that they learn those things thai arc 
likely to be most useful and most oiiia- 
mental.^ 

Jf students arc to "lea in those things that are 
likely to be most useful and most oinanicntal/* 
they need to have cNpericncc in making sub- 
jective appraisals of the utility, beauty, and 
other aspects of the subjects they study. Such 
appraisals may be (piite informal and will 
probably involve feelings. 

To build appreciation for inatheriatics, 
students should be presented with situations or 
given opportunities to participate in activities 
in which they arc hkely to develop positive feel- 
ings for some aspect of mathematics. The ex- 
amples that follow illustrate how models can be 
used or how they function in liclping students 
develop such feelings. 

As a prelude to work with standaul units of 
ineasmemcnt, students may be intnxluccd to 
such units as the fathom, cubit, palm, digit, and 
span and invited to make measurements using 
their own limbs as units of nicasme (Figure 
8.;58). Students who engage in this activity usu- 
ally develop a sincere sense of res|K:ct for the 
utility, convenience, and piecision of die oidin- 
ary foot ruler and yaulstick, 

Mathematicians aie always talking about the 
beauty of mathematics, but few sceni able to 
elaborate on what they mean. One mathemati- 
cian whom we (jueried thinks beauty in ma the* 
ma tics refers to the elegance of a proof. He 
considers a proof to be elegant if the lesnlts 
contain an element of surprise or if the tech- 
ni(pies used arc clever. 

1. Tlii'; Matciucnl :ip|)c:irs in 77/r; Process of lulucfttiott, 
by Jcioinc Uruiicr (10. p. A). 



An example of a proof ih;it has at least some 
of thej>c qualities is Legeiulrc's proof of the 
Pxtliagorcaii theorem. This proof is umisual lor 
its brevity. There aie only three steps. This is 
certainly clever. 

Following are the steps of Legendre's proof 
.iiid the ;!(cr)mp;iii)ing diagram (Figure 8.39), 
as excerpted fioin Looinis's book The Pytha- 
(Tornin Proposition (11, pp. 23-2^1). The proof 
attributed to Legendre is contained in a dis- 
cussion of the shortest possible proof of the 
rythagorean theorem. The ecjuations in the first 
two steps can be obtained widi the aid of the 
diagram. 

a:y =: h:n .'. rt- = hy. 
b:h —y ^h:b .". b- = //'-■ — hy. 
Adding these gives h- = a- -t- fc=. 



H 




FiGURK 8.39 

For many students of geometry, a three-piece 
set of overlay models made of plywood, card- 
boaid, or plastic will be needed if they arc to sec 
the similar tiiangles on which Legendre's proof 
is based. An appiopriate set of models is shown 
in Fig me S.-IO, 
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Figure 8.41 

While the last paragraph was being written, a 
visitor came into the office. She spied the el- 
lipsograph and the full drawn ellipse pictured 
in Figure 8.41 on the office blackboard. (The 
ellipsograph was held in place with rubber suc- 
tion cups.) She contemplated the situation for 
a moment and then asked: "You mean you can 
draw an ellipse ;vith the device fastened to the 
blackboaid?" "Ves," was our reply. "But how 
do you know that the figure is an ellipse?" she 
wanted to know. Hurriedly we sketched the 
dotted lines shown in die picture, labeled points 
widi capital letters, and then took up a proof. 

Let d(PR) = a, let d{PQ) = b, and let 0 repre- 
sent the measuie of the angle that the crossbar 
makes with the i)ositive .v-axis. 
Ihen 

.V , y 

- = cos (X and ^ = sin 5); 

and 

— + p = cos- 0 + sm= 0. 

So 



'That's elegant,'' said our visitor; then she ex 
claimed, "No, it's beautiful!" 



CIIAI^I KK KIGiri* 



Siudcms, aiul aclul^^, loo, aic usually fab- 
(inaicd l)y ilic many liguio and lonns of gc- 
oniciry iliai lend ihcmbchcb lo ilic arts and 
.scicnccb. Pictured in Figure 8.-I2 aie siring 
models of siellar polygons coiibirucied wiiliin 
a cylinder. Siring models of iliib kind can con- 
ceivably I>e coubiruded wiiliin ihc walls or 
ceilings ol Iniildingb by using wire or oihcr 
inaieiialb. Consiiuciing iliree-diniensional mod- 
els like these helps bUulenis dc\elop a real ap* 
preciaiion foi ihe beauiy of gcomeiric foims. 



Deiailed iubiruciions ior building the niodeK 
.shown in the piciure may l)e lound in ihe l)ook 
In Anderson. Sparc Comepis through Acsthcom- 
rlry (2). 

/] Major Fuuciiou of Models is Their 
Positive Kflecl ou Reicniion 

\{ you were asked to recall ihc mo^i memor- 
able maiheiHiiiics lesson dining \oin ediicaiion. 
ii would piobabl) i)e a lesion invoKing the ubc 
ol a model, a tran^paiency, or a lilm or a Icbson 
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an c\|KTiinciu. h is not likch (hai 
i( would I)C a \vs>oi\ in\()l\ini» a leciu)c on an 
ahsiiad ihcoicni. I.cainini» basal on woik with 
models oi leainini» thai i e.suh.s honi expcrinienis 
is nsuail) lenjembered loni; alter the leainini' 
period ends. 

Siudenis olien have (h'liieuh) learn inj* and 
leineniheiini^ nieirsuiation e(|ui\aleni.s. The sei 
l)elo\v is i\|)ieal ol those we ha\e in nn'nd. 



12 inches 


1 loot 


I I I s(|nare inches 


1 s(|uaie loot 


172«S cubic inches 


1 cubic loot 



When there aie no plnsicd i el e rents to woik 
with. stiKlents can have dillieulty learn inj* and 
lenieinberinj^ that the niea.sines in each line 
aie e(|uivalent. ilowevei*. il a student is i»iven 
a loot I'lder. a pictiue ol a M|uare loot nded 
into s(|nau- inches, and a cubical box one root 
on edj»e wiUi laces uded into .s(|uare inches, 
he (an ' ee" ihe e(|in'valeni niea.sines and make 
associa lions that will assist liim in learn ini* and 
lemeniberino them. Another way ol assistini* 
the student in learn ini» and lememberini*' that 
die measures in each line :ne e(|tiivalent is b\ 
ha\ini» him make (ardboaid models of s(|uares 
(h:u aie one inc! jn a .side and then use these 
modeU to lind die dimensions and aieas ol 
objects in the dassrooni. ll the lasi line in die 
loiei^oino lable pioves troidjicsonie. have the 
student make a model of a cubic lool with 
1728 !)l()cks. each one inch on e(lj>e. The student 
who does dii.s is not likely to lor^et tlial 1728 
cul)ie inches and 1 cubic loot aie ecitiivalent 
measures- 
Let us consider how eoiiciete releient.s inij'ht 
be used to help .students Icani and remember 
another set of niensmaiion e(|uivaleiits. 



H feet 


1 yard 


!) s(|uare leei 


1 s(|uaic yaid 


27 cubic feel 


1 cnl)ic yard 



C;i\iui» the student an o|)|)ouunii\ to make 
measurements with a \aidsti(k will usualb en- 
sine his learning and i eniemben'n;^ that j leet 
and 1 \aid arc e(|uiNa!ent iiieasnies ol lcnj»ih. 
lla\ino the student loim a model ol a s(|uare 
\ar(l with \) s(|uare-slia|)e(l (ork tiles, eadi I 
loot on e(li^e» is oidinaiil) all that is needed loi 
him lo learn and lemeiiibei that 9 s(|iiare leei 
and I s(|naie )aid aie e(|ui\aleiu iiieaMue.s ol 
area. Only the voliniie e(|ui\alents in the last 
line j^ive MudeiiLs much lioiible. but untoriini- 
ateh this tiouble is iisii;dly persistent and tlieie 
are plenty ol adults who do not know that 27 
(ubi( leet and I ( ii!n"e Nard are ecpii\aleni 
mcasin es ol volume. 

1 1 ere is a way of teacliino ihi^ {mi so {Um \{ 
will be leincmbeied. Have each student in class 
(lit out (i (ar(lb(^ar(I models ol ^(luaies 1 loot 
on a si(k\ as a homework assi,i»ninent. I'lie next 
day have each stiideiit use his () (aidboard 
s(|iiaies to make a model ol a (ubie fool usiii.i; 
masking tape to join the e(li»es. Hien have the 
siiidents in the ( lass build a iiuxlel of a ci v.)ic 
\ar(l. Kxperience indicates that if there aie be- 
tween 20 and ;{() students hi class, every student 
soon realizes that 27 is the magic number. 
Students (and teachers, loo) who pariici])aie 
in I his activity raiely Ibioei that 27 cubic leei 
and 1 (ubic \aid are e(|in'valeni iiiea.suies of 
volume. 

To illustrate how to use physical lelereiiis to 
help Mndents remember what iliey leaiii we 
deliberately picked examples in wiiicli reiiiem- 
berino is a matter of piaeiical concern. However, 
we could jiisi as easily iiave illustrated our point 
oi view with other models. 

If a .siudeni learns the meaning of similarity 
by preparing a .s(;ilc drawing of a lloor plan, he 
is likely lo u^e the idea of similarity in the 
Inline. If a .studcni (onsiructs his own slide rule 
(Figure 'Nl.^), he is not likely to forget that 
slide rule scales are logariUiniic scales. Jf a stn- 
deni explores the variation of iiigonoiiiciri( 
limctions with a device such as a Trig-Aide 
(Figure 8.-M). he will usually be able lo recall 
the variation of each fiuiciion. 
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Models Can Be Used lo 'Teach 
A j}j)lica(io}is 

The icachiM<^ ol appliraiion.s is com plicated 
hy luo lanors. Firsi ol all. inosi siikIcius do noi 
have l)a(:k^r()un(ls in \\'hich significaiu applica- 
(ions have ineanin<^. Ai (he same lime, sutdeiu.s 
have a icndency lo I)ecoine l)ored wiili die 
ordinary. 

Neither laci lessens ihe teacher's ohligaiioii 
lo leach applications. What is to he done? One 
suggestion is to m«ike applications caichy or 
even olll)eaL Unfomm«itel), thinking up oll- 
hcai applications is not easy. Occasionally in- 
spiiation comes liom imiisiial cpiestions asked I)) 
.students and giown'-up.s. Follo\v'in<^ are three 
such (jue.stions: 



Figure 8.45 



1. **Thc super market ha.s started .selling 
I)eef Strega nod in a I)Ox that has trape- 
zoids for l)a^es and rectangles for laces. 
What's their angle— to take my mind oil 
the (aloiies?" 

2. "Hie laiid.scape man ju.si dilmped a load 
of hlack din on our lot. Me says it's Mive 
yards.' How do 1 know his truck holds 
Tive yards'?" 

"How do you find the area of a llower 
hed that has the .shape of an ellip.se?" 

The fir.si question points the way to a host of 
applicatioii-iypc problems about boxes used by 
disti ihutors of food and otliei pioducts.- Ciiculai 
c\liiiders and letiangular solids are still the most 
popular .shapes of boxeh used for packaging 
pioducis, I)Ut Irustunis of circulai cone.s, frus- 
tums of pyraiiiid.s, and right prisms of all kinds 
are being used more and more (Figure H/lf)). 

2. In this discussion the woid box is used l>oth lo convey 
its usual moaning and in a goneiicsonsc when icfciring to 
cauuns, cans, contuinois. and so on. 



Foniiccii bo.xch arc idcuiificd below in the colninn on llic left. A dchcripiion ol ihc .shape of cadi 
is «»ivcn in <(COiuetn<al language in ihe cohiuin on the iii>lil. I Ia\ ing Mudcui.s «»ivc mk h dcMiiplions 
ran be an exciting learning activity. 



noxKS 


ni-SCRiniON 


I. 


Cordage box 


1. 


Right hexagonal (nonregular) prihm 


2. 


Cainenibert soft-ripened cheese box 




Right cylinder wiih a .Nemicircnlar base 


3. 


lodixed salt carton 


3. 


Right circidar cylinder 


'1. 


Timex uatch box 


•1. 


A convex .solid formed by a closed rectangu- 








lar prismatic sm face with a frn.siinn of a rec- 








tangidar pyramid enclosing each end 


r>. 


Cottage cheese carton 


IK 


rrustinn of a right circidar cone 


(i. 


Strawberry box 


il 


Frnstinn of a regidar .square pyramid 


7. 


Talcinn powder can 


7. 


Right elliptical cylinder 


8. 


.Seth Thomas metronome l)ox 


8. 


iMiistinn of a regular square pyrannd 


9. 


Dobb.s hatbox 


!). 


Right octagonal (not regidar) prism 


10. 


Lady Ksiher face powder box 


10. 


Right regidar octagonal prism 


II. 


Easy window points I)OX 


11. 


Right legidar triangular prism 


12. 


Orthodontic retainer box 


12. 


Frustum of a regular octagonal pyranu'd 








mounted on a right regular octagonal |)risni 


13. 


Gold Label Shann ock cigar box 


13. 


Right trapezoidal pri^m 


M. 


Hormel chicken cacciatore dinner box 


)L 


Right rhombic prisni 



Having a box collection available makes it 
possible to pose all kinds of application-type 
problems. The following are suggestive: 

1. A salt carton has the shape of a right 
circular ;ylinder (Figure 8.45). 'Fhe 
diameter of the base is 3| inches and the 
height is 1)1 inches. To what height is the 
carton filial when it contains 2 cups of 
salt? \Vhat is die length of die longcsi 
spoon that can be hidden in the carton? 

2. A strawberry box that has a capacity of 1 
quart has die shape of a frustum of a 
regular scjuare pyramid. If the edges of the 
top and bottom bases are '1 and 3 inches, 
respectively, what is the slant height of the 
box? 

3. A box of bake cups (Figure SAb) has the 
shape of a right regular hexagonal prism. 
If the perimeter of each base is 14 inches 
and the height of the box is 5 inches, w4iat 



is the total area of the outer surface of the 
box? 

I. Flow long is the piece of string used to tic 
up the box shown in Figure 8.40? Allow 
12 inches for the bow. 



IV — 4" — 




— ~ .1 

Figure 8.46 




l'i(;tMu-: 8.'17. The jficturc shotos itco identical dexfices. The dcxncc at 
the top is nailed to a icall. The bottom device is stretched horizon- 
tally and held ap;aiust the irall. 



Now let lis look :it the problem ol (he pensoii 
who has doiibis ahont his hnulsrapev'.s veracity 
or :il)oni ihe capaciiy ol his truck. It Is easy u) 
<»ive instnictions iellin<» how (o (ompnie (he 
\ohniic ol a truck hox in cubic yaids; but cIoin<» 
(his will probabb lUX .saiisf) a .skeptic who is 
(onlronted with a pile of dirt that has been 
dumped on tbe<»roiuul. The problem is that he 
probably has no notion of the si/e of a pile ol 
dirt that contains live cubic yards. As a matter 
of lact, very lew people do. That's why the (pics- 
lion Comes up. 

Mere is a suj^j^esiion that deserves beinj^ tried. 
Obtain one cubic jard ol dirt and put it in a pile 
that has a shape like that of a right circidar cone. 
Then btiild a tent that has the si/e and shape 
of the pile. This tent can be set up inside the 
.school or on the playground to cxbibit the si/e 
oi a cubic yard of dirt. 

Tile person who asked how to find the area 
of :( flower bed that has the .shape of an ellipse 
was interested in the cost of fertilizing the soil. 
Kinclino the area of an ellipse is not, oi' comse, 
an oflbeat problem if one knows calcidus. But a 



la una n who asks how i linci the area of an 
ellipse usually cloe.sn i know calculus. 

One way of linclin<> a plausible formula lor 
(he area ol an ellipse, wit horn appealini* to 
calctihis. i.s by usiuij; a rec:ian^^idar piece of clastic 
with stick.s laMenecl at the encis. A clc\ice of this 
kind with a circle and a .scpiare drawn on the 
elastic is .shown in the upper part of Fii'uie H.I7. 
The .scpiare is circumscribed about a circle of 
laclius Theaiea of ihc c ire uinsc ribiui^ scpiare 
is I X h X h. and ihe area ol the circle i.s 

by stretching the elastic horizontally the 
scpiare is transfoimcd into a rectangle (lower 
part oi Figure 8.17). It follows that: 

Aiea of scpiaie — > Area of rectangle. 
'\ X b X b X (I X b. 
The picture also suggests that stretching thL* 
elastic transforms the circle into an ellipse and 
that: 

Area of circle Area of ellipse. 
^ X b X b ^ X (t X b. 
Therefoie, we surmise that the area of the 
ellipse slioKii in Figure 8. 17 is ^^rab. 
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Couuesy of /iolataf)t\ iiic. 




ConUcsy oj Yodcr Insiimiients 



Now It'i Ms ((iM'.idci M»nic' :i|)|)li(;i(i<nis ih.ii 
iiinv l)C a xwow |)i:M(i<al iliaii <lr 

Miihcd lliiiN l:n. PMUncil in KiimiicS.IS is ilic 
R<)hii:i|)c incaMiriiii; wheel, an in>imnK'ni Un 
iiKMNMiiiio (liNiaiucx i liis iiiNtuunciu wMn mm^I 
ai Dnlk'N intcniatioiial Airpoii when ihc iuii\\m\n 
\w\c |)a\c<L riiL- < in MinlciciKc ol llic Kol:i!a|)r 
wIm'cI In I lea: iL> <liaiiu'icr iNahoiu IT)-!' in< hex 
OsK- >u\c of the wheel In <alil)raie<l to l ln<h, 
:iii<l ihe oilier >i<le lo ./„ iiM h. AiiM< hc<l (o (lie 
inNtntinciK in an anioiiiaii< toniuci to ie<oi<l 
icvohnioiiN. i)i.Ni:ni< ol all kiiKh. iii< IikIImo ihc 
Icii^'ihsol < hoMK and ai<so[ <in leN. <an he iiieav 
ninh|nirkl\ aii<l a<<maicl\ witluliis iiiNiiuiiiciu. 
r.sini; it is a.N <:aN\ as walkiiii*. 

To iiicaMire aiiujles. numIciUn <aii use li in» 
Miinucins a.N ilie .Nexiaiu (I''ij»nrc SJl!) or liel<l 
|)roii:Hior. Willi ilic ai<l of ilie r\(^lai:i|)e aiul an 
a|)|)i'o|)riaie aii.t; le'ineaMirinjj; iiiNii uinciit. mm- 
<k'iUN <an niuleriake auli a(li\ilic',s a> liiulini; 
iIk' areas ol parkini; Ioi.n aii<l IIooin oi laii-e 
hnildiii^^N. lindiii^; die liei<j;his oi (all l)iiil<liiii>N. 
and inakin;^ iiia|)N. VUv .N|)ee<l. < oii\eiiicMh<'. and 
a<<Mra<\ ol die Rolaiape in nicasuiinij; laiilx 
loiit; dislajKOs will a<l<l new e.\<iieninH to |)ra<. 
Ileal inohlenis involxiiii; ihe nicaMiicnieiu ol 
<li.siantc.s. 

su(;(;ksm i()\.s kou I'sixc; 

MODKKS KI'l-K(:i'l\'KI.V 

How and when lo n.sc models are iiiaiui.s ihai 
involve la.steN and prelereiK e,s. It !s. iheiehne. 
inappropiiate lo piopose a hai<l and laN? i»nide 
lo he lol lowed hy all learlici'x Theio ;ire. how- 
ever, some .snj»i»esiionN ihai Ncem generally 
a|)|)li< ahle. 

Kir.s! of all. ilie paiiirnhir needs ol a < lass 
should he watched lor ciie> (hat indicite whethei 
or not models are to he nsed. When iiileuM lay,>. 
when student partitipatioii wanes, whe*) snideius 
fail (() make the right assoeiatioiis. it may he 
time to use a model- The nuxlel may he a chalk 
hoN. A coin, a piece of s(rini». a lamp sli;ide, or a 
commercial device that will add needed lealiiy 
to ihc idea heinj* discussed. However, when .stn- 
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(IcniN lopoiul inniiuli.iicl) (o diicci .i|i|)c:ils (o 
al).s(iac( i(lc:i>. wlicu .sIikIciks arc (:a,i;L-r lo .spend 
lari;L- bhx k.s of liinc on < liallL-n,i;iiii( |)r()l)lL-nis. 
when .siudciils want lo cxploic new idca.s iiidc- 
pciulciiil . then it may he tniic (o wi(h(haw 
nuxlcls (hat aic l)L-iiii; n^cd or omii .some who.NC 
Use ha.s l)ccn plainu-d. A teacher who is.scnsiiivc 
lo the needs ol his .sUideiH.s and who i;i\e.s (are- 
Inl a (tent ion to what works he.si lor him will 
M)on leain when niodeKs .shonld \k- part ol the 
total .ippio.K h to A le.sM)ii and when tlic\ .should 
i)e withheld. 

Secondly, adxance planning' .should prececk- 
the n.se ol niodcl.s. IMan.s .sin. u Id he made well 
ahead ol |. >entation.s .so that the hcst nuKlels 
can he piocnred and time will he available for 
(he teacher to laniiliaii/e hiin.seir with the nuxIcN 
he inteiid.s to use. 

Thiid. .stratei;ie.s lor n.sini; models .shoidd be 
developed. .Merely boldini; np a model before a 
( la.ss or poiiuini; to a model ie.stin<^' on a .shelf is 
not enon<;h. If nece.s.sary. teachini»- techni(pic.s 
.should be modilied and the .strate<;y for content 
development < han<;ed in order to iiicorpoiale 
de.sinible ii.se.s ol niodcl.s in a lesson. Thi.s niean.s. 
of conr.se. that model.s aie to he incorporated 
with other in^trnciional aid.s .stich a.s bulletin 
boaid display.s. (ilm.s, chalkboard dia^^iani.s. texl- 
book.s. and .so on. When model.s are n.sed fre- 
(piently. n.sing them heconie.s .spontaneous, and 
they become an indi.spen.sahle pan of the total 
in.strnctional piocedme. 

Komih. there nutsl be a willingness to use 
models wiihoni insisting* on total justification 
helbie attenipiini; to use them. 

I'ifth, an el fori should be made lo involve stu- 
dents in di.scovery aciiviiie.s. Whenever possible 
a nuHlel .should be put in the hands of each stu- 
dent .so that an idea thai i.s tmder di.scn.ssion can 
he explored by him. 

Sixth, <;iu'de sheets .shoidd be available for u.sc 
by .students who are inve.sligaiinj^ ideas inde- 
pendently. Pro\ idiui» i;uide .sheet.s helps a niaxi- 
nnnn number of student.s make discoveries and 
fornndate geuerdi/ations during the time that i.s 
a\ ble for independent inve.siit;ationb. A sam- 



ple ,uui(le .sheet is included l.uei in thi.s < hapier. 

.V basi< relereme tool in tlu ,nea oi in.Ntrui 
(ional aids in m.itlieniatic.N i.s the pamphlet A 
CtUidc tn tlir i\\c and l*Ktt iirt tin nt nf rraclini^ 
.litL jni Mnilirninin \. 1)\ licit^cr .md |olniM)i» (()). 
Thi.s pnbli(ati()i2 li.Ni> .seven steps to follow in 
nsini; teadiiui; aids ellediveK (ti. p. 3). Th .Ne 
apply especially to the use ol inodeK, 

1. Srlrri tlir j»ri)l)rr aid tn um- in tndrr in 
tdUiiii the drsirrd tihjn ti<'r. ScWvi wi.Nely 
fioin the wealth of materials that i> .i\ail- 
ahle, or dcvciop preci.sely die t}pe of 
item tha; will suit your pnrpose.s be.st. 

li. Prcfmrc ynur.wlf It) it.\r tin- tnirhiu*r aid 
tliiit has hern .wlrricd. Become familiar 
' ith techni(pies for uiakini; eflectivc u.se 
of the item that you plan to u.nc. If ii is 
a nim. preview ii: if it is a dynamic de 
vice or niode!. lamiliari/e yourself with 
the manipulations upon which its n.Ne as 
a leamini; aid depends. If preparatoiy 
materials sudi as study guides or desc rip- 
tive literatine are available, cousidt them. 
Pvrj)(irr thr rhLwronni, (ihcck to in. sure 
that all needed materials are oi; hand 
and in '"running older " before the class 
meet.s. 

I. PrcjynYc ilir class. .Vccpiaint students with 
the purpose of the learning aid. what 
may be e.xpected of it. why it is being 
Used, what they can hope to learn from 
the e.x peri e nee, aiul how they .slioidd ap- 
ply the information which they may 
gain. Often a written learning guide 
placed in the hands of .students increa.ses 
the el feci i veil e.ss of the learning experi- 
ence. 

i). U.\c the teaching aid selected in the nioM 
cfject ivc manne r fyossi ble. U e 1 a ic the aid 
to the les.son in pi ogress and to the .syni- 
l)olie representation tlun will he u.sed 
later. 

(). Pmvidc follmv-iif) activities. Di.scu.ssions, 
readings, reports, j^rojects, (esl.s, and je- 
peai perforniance.s aie needed if nia.vi- 
imnii learning is to icsidi. Whenever pos- 
sible, provide opportunity for application 
of the information learned. 

7. EvnJnate the efjectivene$s of the aid. On 
the basi.s of your experience with the 
learning aid. it is wi.se lo make a notation 
regarding ii.s u.se fid iie.ss. A card file sy.s- 
lein .should be employed .so dial over a 
period of time you will know what the 
Ik'si aids for each les.son are. 
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riiK KKv ro Krri:c:rivK vsi\ 

OI- MODKLS 

TIk- -key If} t;llcfli\c u>c «»! iiukIcI.n i> umlcr' 
si:iii(lln<; ilic I'fiiiiiucuoii ht'iivucii :i and 
ilu- iii:iilicin:iiic.s it ilupiciN. 

Out- UMilu-r iiM-.N nimlcN ii.ii iinilK. rllci ii\rh. 
:inil iviili roiiruluucc. AiioNici tciuhcr in :i >inii- 
l:ir .\iiii:iiif)n Miuruly ii.\c.\ iikkIi'K: rind, u-licii 
itc ildC.N. his nKiiinci' is lic->ii:nii :ni(l tiiiMiu*. Mdiv 
cm ilii\ ilillct'CMd- lie rxphiiicd? Oiic cN|»l:ni:i* 
lion is tli:ii ilic tcnilicr ntulci>t;itul> ilir 

roiincriioii hciu'ccii :i model :ind the in:iiiu-- 
m:iiii'S it dcpIi-LN :md die odici' doon't. 
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CoinU'sy of SrienUlir Comfiany 



Till* mu(c'vnIii1 iisfi ol iii(»dt-l> is :iu.iu- iliai 
iii:iilu*iiiai if N f> .III :il>Nnaii Milijcd iIkm iii;ikt'> 
foiu.ui uidi ilu- icmI uciild itiicui^Ii plixsicd 
U'|)U-N('iii:iiiiiiiN liini :iu- a|i|iic}\iin:iiioiK ol ah- 
>ir.ici idc:i>. I'lir exniiijilc. lu- \icu\N ilic >irini; 
iiiikIcI ill l''i!L;iiu- N.^n :i> :m a|}|Mf}\iiiiaiioii ol 
a liy|H*ihfdnid anil ihc iiiiiiihi-r linr in I'i'^inc 
.s.'il as an apinoNiiiiaiitin ol a toiri «|)(»lldcll((■ 
h^M\\■u•n ;i >ci III |}oiiiiNanil a m I oI ninnhcis. I h- 
ii^c'N ilii-sr a|i|)io\'iiiiaiif)ii.N in dcM-hiji ilu- iiK-aN 
dr|iitlud h\ ilu- nioilcK. 

Tlii> i> ^i^lilal' lo die wax in ivliiih niaihc 
inaiiiian.N iiuaR- new aiailuniaiii v Tliix iiiaki- 
I fsNixf appi oxintatiotiN of ah>iniii idcM>. carli 
ii-sN ml 11 re 1 1- ihaii ilic oiu- hrhnx'. "Thai i>. ilii-\ 
develop liieraiihie.s ol ah.Ninu lion.N h\ lakini; 
Miire.sNive Mi ji> aua\ lioiii lealiix. Kiik-rN de\el- 
o|>iiieiii cd io|i(doi;\. ileMiiheil e.'iilier. is an ilhis- 
iniliiiii ol ilii.N |>iinri|de. Having; MiideiilN ai iain;e 
die .Neiio^'.s of a eiiridar dix in the [01111 of a 
'■|)ar.!llelo.i;i*aiir" lo help ilieni find a roiiiiiila lor 
die aica of a i iule i.N an illiisiraiioii of die >aiiie 
piinrijile. ^ Iie priiu iple iiivohed i\oiie(il innisi- 
(ion lioiii die I oiiiieie lo ilie ahsinif I. Indieeas;- 
of die inailicinaiii'iaii diiN inin.Niiioti is iiMially 
.sponianeous. iiiit it i.s iioi alwavs mi Inr >itiileiii.N. 
exiepl pci'hap.N for ilie \ery hri^^iii. Theiefoie. 
die leadicr may Iiave to do xiiiie proiiipthii; to 
.*;et .Ni ml en Is in make die de.siied irati.sition. The 
teacher who niidei. stands die loiiiiei ticiii heiiveen 
iiiodcl.N am! (he math-iiiatiis iliey depict will 
iec(),i;ni/e when iiisi^^htN occur lu iiiilividiial .sli^ 
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1\SINC. MODKI^S AS IN^ I RUC'I'IOXAI. AIDS 



(U'liLv He will know ulicti lo inovcMiKk-niN :t\\.i\ 
lioiii uiotk'I.N ;iiul U)\\':ii(l llic .tl>Nii>i(l 

lc\cl. Mr will aKi) nl-ilsc uIicii .i mihIciii iicaK 
«i(!d!li(>ii.il u'otk u'iili toiu KMC iiuhIi'I.n in onlci lo 
KMtli ilic :tl).Nir;Ki lc\d and will luaki: needed 
|)H)\iN!ciii on an intli\idtial ImnIn. IicIo\. .t de 
MM|)lifin of a le.NNon iliai iIln>tr:iie.N vliat .1 
icadiei' nii'^lit do when lielpinji; MndeniN niuke 
the li.in>iiiiin fioin tlictonneie to ilir ahNtrat I. 

A .Ne\endi ji;rule ;/:i(liei ot icniedi: I inailie 
itiatit. !..i.N )>een iiNin.<> |>:i|>e:' ( it Ic t ntonl.N (l-'i;^ 
nie S.f/J) ft)i' .Neveral lo help Nindcni> leai'ts 
how 10 add latfoiial iiniid>eix Math .Nitideni ha.N 
made his own Nei of trtitle (Uioiit.N ::ntl ha.N iiNcd 
I hem in .sulvin*; Minpic add it i(>n problems. Now 
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lh( Nindtr'.N ha\e iiu>\ed 0^1 to a mote al>NiM(i 
h-\el and a!e aailiiii; 10 < onipnie MintN h\ nsin*; 
nuihenialical Nenieiu c.n. riie km« hei walk> honi 
desk lo ih->k and (H(a>iiniall\ a>kN a Mudeni lo 
it>e ( iiiiuii.N lo ihec k hi> louipiiiaiion. The leai h^ 
el iN >|)oiiiiii; ueakne.NNeN aiul alhnxiii:; iei;ieN>ion 
to ihc iiNe ol (o*uieie iiiodel> l)\ Nnideni> who 
.Nlill need ihiN a.NNiNtaute. This lechni(|(ie ;;i\e.N 
each -Nludent die >eunii\ he nced> lo make llie 
desiied iian>inon at Naiiotis Nia;;e^ ol leainin:;a% 
he iiioNeN hfiiii ihe coin ie;e lo the ahNii.it 1. 

r:>L\(; (;ni)K:>i iKri\s i\ 
cAKKVi.w* or r mxim-irimknts 

WITH MODKI^ 

'^To ricl|) I he individnal >indeni oi<;ani/e hi.N 
elh)ii> when iiNin.i; a model for experimental ion. 
it (»Iicii |)tove^ rniiiful <o .Niipply him with a 
,i;inde ^hect. Doinj; m> will UMially inipiovc the 
.Nliiilent'.N ehaiKe.N of makini; hoped-for di.seover- 
ie.N and loi nnilatini; «;enerali/aiion.N dttriip^ ihe 
[>eiiocl of lime thai is a\ailal)le for experimenia- 
li >n, I'ollowin;* i^ a deMripilon ol a tmii lliai 
llliMntleN the terhniciiie. 

The pnrpo.Ne of ihi> unit i> twofold: (I) ic 
lead .Nt tit I en IS to discover and >laie <*enerali/a- 
lions for the iclaiioii>lii|)S that exi.Ni between 
meii5i]]e.s of an,i;le.s that intet.Neci a eiicle and 
ineaMireA of die inierccpied ans. and (2) 10 have 
.>raide]it.s |>io\e the geneiali/aiiotiN the\ .state. 
The i^uidc .sheet piocnted in this .seciioii is or- 
j;ani>:cd into .Nevcn ra.se.v Kai h ia>e invokes one 
«;ener;d way in wliich an aiij^le (an inteI^ect a 
( iu'le. 

The work ol the ttnii can be started with a 
motivaiional activity tiiai is designed lo sel ihe 
.stai^e for individnal expei imeniaiion. One way 
of.startini* is lo have eat It stiideni make drawings 
of all possible ways in which an an!»le can inier- 
.sect a circle. 

Alter each sit idem lias had time lo make 
drawiti!>s of all inter.seciions dial occur to him. 
he should be .i^ivcii an opportunity to compate 
his set of drawings with a sei displayed 011 a 
.screen uiih an oveHiead projector (I'iii^me .S.r)*5), 
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USING MODMl^S AS INSTRUCTIONAL AlOS 



I'liL* ()VCiIiL-:i(I vi.siKiI cm he* used todarih ^vliai 
is iiicaiii I)y "an arr iiiicn cpicd l)y an :ui<»Ic.' 
Stiidciits iicc-d to Ii.i\c .1 (Icai iindci.staiidiiit; of 
wliai this cNpiL'.s.sioii means in order to ex peri- 
iiiciiL on tliL'ir (mil. I-oniiidatiiii; a (Idiiiition cm 
sciAc a.s a Mimmaii/in«> aLti\it\ for tlic iiitiodiic 
tor\ iiioii\ati()iial plia.sc* of tlic unit. (An an oS 
a ( iidc is iiitcn L'ptcd I)) an aiiijlc if and onl) if 
cadi .side of tlie an<;Ie contains at least one eiid> 
point of tlic aic. and tlic arc. except for its end- 
points, is tontained in tlie inteiioT of tlie aii,<^Ie.) 

To .^ivc cacli student an opportnnity to cx- 
pcJineiit on Iiis own. lie slioiild I)e proxided witli 
a cJicIc device like the one pictured in I"i«;tne 
•S.f)!. This device has a circle marked olf in 
de«;rces of an, foi nieasnring iiiieiccptcd arcs. 
Tliiec plastic l>ars and a small circular protractor 
are attached to a pin that can he moved to 
poiiit.s in the interior of the circle, on the circle. 



or in the exterior of the cirde. The pinpose of 
the protractor is lo measure aii«;Ies fonned 1)\ 
the h.ns. In diffesent positions (he l).iis lepieseiit 
radii, choids. secants, or taiii;eiits. 

The <;iiide sheet that follows should he avail- 
ahle to help the students in iiiakiii;^ a[)piopii.ue 
iiianipiilatioiis with the drcle de\ ite. inakiii!^ and 
ie(oi(liii<^ iiieasnienieiits. and ioiniiilaiini^ <rcii- 
erali/atioiis. After the student has foriiiiilated a 
i;encTali/ati()ii for one of the cases .s[)ecilicd in 
the i;iiide sheet, the tea( her shonid ask him 
whether there are conditions under which his 
.•;enerali/atic)ii does not apply. This (|iiest!oii 
calls for a proof, which may he die next step. 
Of cotirse. there are variations to this proccdtirc. 
-Some teachers prefer to have students complete 
all experiments outlined in the .i^nide sheet first 
and then attempt proofs of ihe (;eiieraIi/atioiis 
thev have forninlated. 
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c;iini:sMKrr 

Pinjxfsc: T(f find the icUitioushij) hrticccn the dn^x'r incMMnr of an (ni*rl< that iiitoM'ds a 
(irric and the dr^^vcc nirasnrcs of Ihc arcs hitcrccfHud hy the anisic 



CiASK I. "llic ;iiit^Ic iis vcncx ;ii ilic cciiier 
(>r I he circle. 




I)irrrti(fus: 

I. .Sci (lie (Icvite m> the bars iiiicrNCci at ilie 

center of the esrele. 
'1. Choose one of the aiigle.s formed by a pair 

of bais and read its decree measure from 

ihe Miiali circular protractor. Record this 

measure in the table hclou'. 

Read ilie dej^ree measure of the are iiiter- 

eepied by i!ie aiij^le yoii chose. Rceord this 

measure in the table below. 
•L Repeal .steps I-!! for additional settings. 



Setting 


An.i^Ie .\feasme 


.Are iXfeasiire 


A 






B 






C 


I2(P 




I) 






!•: 
I" 


li)^ 





lnirrf)rctatiou: 

I. I low (l(;*^ the dejL^ree measure of each luigie 
' Mupare wi;li the degree measure of its 
iuiercepied arc? 

•J. Wriie a semeuce tle.scribin.^ iIun relaiioii- 
ship. 

!). What souices of error may account for 
minor inconsistencies between yom' data 
and (he relationslii]) you stated? 



OAS I-: *L The anj^lc has iis veuex on rhe circle. 




Dircctious: 

!. .Set the device so that die bars imenseci at 
a point on the eirele and each bar iiitei.seets 
die circle in aiiodier point. 

li. Choose one of the aiis^lcs roriiicd by a pair 
of bars and lead it.s dei^ree measure from 
the small circular proUactor. Record diis 
nicasiiie in the tabic belo^v. 
Read the dei^ieo in jasiiic of ilie arc iiiter- 
tepied by the aiiij;le you eliose. Record Uiis 
iiieasiire in the table belou*. 

\. Repeal steps l-!> for additional settings 



Seitiiii» Aii«;lc Measure A»*c Afeasiire 



A 


15° 


]J 




C 




1) 




M 


120* 


I- 

G 





Intiirfnctation: 

1. How does the device measure of each aiij^le 
coinpaie ^vidi the degree measure of its 
intercepted arc? 

2. Write a .sentence describing this relation- 
ship. 

•5. Write a formula for the relationship. 



l\SIN(; MODlvl^S AS INS'l'RlK.I ION \l. MPS 



CASK :5. riioani;lc loi nicd Ij\ a iaii«;cni :in<l a 
NC<aiii. '\'\ir x cTlcx ol iUf ;Mii;i< is on ilic rir< Ir. 




Dirrrlifjn.s: 

1. Scl ihc (li:\i<c m) iliai ilu: iiili:r.>cri on 
I he < iu'lc. r>conc bar lo rc|)i'->t:ni a .swani 
and a M-<on<l bar to ic|>rc>cnt a lan;;cn(. 

2. Ilicif a It; two an«;le> lor tarli NCliinj;'. 
Rc<oi<l ih " (lci;ri:i: nica>ur(- of car!i aiii;lt: 
an<l ihf decree uiira>nic oi" its intcrrcplcd 
at< in (he table bclow. 

Repeal ML\)> I and 2 lor additional Nenin;*s. 



Senin«; An;^le .Xkasnu' Aic Mt^^iMni^' 



A 








W 


ir>o 




:;o 


C 






1!) 


I) 


105 







Inirrlmlaiion: 

1. flow is die device nieasinv ol each an,^Ie 
K-lau-d lo ihc <le*;r<e nicaMnr of lis Inier* 
r<-pU'd ar<r? 

2. W'rile a Nrnlenre tle>('ril)in^i«; mis relalion- 
Nliip. 

\Vrii<* a fonnuhi for (he rehitionNhip. 



C:ASK I. The ani;le i> loi nie<l l)y two >e< ani>. The 
vertex ol die aii««;Ie i> in die exieiior ol die 
rlirlc. 




l)irrrnon.\-: 

1. die <h'\a(e m> dial die bai.N iiuei>e(l in 
die exterior of the <-ir<-le. U.se iwo ol the 
bai.s to lepiesent .secants. 

2. Re<ord the <le*;ree iiieaNnre ol' the an*»l<- 
loiiiied by the two scvants in the table 
belou". 

Retord the <lc\i;ree niea.snrc ol the iw'o in- 
teireptc<l airs in the table below. 
I. Repeat steps l-.'> for additional .seitiii,i;.s. 

An«;le Sinaller .Vi<' Lai*»er.Vic 
.Setting Mca.Mire MeaMire .Measure 

A ' -JO"" 
I) iMV' 

I-: 
I- 

htlrrfn'clniion: 

1. I low is the device iiieasnrc of each an^le 
related lo die deijrce ineasntr of its two in- 
tcM epted arcs? 

2. Write a .sentenee describinj; this relaiion- 
siiip. 

Write a foriinda for the relationship- 
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CASE 5. The anisic is fonncd by a tniigciu and n 
iccaiu. The vertex of {he angle is in ihe ex- 
terior of the cirele. 




Directions: 

1. Set the device ho that the l)ar:> intersect in 
the exterior of the cirele. Use one bar to 
repiesent a secant and a ,se'ond bar to 
represent a tani;ent. 

2. Record t!ie dei;ree measure of ihe angle 
formed by the tangent and the secant in 
the table below. 

3. Record the degree nieasnres of the two in- 
tercepted arcs 'n the table below. 

4. Repeat steps l-H for additional .settings. 

Angle Smaller Arc Larger Arc 
Setting Measure Mea^surc Measure 

A :^o^ 

C 75^ 

D 

K 

F 

Inter f)relai ion: 

1. How is the degree measure of e;icli angle 
related to the degree niea.surcs of its inter- 
cepted arcs? 

2. Write a .sentence describing this relation- 
ship. 

3. Write a formula for the rehitionship. 



CASE (). The angle is formed b\ two tangents. 
The vertex of the angle is in the exicrioi of 
the circle. 




Diratiovs: 

1. Set the device so that the b.irs iuicr.seci in 
the exterior of liie eiiele. U.se two of the 
bars to represent tangents. 

2. Recoid the degiee measure of die angle 
formed i)V the two tangents in the table 
below. 

*>. Recoid the degree measuies of the iwo 
intercepted arcs in the table below. One 
arc is :i nnijor aic and the other is a minor 



arc. 




•1. Repeiu steps 1-15 for additional .settings. 


Setiini^ 


Angle i\fe:Lsureof Measuieof 
Measure ^^ajor Arc Minor Arc 


A 


()()^ 


B 




C 
I) 
E 
I' 


100^ 



!ntcrl)rct^itioii: 

1. How is the degree measure of each angle 
lelated to the degree measuies of iis inter- 
cepted arcs? 

2. Write a sentence describing this relation- 
siiip. 

3. Write a formula for the relationship. 
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CASK 7. riic ;m<;k' ha^ ii.s \cricx ai a point in 
(he inici'ior ol (he chvlc l>ii( nol at (he (cn(cr. 




I )i reel ions: 

1. Set the (k-vi(c m> (ha( (he hars iiKci.scci in 
(he in(CTi()r of the circle and each loni;* I)ar 
in(ersec(s the ciicle twice. 

2. Cihoose one ol the angles formed hy the 
(wo loui; I)ais and read its decree ineasnie 
ironi ihc .sinall circular |)r()trac((>r. Recoid 
(lii.s nieasMie in the (able helow. 

.'». Read die derive nieasiiie of the aic intei- 
(ejxed I)y (he anj^le you chose and the de- 
i;ice niea.sme of the arc iiuercepted hy the 
0|)|)o.si(e ant»le. Recoi'l liese two ineasures 
in the (al>le helow. 

'I. Repeal steps l~!J lor add ii ion a I sei(int»N. 



Seltint* 


Ant^le 
.\fea.*>Mrc 


Measure of 
One Arc 


Mea.suie of 
.Second Arc 


A 








r> 


2.V 






C 


lOS^ 






D 









Inlrrlnclolion: 

1. How is the (lei»ree measure of eaeh an<;le 
related to the degree measures of t!ie two 
intercepted arcs? 

2. Write a .sentence descrihiiig this i elation- 
ship. 

,S, Write a fornuila for die relationship. 



ANOTHER GUIDK siirdri' 

Siiue (he hars ol the device |)i((iired in l-'ii»iM'e 
8.31 aie niarke(' oil in (en(ime(ers. (he de\i( e can 
he used (o help suideiKS discover. s(a(e. and j)rove 
genera I i/a( ions lor rela(ionshi|)s < oiiceriiin<( |)iod> 
iic(s ol \ arioiis se)4nien(s ol two in((n.sec(ini» 
chords of a circle, ol (wo secan(s diawii from (he 
same c.xiernal |>oin(. and ol a se(aiu and a (an- 
i»on( drawn from the same e.\(enial |)oini. Ac- 
cordingly anodier guide shee( can he oigaiii/ed 
around (he following (hn^e cases: 




CASE 2. .A tangent and a .secant drawn to the 
circle from a poin( in i(s exterior 




CASE 3. Two secants drawn to the ciicIe from 
a point in its exterior 
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SI TDI-N'r-iMAOK MODKl.S 



TOOLS 



As has all cad y i)ccn indicaicd several limes, 
inakiii<( a model, ciilier as pan of a laboiaiory 
les>(>M or as an iiulependeiu project, can I)e a 
ineam'ii,i;lul leariiiii;^ experieiue for ilic siudem. 

To assi>i and encourage sindenis lo make 
models, space lo nmke ilieni .should be available. 
In addition, an a.ssortmcnt of inexpensive con- 
struction material.s and simple tools should be 
provided. The list he low represents a nn'ninunn 
of construction niateiial.s and tools that should 
be kept on hand. 

MATKRIALS 
Adhesive* tape !*ins— (omnioii 



.Adhesive 'iVa.v 

Ahiiniiiuni loil 

Balloons 

Balsa 

P>ca(Is 

Bohs and wiiii; nuts 
—assorted si/cs 
' Oaid board 
Cellophane tape 
(loloied chalk 
(.V>l(>re(I (orru«^aied 

cardboard 
(:()n>iriK'ti(>n piiper 
0>rk panels 
Orayons 
Drapeiy (ord 
Drawing paper 
Klasiic thread 
Fell— assoned colors 
I'iberboard 
I'ishline ueij»Ius 
Glue 
Golf lees 
Graph papcv 
l.cucr stencils 



IMasicr of Paris 
IMasiic chips 
IMasiic foam 
iMasiir rin«^s 
IMasiic sheets 

—clear and colored 
IMasiic tape 

—assorted colors 
IMasiic mbes 
Plywood 
Pocket iiiiiTor 
Ptislipiiis and map pins 
Rubber binders 
ktil>i>er cement 
.Sandpaper 
Soda straws 
Spray paim 
Stapler and .staples 
Siring 

Siyiofoam balls and 

blocks 
M'ackboard 
Thinnbiacks 
Tiles— asphalt, ceramic. 

plastic 



Leiieis for mounting Title board 

Marbles Tongue depre.ssors 

Masking tape Tooiiipicks 

Modeling clay Wax paper 

Nails, brads, tacks Wire 

Paint W^ire mesh 

Paper fasteners Wooden dowels 

Pegboard and pegs Wooden Venetian-blind 
Pickup sticks slats 

Pill boxes Yarn 



BiunIi pens 
CarpenieTs rule 
Caipenier s scpiare 
Centering s(piaic 
Com[jasses 
C'oplng ,s:iw 
Drawing l)i)ard 
Ivyelei pmieh 
C'hiing clamps 
I lanmier 
I land drill and 
assorted bits 
Hand saw 
Knife 



.\K'(hani(al diawing kit 
Meud shcais 
N) lon-poini pens 
Paim bniNlu's 
Paper < utter 
Paper ptm( h 
IM.me 
Plieis 
Pioira( lor 

Ka/or bhide.s and holder 
SVissois 
Sdewdriver 
Soldering iion 
Vise 
Wood rasp 

A.s an e.\aniple of a student-made model coii- 
.sider a linkage in the form of a parallelogram 
I hat is made with four strij)s of .still* cardboard 
joined by brass paper last cue i\s (Tig me 8..^.^). 
'The eyelets make ench vertex a movable joint: 
therefore, the model can be used to le present 
many dill'eieni parallelograms. With the nid of 
this model and a protractor, the studeni can 
observe that the sum of the measuie.s of ilie 
angles of a parallelogram is %{) degrees, that 
opposite angles have the same measine, and that 
con.sec'utive angles are supplementaiy. Usin^i^ 
elastic thread to lepiesent^ diagonals enables the 
student to .see that cither diagonal sepaiates the 
p;;rallelogram into two congruent triangles, and 
that the diagonals of the parallelogram bi.se ct 
each other. 

Stiulcnts can tost iheir ohservation.s (onceining 
a parallelogram by using a linkage that has the 
shape of a (piadrilateral that is not a parallelo- 
gram (Tigme 8. .')(')). 'The smn of the measines oi 
the angles in the fij^me represented by the new 
model is again %i) degrees, bin opposite angles 
do not have the same »neasin*e, diagonals <lo not 
bi.sect each other, and neither diagonal separates 
the hgtne imo two congiuent triangles. By 
stitching elastic thread through the midpoints of 
consecutive sides of the (piadrilateral model, stu- 
dents can .see that the clastic thread represents a 
parallelogram regardless of how the linkage is 
tiansfornied. If .students are asked to compare 
die lengths of the sides of this parallelogram with 
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FiGUKK 8.55 




FiGURK 8.5(3 

(he (lingon.'iLs oi ihc (|(i:i(lril:UcraL ilicy li;i\c an 
(>|)|>(>i uiniiy lo discover an iniponani i»enerali/a- 
(ion ihai can he pioved a.s a iheoieni. 

I'he h'nkat>e (hai ha,s heen de.scrihed h one 
that every stndeni of <»eoMietry .should he al)le to 
make. C'on.s(rn("(ion of nioic el;d)ora(e models 
.should |)rol>ahly he undcr(aken a.s .special pio- 
jecis. Such projtcLs can he very rewarding to (he 
.student. Ill designing and cons(ructing a model, 
ihe .student hn.s an o|)|)or(uni(y U) add de|>(h (o 
his iuidcr.s(an(ling ol idea.s \vi(h which he is al- 
leady laniiliar or (o discoxer ideas (h.it are new 
to him. 

Figure S.57 pictures a model ol (he most 
general kind ol parallelepiped. The model in 
(he piciine is made ol walnut veneer. Kach face 
ha.s the shape of a parallelogram. The student 
who made this model wanted (o be a hie to show 
lhat a plane can he "passed" through a pair of 
diagonally opposite edges. The model is* built so 
that the rcprcsentaiion of the plane through a 
pair of diagonally opposite e(h^'e.s is removable. 



The model also has variou.s other nKulienia(i< all} 
signifuant leaimes. llowe\cr, the poiM( we wish 
to make is this: The design piohlems en(onn> 
(ered by a s(ii(len( who builds a model like (his 
compel him (o (hink abou( niathemadcal de(aiU 
(ha( may not hu\e occuned (o him belore. 

The s(iKleM(-niade model pic(nre(l in iMgnre 
S.5S is made ol slice( ahnniniun. K.xcept for 
e.xtrenie cases, spherical (i iangle.s ol e\er\ shape 
can be repie.sen(ed wi:li i(. '^I'hc student who 
con,s(rne(e(l (his model had only (he usual two- 
diniensioiial diawings horn a geoniedy (e.x(book 
(o guide him. This model iepresen(s a remark- 
ably creative elfori. Buildings it recptired a great 
deal of knowledge not only ol mathematics but 
also of me(al workiu". 
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Figure 8.58 



Figure 8.59 



Coujtesy of LaPine Scientific Company 



The opcnino sentence of ihis seclion (". . . 
making a model, either as part ol a hiboraioi \ les- 
son or as an iiulepcndau project, can he a mean- 
inglul learninj; experience for the student.") 
i.s no empty chiini. Bnihh'no a model is a mean- 
ingful learning experience for the j>tudeni. One 
reason is that students are hasicalK creative. 
H\en when a student huks the needed skills, he 
still likes to make things. Korinnately, this char- 
acteristic of students has been lecogni/ed h) pio- 
(hiceis of instinct ional aids foi mathematics— so 
there is on the maiket today a variety of kits 
containing partially assembled models. Assem- 
bling models wiUi these kits gi^es the student the 
feeling of accomplishment that comes from 
CI eating something, h) the process, he (an leain 
important mathematical ideas. 



Displayed in I-igure 8.59 are some of the con- 
tents of the S«ige Kit with illustrations showing 
ways in whiJi the student can use the kit to 
hin'ld models. >\c(()nipanying the kit is an in- 
struction booklet that scrses a purpose siniilar to 
the guide sheet sngge.siecl earlier. 

Displayed in Figine are the contents o! 
a di.staiice-meiLsin ing instrmnents kit. Three de- 
\i(es can lie bin' It with this kit— a i«mge Under, a 
paiallax \iewci, <ind an optical miciometei. 
Figme 8.()0 also show.s how the lange lindei 
can be u.sed to line! distances. liuilding the three 
devices will gi\e the student the thrill o! deal- 
ing something; using it (especially the lange 
lindei) will make him wonder why the device 
works; and pro\ing wli\ it works will make him 
think al)out exciting mathematical ideas. 
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Movable Mirror 



Fixed 
Mirror 



Mirror 
Holder 



Masking 
Tape 



(Used As 
Scale) 



Nut 
(At Each End) 




Wooden Base 



Pivoting Arm 



Object 




Paper Clip 
(Used As Pointer) 



(Uitntc^V of i\fu<al(\\i(r Sdnttiftc Comftiiny 



h'ua'lu. Disl(in(e-nic<isiin)iir inslrummis /;//. /// use, an objrtl is xncwcd ovo llir fixed 

tninot as sliOiVU in the righl^luDid dingrain, llir movable mirror is ihen rotated 
with the fnvoting arm until an image of the objeet ean be seen in the fixed 
)nirror. The inuige and objeet are aligned. The instiument is ealibratcd by 
nuirlting on a strif> of >nashing taf)e an the base the jwsitions of the l)al)er' 
elif) fnnnter for objeets of hnojon distanees. 



W'c (oiitlndc ilii.s scdioii l)\ niemionini» one 
oilier way in uhidi icadicrs can encourage MU- 
(leiiis U) l)uil(l niodeLs. Tliis is leally a variiition 
of the kit idea. Supplying siudenb u'iili a scjdc 
drawi? g ol a pattern lor a model, or with the 
pattern itself, will often he Miiiicient to get them 
.started. 

The model that ean he made with the patterns 
displayed in Figure 8.(51 is a three-piece dis- 
sectihle triangular right prism.** A suitable eon- 



.strnction material is cardboard. Afu i cutting out 
the paiteru.s. the car(ll)oard should he folded 
idong thetla.shed line.s. Kdge.s nia) he joined with 
tape. When the three pieces of the completed 
model are placed together so that vertices with 
the .same lettci dvc togetliei, the resulting model 
should look like the one in Fijjure 8. 1 1. 



.'{. TUis set of i*»ia!ns is an adaptation of dioso .shown 
in MatftetiuUics ft UlemcnUDy School Tvacheis, hy Helen 
L. (i;n>tens and Stanley H. Jackson (20, pp. 107-71). 
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lU'll.DIXc; A MOOKl. coKLKcrnox 

A nuxlcl (ollcdioM i.s not honi. Ii .simply j»i()\\'.s. 
How (Iocs :i model (ollcnion smn} Ii iisM:illy 
Mans N|)()iu:mcou>ly— when ilic icadicr (Iinconltn 
^oinc (•!)](•( I iImi is iisriiil as h model .iiid dnidcs 
U) keep ii. 

One wax ol inakint; a model (()llc( lion ^low Is 
noiiiishinj; ii wilh ii.Nelid realia mu (i as exciiiiio. 
lookin;^ l)()Xe.N. pieces of pipe, lainp.shade.s. and .so 
on. Addini; .sUidem-nKide models is anoMier way 
of inakino a model (olleeiion oyo\\\ Smdem.s are 
nsiialK pleased U} l)e a.Nked lo (oiurihme iheir 
models. A woid ol cimion is in order here, how- 
ever. Ilavinj; sindeni.s make nuxlels simply to 
cnlaij;e a .school's (olleeiion is noi recommended 
a.s end in ii.selL Theie are .several reasons lor 
diis. Kirsl of all. ihe purpose of havint; students 
make nuxlels is not alwavs .served i)v ha vino tlien» 
(oneentrate on the son of (raltsman.ship looked 
lor in a model that is to he put in a school's 
( ol lection. Secondl), .students eaunot be expected 
to prcKlure the vaiiety of nuxlels thai a .srh(X)l 
needs. Finally, .students (hcino student.s) are 
ordinarily not able lo produce many of the 
models thai ihey then* selves need in older lo 
learn mat hematics. 

(^olleciino realia and aceiunulatino .s^udeni- 
macle nuxlels are helpftd .scheme.s for building a 
nuxlel eollec lion. However, neither scheme, nor 
even both together, are adecpiaie mean.s. Tlieie- 
forc. the purchase of romnicrcially piodtued 
nuxlels sluxdd i)e anticipated as the most reliable 
way of I)uil(h'no* a nuxlel rollcciion lor a .sclux)!. 
It is i)est U) beoin by ac(piirin(( a Tew basic 
niodel.s that are versatile and stuidy anc! which 
serve |)urpo.ses that cannot i)e met by usin» pic- 
lin es from a ixx)k. chalkboard diagrauLS, objec is 
in the classr(X)m, or siiideni-made models. Once 
.stalled, the collection can be enlarged year by 
year. 

Befoie purchasit)<» a m^xlel ihc teacher should 
ask lnin.se ' the nine major cpiesiions listed be- 
low. Kor a penet latino :ipprai.saL ihc sulxpies- 
lions mi<»hi be (onsideied. 



1. I'or what purpose can ihi.N nuxlel !)e used? 
(i) Clan II be unccI to mot i\ ale learning? 
//) (ian ii be used lo awaken .>in(leiii in* 

leiesir 

<) (ian it he ii.sed to einich leaniin<»? 
(I) (ian ii be used to help .sludeni.s di.scoxer 
a ( OIK epl? 

r) Cam ii be |J^al to help clarify an idea? 
/; (iau it i)e i!>ed to .^pee(l up (()imiiinii(a< 
lion? 

il) (ian it he used to leadi an algorithm? 

h) C,Mi ii be used to hel[) siiidenis soixe 
a pioblein? 

i) Clan it be used for praciicinj» a skill? 

/) Clan it 1)0 ii.sed to help students j»rasp a 

spatial relalion.^hip? 
Ii) Clan ii i)e u.sed to help .sliideius make 

ll:Mlsition.^ iroin ihe concrete to theab- 

.siract? 

/) Clan it be ii.scd \ov a lec reaiioiial ac- 
tivity? 

///) Can it be u.sed to illiistiate application 
of a iiiaiheinatical idea? 

2. In what kinds of insiruciional arrange- 
ments is this nicxlel to be u.sed? 

a) As a demon. St rat ion aid with lar<»c or 

meclinm->i/ed cla.ss J•rc)up.^? 
//) For laboratory work? 
(') For independent inves;i<»au"oii I)y .sin- 

cleni.s? 

(I) For displays or e.x'hibii.s? 
15. Wilh what .subjecij; in niaiheinaiics can 
this model be u.sed? 

'I. Is the mathematical idea that this model 

depicts significant? 
r>. Is the construction of this incxiel faithful to 

the maUieinatical idea it is supposed to 

depict? 

(). Is this model huge enough so that details 
pertinent to ihe idea depicted are clearly 
isible? 

7. Is his model well designed and well con- 
sinicied? 

8. Is this model sturdy enough to be handled 
by students? 

9. Can this )noclcl be used to do somelhing 
that cannot be done as well or better in 
some other way or with some other in- 
structional aid? 

It is unlikely that any model you purchase 
wiJI have all the cpialities you wish it to have. 
Hence your selection must be tempeied by your 
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jii(l<*inciit of the total contribution it is likcU to 
make lo your iii>trnaion. 

W'e have left until hi.st (he inatter> oi a»t and 
.Ntoiaj^e. CoNt >honhl he connncn.sinaie u'ith the 
ii.Ne expected ol a model. IT a model is versatile 
and likely lo I)e ti.sed a «»reat deal, then a si/able 
eNj)enditure of money wonid I)e jtibtiliable. How- 
ever, il a model is f^oin*^ lo be n>cd only once. 
eNtrav:ii»ance .should l)e«avoided. Models that 
depict die .same idea arc available today at dil* 
ieient level.s oF co.st and (pudity. The e.xpected 
ii.se ol a model should be a deteimininj^ faetor 
in makin(> a proper ehoice. 

In bnildln*^ a model eolleetion for a .seliool. it 
.should be kept in mind that models need to be 
Moied when they are not being used. In a large 
.school, models ean be stored in a niatbeinatics 
leMinrce eenter. In a small .school, it is likely 
that the cniiie model collection of the school 
will have to be .stored in a .simple room. The 
roller-nionnted combination storage cabinet and 
denion.stration table pictured in Figure 8.62 is 
one example of a piece of ccpiipnient that can be 
used for thi.s purpose. 



WM.Vr M()I)KI.S AR K .W'AIl.ABI.K? 

To Use nuxlel.s elleciively. a K-acher needs to l)e 
aware of what nuxlel.s are available. To keep in- 
toimed about the availability of new nuxlel.s ii is 
helphd to lead piofe.ssioual journals in which 
anicles about models and advertisements for 
connuercial models hecjuently appear. Visiting 
exhibits of manufactuiers and distributors of 
models at conferences and maintaining an tip- 
lodate catalog file aie also helpful. 

To assist teachers in .selecting and purchasing 
nuxlels. a compilation of the ustial catalog names 
of models consideied useful as' instructional :iids 
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in in:tihcin:iii(.s i.s |)rcNcnU'(l :ii ihc end ol iln's 
(li:i|)ic'r. 'I'ln's ('()in|)il:iM(>n is |):in of :i hiii^cr liM 
|)U'|).nc(l l)\ ;i (hiss in nMllicni.iMo cdnc.nion aI 
I lie I nixcTsiiy of Miinicsoui. Mcnihci.N of Uic 
rLi.s> cN.nin'ncd n: <j ili:in LOIH) disiiMhnlor.s' 
dialogs in prcparin!^ ihcir li.si.' 

The ;'oni|>il:ni()ii :i|)|)c:n\s :ii (he end ol 
litis ( h.i|>(ei i> ()it;:nii/ed iiuo iwcnu (:nc.i*()i ie.s 
jMordini^ (o (he nij(henia(i(;il (opic.s ;nid con- 
(e|)(> .shown in (he l>oN. A model ron.sideied 
|)io|>ri;ne lor nse \vi(h more (han one (o|)ic is 
li.sled nndei* eadi topic lor whidi il is .sni(:il)le. 
In .iddi(ion. (he ( ompil.nion ( hi.sNifie.s e:u li model 
a((ordin,!; to the ei,i;lu (ypes onilined at (he he- 
<;innin,<; ol" (he (h.a|;(er (denion.sdaiion devices. 
m.nii|>ida(i\e de\i(e>. and m> lordi) and li.s(s one 
or nioie dis(i il>inor.s lor each model. 



I. (::ii:iloji< MNC<[ uc:c obciinni fioin (lie .S:iini Caul Pub- 
lic .School 5 .M:iili( iii;iii(s Kcnomki Cx'iKcr. uhi<h keeps 
ii|Mo<l:i{r (lie of cu.-Mo;;^ of (liMii^^iKor.N. Helen Uughe5 
of lliitNon. U'iNtoiiNiii. \< ie<|)OiiNil>lc for (oinpfUng Hie lis: 
in :i fonniii ih:u U ;i((( nmI)Ic f<>i n<c hv leiuhers. 



vvii.vr is"niK i t'it rk oi- .modkls:- 

rile innnhei ol (onnncitial models a\.iilai)le loi 
(eadiei.s ol nia(henia(i(> lias in(iea>ed ih.nn.ni- 
(all\ in leceni yeai.s. and in<liia(ion.s aie tha( an 
ever-inrre:.sini» snpply will he- availahle in (he 
I'ndne. 

Tlie ne(e>siiy foi moic .suidein.s to leain more 
ina(hema(ics nioie eiruienth Jia.s heen (he (aiisr 
oF nnineroiis e.xpei imeinal |)i obtains. Oik- of (he 
( hief (oneeins oldie.se programs i\s in(li\ idnali/a- 
(ion of iiiMrnciinn. To ihis end many of (he 
pio^iam.s empliasi/e di.N(o\ ei \ .ind l.d)oiaton ap 
[)roa( lies. .Models plav an inipor(an( role in such 
approaches. 

l*ro<;iams foi >(iiden(s in innei ( i(\ .sdiook foi 
.Ndidems widi special learinn;^ disal)ili(ie.s. and 
lor culunally deprived .sdideiKs sde.ss the im- 
ponance of providinj» iionveihal means of (om- 
nnini(a(ion. .Sndi coimnnnicai ion is an impor* 
(am rnnciion of nuKlels. 

Uecenily madiemadVs (ex (hook publishers 
have l)e<»im piodiirini^ niaierials pa(kai»es (o ac- 
company (he {eN(l)o()ks (hey pnhli.sli. !( .sceins 
alm()s( ceKain (hai (his pracdVe will lead :o ex- 
panded use of models by. (eaclier.> of ma (he- 
ma (ics. 

I'inally. coniitmcd i;ovcrmne:i( snppori lor in- 
n(>va(ion in ednca(ion will nndonhiedly provide 
coininned iinpedis lor (he developineiu of more 
new models and for wider use of models. 



SUMMARY 

In this chapter we have described (he role of 
models in leachini*^ and learning jnadiemaiics. 
made various sii.tige.siions for nsinir models eifec- 
lively, and aueinpied to <»ive .some i^m'dance in 
the .selec(ion and proem eniein of models. If yon 
aic not now nsino modeb in yonr teachinir. we 
trust dia( yon will in (he rninre. And if yon do. 
we are conlident that yon, like thousands of 
other leacheis of maUiemaucs, will rarely want 
to teach wiihont them. 



M.ATIIK.M.VTICAI. TOPICS 
AND CO.XCKins 



1. 


Sei.s 


o 


NiuneiaM'on .Sxsiein.s. Nnniher S\s(eins 


!). 


Plane and Solid (;eome(ry 


I. 


(.'(>oidina(e (ieomen y 




.Measinemem 


i>. 


l*rol)al)ili(y and S(a(is(ics 


7. 


ronnnlas 


»S. 


1 .0!;i(; 


[). 


Ra(io, Propor(ion. Peicen(ai;e 


10. 


Opera(ions and Their Propenies 


11. 


Open Seniences 


12. 


(oaphs 


i:;. 


Relations and l-'nnc(ions 


M. 


l.o<;ari(lnns and Kxponeins 


If}. 


Trii^onoinetry 


K). 


Linear Algebra 


17. 


Topology 


IS. 


Transformations 


11). 


(.alcnlns 


20. 


('ompnter Cioncepts 



USING MODKI^ AS INS rRUCTlONAL AIDS 



.MODKLS KOR 'rW'KXTV .MA'l'l I KMATICAI. lOPICS AND CiONCiKPTS 



Models ;irc (I.i>m'Iil(I in nvo ways in Mii> ronipilaiion: (I) undci die i()|)i(S and (oiKC'in.s lor which 
lliC} aic (onsiilcrcd iisclid as insirnclional aids and (2) accoidini; lo ijpc as idcniilicd l)\ the code 
sVMcui hvUn:, Lisu-d widi cadi model is die name ol' one oi inoir distiihutors. The rull naincs and 
addic-sMs ol di.Miihitiois are li.sled in die Appendix. 



D— Den ion si rati on I)evi('es 


K-Kils 




M— Maiiipidaiive Devices 


G— Games 


and Pn//le.s 


Conipniaiional Devices 


S— Science 


Apparatns 


I— hiNtrniiicnts for Mea.snriiii* and Drawiiii; 


R-Realia 





I. Sins 






Airny Hoard 


D M 


St ieiice Research Associates 


Kleciroiiic Logic and Seis Denionsiraior 


I) 


Lano 


1 lold-on Sel Maker 


D M 


Wcher Cosiello 


Minne-I>ars 


•M 


jndy 


:Mo(leni Maili Denionsiraiioii Roaid 


D M 


C>aiiico 


Modern Madi SymhoLs 


D M 


Clanico, Geyer, NASCO, 






Science Research Associates 


New Maili Gliarts 


D 


Insiincior. NASC^O. Nystrom, Weber 






* Cosiello 


On Sets (,i»anie ol sel iheory) 


G 


WIT N IMIOOK 


Series of Wall Chans 


D 


Walker Kdncational Book 



2. NUMRRATJON SVS^ri:MS AND .\U:\ri'>I- R SYSTKMS 



AI)aens (!.". 15, and 2,^ reeds) 


D M 


C 


I'nitle 


Base J5locks 


iM 




Ideal 


Base Conversion Chan 


D 




l(h:al 


Base-Five Plare Valne Chan 


D C 




Ideal. NASCO 


iiase-^Ien C^oitniin,!^ Frame 


iM 




Science Research Associates, 
Weber Costello 


Binary Connier 


D M 


C 


Saij»entAVelch 


Binary System l-nci Cards and Slide Rules 


M 




Bowinar 


Chinese Abacus 


M C 




Sari»eiiiAV'eIcli 


Ciicles for C:dculaiin|i^ I* mictions 


D M 


C 


Franklin, Fieyer 


Direci Readiiij; Ball Abacus 


D M 


C 


'FRNTiX 


ICx pa tided Notation Caids 


D 




Ideal. NASCO 


I'^raciion C^liart 


D M 




Fx ton. Ideal 


Fiaciicm Finder 


M 




AIM 


Fraciion Inlay Boards (squaies. circles) 


D M 




jndy 


Fraction Kit (teacher and pupil) 


D M 




Ideal 


Fractional I^irts (squaies, circles) 


D M 




liowmar, Ideal, Instructo, Weber Costello 


C'tanl Dominoes 


M C 




NASCO 



282 



CHAPTKR KlGMT 



NU.XfERATION SYSTEMS AND NUMBKR SYSTEMS (Comiuucd) 



Hiindial Clinii/noaid 
Imcgcr Slide Rule 
KincMhciic Numeral Cards 
Magnetic Nnnib-R-Ods 
Magnetic Numerals 
Modern Conipuiing Abacus 
Mnliiple Base Abacus 
New Maih Charts 



Nnniber Line Rule 
Number Lines 



Ninnber and Pic t me Dominoes 
Number Relation Blocks 
Open End Abacus Kit 
Place Value Board 

Place Value Charts (student and teacher) 
Place Value Indicator 
Place Value Tab Rack 
Projectable Abacus 
Rational Number Line 

(piinted chart and pegboard) 
Real Number Game 
S(piare-Root Chart 



D M 
iM C 
M 

D M C 
D M 

M C 
D M C 
D C 

M 
D 



M 
M 

D M C K 
D M 
D M C 
D M 
D M 
D C 
D 



G 
D 



Ideal. Instrncio, Judy,^NASCO 

Bowmar 

Instrncto 

Yoder 

Instrncto 

Ideal 

\VeI)er Costello 

Instrncto, Instructor, Nystrom, 

Weber Costello 
Sigma 

Bowmar, Houghton Mifllin, Ideal, 
lustructo, Instructor, Jndy. NASCO, 
Weber Costello 

Weber Costello 

NASCO, Weber Costello 

Houghton MilHin 

Ideal. Instructo, NASCO 

Ideal, Instructo, NASCO. Weber Costello 

Bradley 

jndy ' 

Tweedy 

Ideal 

WIT 'N PROOF 
Gever 



3. PLANE AND SOLID GEOMETRY 

.Angle Prism 1 S 

Applied Geometry Experiments Kit M K 

.Archimedes Theorem Model (cylinder, D 

hemisphere, and cone for fdling) 

Beam compasses M 1 

Burns Boards D M 

Cavalieri's Theorem (cylinder and oblique D 

prism set. cone-cylinder-hemisphere set, 

pyramids set) 

Chalkboard Beam Compasses D I 

Chalkboard Drawing Instruments D M 

(T-square, compasses, ruler, protractor) 

Chalkboard Drawing Instruments D I 

and Templates 
Chalkboard Graph Charts D 

(rectangular and polar) 



Cenco 

LaPine 

Viking 

Charvo/, Lietz, Math Master, Post 

Ideal, NASCO 

LaPine 

Sargent-Welch 
1 Bowmar, Geyer, Ideal, La no, LaPine, Lietz, 
Maih Master, Math-U-Matic, NASCO, 
Post, Sargent-Welch, Weber Costello, 
Yoder 
LaPine. Post, Yoder 

Geyer, LaPine, Math Master, 
Math-U-Matic, Sargent-Welch, 
Weber Costello 
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C:i):tlkl)(jai(l Cii:ij>li P:m)c1.s 

ClKilklxKiid C.i:ij)h Slcncil.s 

(U( (ani»til:i! .uid polar) 
Clcai "I ian.sj>aiLin Markahic Globes 
Coaxial CvIiikKm.s liua.soticci l)\ an 

Axial Plane 
(.'oiif u iih (arctilai Sn lion 
Conc.s and Conic Sec lions 
CoiRs and C\lindei> 
Cone- uiih Paial)oli( Scriion and 

DandcliiT.s .Sphcrr 
Cone of '^l u-o Nappes with Ihpcrbolic 

Sc( lion 

Cone ol 'IVo Nappes with Hyperbolic 
Sc( lion and Two Spliere.s of Coniaci 
CJonliginaiions 
Cn.sial Alodels 

Cnbe and Tyiainid 
Dandclin'.s Cone 

OcnioiLsiiaiion Conic Seeiion Cinvcs 

Scaled for U.se with a Pe^board 
Di.sseaible Binomial Cidje 

Di.ssec lible Prism Set 
l)i>se(iible Wood Cone 

Ki«>Iii ()( iani.s Model 
Hllip.soid 

Killal)le Mollou- PlaMic C;eoineirical Bodies 

((•til)e. sphere, cones, cylinders. pnMns. 

py lain ids) 
l"leNii)le and Adjnsiable PolygoiKs 
I'leNil)le Plasiie Templates Showing Areis 

of Circidar Cylinder, Cone, Prnsunn ol 

Co lie 

l old Oni Laieial Area Sci 
iMindnmenial l.ocns Demonsiraiion Kii 

C;eol)oar(I (scpiare and circle) 
Geodesiix Kii 

Ceoineiric Models Consiniciion Kit 
Ceoineiric Solids and Snilaces 

(31)-piece sei. wood) 
Ceoineiric Solids (large plasiic) 
C;eoineiric Transformation Animation 

P>oards 
Geoineiry Chans 
Ceoineiry Chans (elenicniary) 



D Claiidt^e l.aPine. Maih MaMci. 

Malli-C-.\l:ni(. Wcbei COsielio 
I) Lano. I, a Pine Maih Alasitr. 

San;ciM-\\ elcli 
I) iMupihai 
D Saigeni \\ eldi 

D Saij»em-\\'t>l(h 

I) M Lano. l..iPine. .Saigcni-W'flch 

0 M l.aPine MaUi Alasitr 

I) La Pine Vikin- 

l.aPine Snigciu- Welch. Viking 

n LaPine Viking 

C; W I K N PROOF 

D M Saigeni-Wclcli. .Science Relaicd AlaicriaU 

Viking 

1) Saigeiu-WVIch 

D LaPine Sargcm-Wclrh. Viking 

D hano 

D Lano. l.aPine Saigcni- Welch, 

SViciue Relaicd .Materials 
D M l.aPine 
D M SargemW elch 

D Viking 
D Viking 

D Viking 

D M I (;c\er. l.aPine, Sargent-Welch. VisX 
D LaPine 

D M LaPine .Maih .\fasier 

D M K X'iking 

Cnisenaire. Sigma 
K Ceodcsiix 
K Bradley 
D M \ o(ler ' 

D M Ideal 
D LaPinc 

D Ideal, Insinicior, Judy. Viking 

D Ideal, Walker Kclncaiional Book 
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3. PLANE AND SOLID GEOMETRY (Coiuiiuicd) 



CJeoinciry of the Circle Devices (measure- 


D 


M I 


La Pine, Sargent-W'elch 


ineiii of angles fornied by chords, lan- 






genis, secants; ratio of segments of chords, 








sec; nits, etc.) 








Hemisphere, Cylinder and Cone 


D 




LaPiiie 


Hemisphere with Spherical Pyramid 


D 




SargentAVelch 


Hemisphere with Spherical Sector 


D 




Sargent-Welch 


Hinged Layout Model of Cube and 


D 




La Pine 


Pyramid 








Hypcrboloid 


D 




Viking 


hist rii meats for Determining tt 


D 


M I 


Geyer, La Pine, Sargent-Welch, IJowmar 


hiverse Square Law Demonstrator 


D 




Sargent-^Velcll 


Jigged Geometric Shapes 


D 


M 


Weber Costello 


I^cus Construction Devices (hyperbola, 


D 


M 


Geyer, »^ano, LaPine, Math Master, Yoder 


parabola, ellipse) 








Locus Kit 


D 




STAS 


Maiheniatics Design Maker 


G 


I 


NASCO 


Miniature Geometric Solids (27-piece 


M 




Edmund 


set, solid plastic) 








Moby Lynx Construction Kit 


K 




Geodestix, Kendrey 


Models of Polyhedra 


D 




Cenco, LaPine, Math Master, Sargent- 
^Velch, Science Related Materials, 
Viking, Vis-X 


i\hdti-Mo(lel Geometric Construction Kit 


D 


K 


Voder 


Mnlti-Model Geometric Construction Set 


D M 


Voder 


i\hilti-Pnrpose Pegboard 


D 




Bradley, Ideal, Lano, Yoder 


Oblique Pyramids 


D 


M 


LaPine, Math Master 


Pantograph 


D 


M I 


Chaivoz, Geyer, Lano, Liet/, Math Master 
Sargent-^Velcll, Yoder 


Paiabolokl 


D 




Viking 


Parallel Rulers 


D 


M I 


Charvoz, Geyer, Math Master, Sargent- 
Welch, Yoder 


Perimeter and Area Demonstration Device 


D 


M 


Ideal, NASCO 


Perspectograph 


M 


I 


Voder 


Pionieter 


I 




Geyer 


Plane Eigures Set 


D 




Bowmar, Lano, Math Master, Vis-X 


Plane and Solid Geometry Charts 


D 




Viking 


Poleidoblocs 


M 




Math Media 


Polyhedra Construction Kit 


D 


M K 


Geodestix, Hartley, Lano, Math Master, 
Science Related Materials 


Polyhedron Construction Kit 


D 


M K 


Lano, Math Master 


Prism and Pyramid Sets 


D 




Lano, LaPine 


Pythagorean Theorem Demonstration 


D 


M 


Bowmar, Cenco, Lano, LaPine, 


Device 






Math Master, Sargent-Welch, STAS, 
Viking 


Regular Polygons Set 


D 




Math Master 


Rotation of Plane Figures Devices 


D 




LaPine 


Sectioned Circular Cylinder 


D 




Sargent- Welch 
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Sectioned Prisms (four- and !»iN-.si(led) 
Seginemcd Sphere 
Single Ociani Model 
Slated Globe 

Solid Geometrical Figures (wood) 
Solidvln-Solids 
Solid Shapes Lai) 
Soma Ciil)es 

Space Geometry Lab Kit 
Space Spider Kit 

Speed-Up Geometry IMackboard Stencils 
Sphere, Cone, and Cylinder Set (nietai) 
Sphere with Great Circle Sections Showing 

L'Hiiilier^s 1 riangle 
Spheres with Removable Lunes, Segments, 

Spherical Cones 
Spherical Triangle 
Spirograjih 

Student Diawing Instruments 

Student Geometry Drawing Template 
Three-Dimension Graphing Device 
Transparent Cones and Conic Sections 
Transparent Models of Geometric Solids 

with Sections 
Trisectible Triangular Prism 
Twixt 

Variable Cylinder-Cone String Device 
Volume Demonstration Set 

1 COORDINATE GEOMETRY 
Chalkboard Drawing Aids 

Chalkboard Graph Chart Stencils 
(rectangular and polar coordinates) 

Chalkboard Graph Charts 

(rectangular and polar coordinates) 

Cltalkboaid Liner 

Dissectible Right Circular Cone (sections- 
circle, ellipse, parabola, and hyperbola) 
Eight-Octants Graphing Model 
Ellipsograph 

Geoboard (square and circle) 
Geometric Transformation Boards 
Graph Stamps (rubber) 



D Sargent-Welch 

D M Sargent-Welch 

D Viking 

D M Geyer, LaPine, Math Master, NASCO, 

Nystroni, Sargent-Welch, Yoder 
D M Ideal, LaPine, Sargent-Welch, Viking 

D LaPine 

K NASCO 

G Parker 

K STAS 

D K Cooper, Math Master, NASCO 

D I Speed-Uj), Yoder 

D Sargent-Welch 

D Lano, LaPine, Saioent-Welch, Vikin<r 

D M LaPine 

D M LaPine, Saigent-Welch 

I K Kenner 

M I Charvoz, C-Thru, Geyer, Lietz, Math 

Master, NASCO, Post, Sargent-Welch, 
Sterling, Yoder 

M I Academic Industries, Speed-Up, Yoder 

D Science Related Materials, Viking 

D Lano, LaPine 

D M LaPine 

D Sargent-Welch 

G Minnesota Mining & Mfg. Co. (3M) 

D M LaPine 

D M I Lano. NASCO, Viking 



D M I Lano, LaPine, Lietz, Math Mast./, NASCO, 
Post, Sargent- Welch, Yoder 

D Cram, Daintee, Math Master, 

Sargent-Welch 

D Claridge, Cram, Denoyer-Geppert, Geyer, 

Lano, LaPine, Math Master, 
Math-U-Matic, Nystrom, Sargent- Welch, 
Weber Costello, Yoder 

D I Math Master, Viking 

D M Lano, Sai gent- Welch, Viking 

D M Viking 

D I LaPine 

D M Cuisenaire 

D Gilnter Herrmann, LaPine 

I M Geyer, LaPine, Math Master 
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^1. COORDINATE GEOMETRY (Continued) 






Mypcrbolic Paraboloid (siring model) 


D 


M 


Maili Master 


Hypocycloid and Cycloid Models 


D 




Geyer, Larnie 


Logariiliniic Graph Chart 


D 




Deiioycr'Geppert 


Map Projection Models 


D 




I'arquliar, Math Master 


Moto Math Demonstration Device 


D 


I 


Voder 


Movable Vector Adder 


D 




Lauo 


Multi-Purpo.se Graph Board 


D 




Lauo. Voder 


Pantograph 


D 


M 1 


Charvo/., Lano, Math Master. 






Sargent-\Velch, Voder 


Parallel Rulers 


D 


M I 


Charvo/, Math Master, Sargcnt-Welch, 








\Veenis and Plath, Voder 


Peg board Grid 


D 


M 


Math ^^aster, Weber Costello, Voder 


Radian Protractor 


M 


I 


Math Master 


Slated Globe 


D 


M 


Cram, Deiioyer-Geppert, Math Master, 








NASCO. Sargent-Welch, Voder 


Solids of Revolution (ellipsoids, 


D 


M 


LaPine, Viking 


h y perboloids, pa ra boloids) 








Templates for Drawing Conic Sections 


T> 


I 


Charvo/, Lano 


Templates for Drawing Ellipses 






Charvo/, Post, Voder 


Three-Dimension Graphing Device 


D 


M 


Science Related Materials, Viking 


Variable Cylinder-Cone Siring Device 


D 


M 


LaPine 



5. MEASUREMENT (DISTANCE, AREA, VOLUME, ANGLE MEASURE, ETC) 


Arc Measmcment Device 


D M 


Sargent-Welch, Vis-X 


Area Kit 


K 


School Sen'ice 


Assorted Equal Volume Solids (1 cubic 


D M 


Gamco, Houghton Mifflin 


inch each) 






Blocks and Trays 


M 


Bradley 


Board Foot 


D 


Vis-X 


Bubble Sextant 


I 


Geyer, LaPine, Sargent- Welch, Weems and 






Plath, Voder 


Calipers (vernier, micrometer, regular) 


D M I 


LaPine, Sargent-Welch, Voder 


Centimeter Grid Paper 


C 


Houghton Mifflin 


Centimeter Number Line 


I 


Houghton Mifflin 


Chain Tape 


I 


Post, Voder 


Chalkboard Beam Compasses 


I 


Sargent- Welch, Speed-Up, Voder 


Chalkboard Drawing Instruments 


D M I 


Bowmar, Ideal, Lano, LaPine, NASCO, 




Post, Sargent-Welch, Voder 


Circle (30-inch circumference) 


D 


Vis-X 


Cone, Sphere, Cylinder Set (metal) 


D 


Sargent-Welch 


Cid)e and Pyramid Volume Set 


D 


MASCO, Sargent-Welch 


Cubic Foot 


D 


NASCO, Sargent-Welch, Science Related 






Materials, Vis-X 


Cylindrical Cup 


I 


Saigent-Welch 


Demonstration Micrometer Caliper 


D 


Sargen t- Welch 


Demonstration Vernier Caliper 


D 


Saigent-Welch 


Dissectible Cubic Foot 


D M 


Ideal 
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Disbccliblc Liter Block 

Dry Measure Set (pint, quart, peck, bushel) 
Fillable Hemisphere, Cyhiulcr and 

Cone Set 
Geonielry Demonstration Set for 

Calcnhuin^^ Area and Vohnne 
Gravity Protractor 

hiscribed Anj^le Measurement Device 
Isometric Protractor 
Levehng Rod with Target 

Liquid Measure Set (gallon, quart, j)int, 

gill) 
Map Measures 

Measuring Disk (for determining tt) 

Measiu'ing Tape 

Meter-Vard Comparison Chart 

Metric System Chart 

Model for Demonstrating A = Trab 

(area of ellipse) 
Number Line Ruler 
One-Inch Cubes and Half-Inch Cubes 
One Square Yard 
Pattern Dial for Drawing Regular 

Polygons 
Perimeter and Area Board 
Pionieter 
Planimeter 
Pocket Transit 
Projection Vernier 
Proportional Dividers 
Protractor (radian measure) 
Radian and Circle Demonstrator 
Range Finder, Parallax Viewer and 

Optical Micrometer 
Rectangular Gcoboard 
Rolatapc 

Semicircular Blackboard Protractor 
Set of Boxes with Different Volumes 
Sextant (student) 
Spheronieter 
Spring Scale 

Thermometer (centigrade or 

Fahienheit) 
Transit Level with Tripod 

Trip Balance Scale 
Triscctiblc Triangular Prism 



D M S Ccnco, Lano. La Pine. NASCO, 

Sargent- Welch 
D Ideal, NASCO 

D M Cenco, LaPine 

M K C Viking 

D 1 Ceyer. Liet/, Sargent-Wclch, Yodcr 

D M Cenco, LaPine, Sargcnt-Wclch 

I GraphiCraft 

1 Beigcr, Ccnco, Gcyer, Post, Sargcnt-VVclch, 

Voder 
D Ideal 

I Liet/ 

M 1 Sargent- Welch 

I Post, Sargcnt-Wclch, ^'ouer 

D Bradley ^ 

D 5aigont- Welch 

D Viking 

M Sigma 

D M Vis-X 

D Ideal, NASCO 

M 1 Saigcnt-Wclch 

D M Ideal, NASCO 

I Gcyer 

I Charvoz, Sargent- Welch, Yodcr 

MIS Post, Sargcnt-Wclch 

D M Sargent- Welch 

M I Post, Sargcnt-Wclch, Yodcr 

M .1 Math Master 

D M Sargciit-Wclch 

M 1 Sargcnt-Wclch 

D M dMcyci* 

I Post, Rolatapc 

jD I Gcyer, Post, Speed-Up 

D Ideal, NASCO, Science Related Materials 

I Cenco, Sargent-Welch, Yodcr 

I Sargcnt-Wclch 

D I NASCO, Sargcnt-Wclch, STAS 

I S NASCO, Sargcnt-Wclch, STAS 

I Berger, Cenco, Gcyer, LaPine, Post, 

Sargcnt-Wclch, Yodcr 

S Saigcnt-Wclch, STAS 

D Cenco, LaPine, Sargcnt-Wclch 
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(). PROBABILITY AND STATISTICS 



Coin Tossinj^ Machine D M 

Dice ^ M 

Di.sscciil)lc Binomi:il Cube D M 

Pcrcemnge Protractor M C 

Probability Demon.strator D M 

Probability Experiment Kit K 

Probability Kit K 

Probability Slide Rule D M 

Probability and Statistics Lai) D M 

Probability and Statistics Lab Unit D M 

Random Motion Graph Paper D M 

Roulette Wheel (regulation) D M 

Snulent Slide Rules D M 

Topolo|:*ic Nomograph for Arithmetic C 
Mean or Average 



LaPine. Math Ma.ster 
Lano 

C.enco. Lano. LaPine, Math Ma^le^. 

XASCO. Sargent-Welch. Sricnci- 

Related Matciials 
Math MaMer 

Cenco. Ge\er. llarcouri Brace jovanovich. 
Lano. LaPine. Math Master. NASCO 

Lano 

Kduumd 
C Rolaiape 
K LaPine. STAS 

Math Master 

Science Related Materials 

Lano 

C Compass. C-Thru, Ceyer, LaPinc\ Mmh 
Master, Post, Sargent- Welch, Sterling, 
Voder 
Schur 



7. FORMULAS 






Burns Boards (pupil and leacher) 


K 


Ideal, NASCO 


Circle (SOinch circumference) 


D 


Vis-X 


Circle Area Device (sand filling) 


D M 


Lano, LaPine, Viking 


Circular Disk Divided into Sectors 


M 


Voder 


Circumference Demonstration Models 


D M 


STAS 


Cone, Sphere, and Cylinder Set 


D 


Math Master. NASCO, Sargent- Welch 


Cube and Pyramid Set 


D 


NASCO, Sargeni.VVelch 


Demonstration Conies 


D 


Lano 


Dissectible Binomial Cube 


D M 


Cenco. Lano, LaPine, Math Master, 






NASCO, Sargent- Welch, STAS 


Dissectible Binomial Square 


D M 


Bowmar, LiPine, Math Master 


Dissectible Dimension and Capacity Models 


M 


Viking 


Dissectible Pythagorean Theorem 


D 


BoKmar, LaPine, Sargent- Welch 


Demonstration Model 




Dissectible Trinomial Square 


D M 


LaPine 


Equal Arms Balance 


M 


Harcourt Brace Jovanovich, Math Medi 


Flexible Lateral Area Templates (cube, 


D M 


LaPine 


pyramid, cylinder, cone, frustum of 






a cone) 






Geometry Dial (formulas) 


C 


Viking 


Geometry Dial (33 formulas) 


C 


STAS 


Interest Computation Board 


M C 


LaPine 


Indirect Variation Board (xy^h) 


M C 


LaPine 


Percentage Board (P = R * B) 


M C 


LiPine 


Percentage Protractor 


M C 


Math ^L'^ster 
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Pcriincicr Aica Board 


M 


Ideal, NASCO 


Rack and Pinic»i for Determining tt 


D M 


LaPine 


Right Triangle Models (30-60^90 and 


D M 


Lano, Math Master, Post 


'J:VI5.90) 




TraiiMnobiles (principles oi levers, 


S 


STAS 


piillcy.s. gears) 






Trisect i hie Triangular Prism 


D 


LaPine. Sargent-Welch 


8, LOGIC 






Brainiac Kit 


K 


Berkeley, Lano 


Dr. Nim 


G 


Edmund 


Electronic Logic and Sets Demonstrator 


D 


Lano 


Electronic Logic Trainer 


D M 


LaPine 


Hypothesis Machine 


D M 


NASCO 


Kalah Game 


G 


Kalah 


Logical Blocks 


M 


Herder 


Tac-Tickle 


G 


WFF 'N PROOF 


'l'ic-1 ac-Toe Game (3-D~also called 


G 


Gangler-Gentry 


"Qnad') 




WFF: The Beginners Game of Modern 


G 


WFF "N PROOF 


Logic 






WFF 'N Proof: The Game of Mode n Logic 


G 


WFF "N PROOF 


9. RATIO, PROPORTION, PERCENTAGE 




Circle for Calculating Fractions and 


D M 


Freyer 


Percentages 




Decimal and Percentage Board 


D M 


Idea.l 


Decimal Place Value Cards 


D M 


Ideal, NASCO 


Fraction Discs 


M 


Bradley, LaPine 


Fraction Disc Calculator 


D M C 


LaPine 


Fraction Equivalents Board 


M 


Creative Playthings 


Fraction Finder 


D M C 


AIM 


Fraction Inlay Board (sciuarcs, circles) 


D M 


Judy, NASCO 


Fraction Pies, Cubes, Blocks, etc. 


M 


Creative Playtliings 


Fractions Game 


G 


Bradley 


Indirect Variation Board 


D M 


LaPine 


Inverse'S<iuare-Law Demonstration Device 


D 


SargcntAA^elch 


Magnetic Fraction Circles 


D 


Instructo, NASCO 


Markable Plastic Demonstration Boards 


D M 


LaPine 


for Ratios and Fractions 






Math Wheel 


D 


Bradley, NASCO 


Pantograph 


M I 


Geyer, Lano. Math Master, Sargent-Welch, 






Yoder 


Pans Imparter 


D M 


Exion 


Proportional Dividers 


I 


Compass, Post, Sargent-Welch, Yoder 


Rubber Inset Fraction and Area Boards 


D M 


Physics 



c:iiAP"n:R i-iou r 



10. OPERATIONS AND THEIR PROPERTIES 



Addition Cnhcs M 

Addiiioii'Suhmciion Slide Rule M 

Array Bo:ir<l D M 

Chinej^e Al)acus D M C 

Circles for Calcjlaiinjj Eraciions I) 

Coin l)in:it ions Card Game G 

Conipuiing Abacus M C 

Cross Number Puzzles G C 

Cuisenairc Rods M 

Direct Readini; Abacus D 

Electric Math Quiz. Game (elementary) G 

I-Win (card game) G 

Magnetic Numb-R-Ods 1) M 

Matrix Cards for Building Number M C 
Paticrns 

Modem Math Demonstration Board D 

Moto-Math Abacus Parts I) ^^ 

iNIultiple Base Al)acus M C 

Napier's Rods D 

New Math Charts D 

New Math Nund)er Erame D 

Nund)cr Eacts Matrix D 

Number Erame D ^^ G 

Number Erame to Demonstrate D 

Distributive Property 

Number Line Ruler M 

Nund)er Lines DM 

Number Relation Blocks M C 

Pnttcrn Boards M 

Projeciable Abacus D M 

Relationship Cards D C 

Spinno D M 
Synd)olic Bead Nfatcrial for i\fultipIication M 

and Division 

TUF (maihematical sentence' game) G 

Winning Touch G 

II. OPEN SENTENCES 

Basic Facts Cards D 

Equal Arms Balance D M 

Equation Cards D M 

Equations Game G 

Flip-Flash Combinations M 

Gre;' or Than Less Than Chart D M 

Mathematics Equalizer Balance D M 



Creative Playthings 
Judy 

Science Research Associates 

Saigent- Welch 

iMeyor 

Creative Playthings 
Ideal. NASC:0 
Ideal 

Cuisenaire 

Edmund. NASCO. 'FRNTIX 

Ednnnid 

Exclusive 

Voder 

Ideal 

Math Master 
Voder 

Wel)er Costello 
Howmar, Ideal 

Nystrom, W^alker, Weber Costello 

Ideal, NASCO 

Ideal 

Creative Playthings, NASCO. Sargent-Welch 
Ideal, LaPinc 

Gamco, LaPine, NASCO 

Bowniar, Gamco, Ideal, LaPine. NASCO 

Weber Costello 

Creative Playthings 

Weber Costello 

Bradley, Ideal, NASCO 

Weber Costello 

Creative Playthings 

Avalon Hill 
Ideal 



Scott F'oresnian 

Marcourt Brace Jovanovich, NASCO 

Moughton Mifflin 

WFF -N PROOF 

Bowmar 

Instructo 

Math Media 
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Moto Matli Denionsiimion Board :inil 


D 


Voder 


Accessories for Graphing 




Mnlii-Purposc Gnipli Board 


D 


La 110 


New Matli Rehuion.sliip Cards 


D 


Ideal, NASCO 


Pan Balance and Weights 


D M 


Math Media 


'I'UF (uiaihcniaiiGil sentence game) 


G 


Avalon Hill - 


WIT 'i\ PROOF 


G 


WIT "N PROOF 


"Wliat's the Nninhcr?" Cards 


D 


Franklin 



12. GRAPHS 

Centimeter Grid Paper D C 

Chalkboard Grapli Charts (rectangular D 
and polar) 

Chalkboard Graph Chait Stencils D 

(rectangular and polar) 

Chalkboard Graph Panel for Plotting D 

Trigonometric Curves 

Demonstration Conies D 

Drafting Machine with Drawing Board M I 

Eiglit-Octants Graphing Device D M 

Fhmnel Bo:nd Gnipli Set D M 

Logaritliniic and Semi-Logaritlimic D 

Grapli Charts 

Movable Vector Adder D 

Number Line Paper D 

Pcgboaid Grid System d 
Rubber Stain|)s for Small Graph Charts I 
Space Spider 

Three-Dimension Gra|)hing Device D M 

13. RELATIONS AND FUNCTIONS 

Chalkboard Graph Cliarts (polar and D 
rectangular) 

Inverse-Square Law Demonstration D 
Logarithmic and Scmi-Logarithinic D 

Grapli Charts 
Logarithmic and Trigonometric Functions D 

Cliarts 

Moto-Math (demonstration board and D 

accessory materials for graphing) 
MiiIti-Purpo.sc Grai)Ii Board D 



Houghton Mifflin 

Claridge. Cram. Denoyer-Gepperi, Geyer, 
Lano, Matli Master, Matli-U-Matic, 
Nystrom. Sargeiit-W'elch, Weber Costello, 
Voder 

La Pine. Math Master. Sargent-W'elch 
Matli Master 
La no 

ChaiTO>;, Post^ Saigent-Welch 

Viking 

Instrncto 

Math Master 

La no 

Educational Supply, Ideal. N.ASCO 
Laiio, Matli Master 
Ednunid, Geyer 

Ednmnd, Geyer, LaPine, Math Ma.ster, 
NASCO 

Science Related Materials, Viking 



Lano, LaPine, Math Master, Sargent- 
Welch, W^eber Costello, Yoder * 
Sargent-Welch 
Math Master 

LaPine, Math Master, Sargeni-W^'IcIi 

Yoder 

Lano 



CIIAl'TKR EIGHT 



M. LOGARITHMS AND EXPONENTS 



Analog Coinpiiier Kit 


D K 


Ednumd. Lano 


Cireiihtr Slide Rule 


M C 


Charvo/. Compass, C-Thru, Post» 






Sargent-Weleh, Yoder 


Dc-iiioustraiion Analog Computer 


D 


Sargeni-AVeleh 


Deinoiistration Slide Rules 


D 


Claridge, Keuffel and Esscr, Lano, 






LaPine, Math Master, Pickett, Post. 






Sargent-Welcii 


Log and Trig Functions Charts 


D 


LaPine, Math Master, Sargent-Welch 


Logarithmic and Semi -Logarithmic 


D 


Math Master 


Graph Charts 






Nomographs— Getting a Line on 


C 


Cuisenaire 


Mathematics 






Preeision Slide Ride 


M C 


Charvo/, Compass. Crawford, Keuffel and 






Esser, Post, Sargent-Welch, Sterling 


Projection Slide Rule 


D 


Charvo/, Math Master, Pickett, Post, 






Sargent-Wcloh, IVecdy, Yoder 


Student Slide Rules 


M C 


Charvoz, C-Thru, Geyer, Lano, LaPine, 






Math Master, Post, Sargent-Welch, 






Sterling, Yoder 


^ryler Slide Rule 


M C 


Weems and Plath 



15. TRIGONOMETRY 



Alubiguous Case Demonstration 


D 






Math Master 


Angle Mirror 


D 


M 


I 


Yoder 


Bubble Sextant 


S 


I 




Weems and Plath, Yoder 


Chalkboard Graph Chart for Plotting 


D 






Math Master 


Trig Curves 










Chalkboard Graph Charts (polar and 


D 






Cram, Geyer, Lano, LaPine, Math Master, 


reetangular) 








Math-U-Matic, Sargent-Welch, Weber 
Costello, Yoder 


Clear Markable Globe 


D 






Farqnhar 


Demonstration Slide Rules 


D 






Claridge, Keuffel and Esser, Math Master, 
Pickett, Post, Sargent-Welch 


Dial-A-Function 


M 


C 




Math-Aide 


Dial-A-Trig 


M 


C 




LaPine, Viking 


Drafting Machine with Drawing Board 


D 


M 


I 


Charvo/, Post, Sargent-VV^elch 


Full-Circle Protractors 


M 


I 




Cenco, LaPine, Post, Sargent* Welch, 
Wal)ash, Yoder 


Hypsometer with Clinometer and 


D 


M 


I 


Yoder 


Graphic Sine. Cosine, and Tangent 










Table 










Leveling Rod and Target 


D 


S 


I 


Cenco, Geyer, Math Master, Post, 
Sargent- Welch, Yoder 


Level-Transit with Tripod 


D 


M 


S 1 


Cenco, Geyer, Math Master, Post, 
Sargent-Welch, Yoder 


Log and Trig Inmcuons Charts 


D 


C 




LaPine, iNfath Master, Sargent-Welch 
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Map Piojeciion I'nii D 

IM:inc r:il>lc. IVipocI. and Alidade M I 

PiccLsion Slide Rules M C 

Projection Slide Ride with Trig Scales D 

Protractor Triangle I 

Radian and Circle Demonstrator D 

Radian Protractor I 

Range Finder, Parallax Viewer, Optical D M 
Micrometer 

Ranging Poles M I 

Scliaclit Dynamic Adjustable Triangle D M 

Steel Measin ing Tape I 

Student Slide Rides M C 

Transparent Giid Globe D 

Trig-Aide (student and teacher) D M 

Trig-Check M C 

Trig Circular Slide Rule M C 

Trig Demonstrator, Unit Circle D 

Tiijionoinetric Functions Device C 

Trig Tracer (student and teacher) D M 

Trigtrackcr (student and teacher) D M 

Tyler Slide Rule M C 
Unit Circle Device for Dctcriiiini ug Line D M 
Values 

Viza-l'rig (student and teacher) D M 

Uk linear algebra 

MotO'Matli (demonstration board D K 
and accessory materials for 
graphing) 

Movable Vector Adder D 

Multi-Model Geometric Constiiiction D M 
Set 

Multi-Piirpose Graph Board D 
17. TOPOLOGY 

Clear Markable Globe D M 

Dissectible Sphere D M 



Farquhar, Sai gent-Welch 
Cenco, Voder 

Cliarvoz, Compass, Crawford, Geyer, 
Keuffel and Esser, Pickett, Post, 
Sargent-AVelch, Sterling 
Cliarvoz, LaPine, Pickett, Post 
Posi. Weeuis and Platli 
Sargent-AVelcli 
Math Master 
I Sargent-AVelch 

Cenco, Post, Yoder 
Sargent-Welch 

Cenco, Geyer, LaPine, Post, Sargent-Welch, 
Yoder 

Cliarvo/., Compass, C-Thru, Geyer, 

Keuffel and Esser, Lano, LaPine, Math 
Master, Pickett, Post, Sargent- Welch, 
Sterhng 

Far<|uliar 

Brooks 

iNLith-Aide 

Fiillerton, Post 

LaPine 

LaPine, Master 
Math Master 
Lano 

AVeems and Plath 
LaPine, Vis-X 

Math-U-Matic 



Yoder 

Lano 
K Yoder 

Lano 



Viking 
LaPine 
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17. TOPOLOGY (Coiuinticd) 

Five Regular Solids D 

Geonietricjil Solids (dissect ibie or D 
flattened) 

Map Projection Models D M 

Slated Globe D 

Sphere with Great Circle Sections D 
Showin<r En lev's Triangle 

18. TRANSrORMATJONS 

Aiea Transformation Boards D 

Moto-Math (demonstration board D K 

and accessoiy material for 

graphing) 

Mnlti-Pnrpose Graph Board D 

Pantograph D I 

Reflection, Rotation, Half-Turn D 
Translation Boards 

19. CALCULUS 

Coaxial Cylinders Intersected by a D M 
Plane 

Differential of a Function of Two D 

Variables Model 

Differential of Volume in Spherical D 

Coordinates Model 

Eight-Octants Model D 

Single-Octant Model D 

Solids of Revolution Models D M 

(ellipsoids, hyperboloids, paraboloids) 

Spherical Shell Model D 

Volume of Revohuion Model D 

20. COMPUTER CONCEPTS 

Analog Computer Kit D K 

Binary Computer Cards and Kit M 

Binary Coimter D M 

Binary Teacher M 

Brainiac D K 

I^rain Teasing Flip-FIop Toy G 

Computer Sinuilator D 

Computer Trainer D 

Demonstration Analog Computer D 

Digi-Comp D M 

Digi-Conip Game G 

Dr. Nini (digital computer game) G 

Model Digital Computer D C 

Modern Abacus D 



Lano, LaPine, Math Master, 
Sai gent-Welch. Science Related 
Materials 

LaPine, Viking 

Sargent-Welch, Viking- 
Cram 

LaPine. Sargent-Wclch. Viking 



Giuiter Herrmann, LaPine 
Yoder 



La no 

Charvo/, Geyer, Lano, LaPine, 

Sargent-Welch 
Giuiter Herrmann, LaPine 



Sargent- Welch. Viking 

Viking 

Viking 

Viking 
Viking- 
Math Master 

Viking 
Viking 

Ed mund 

Science Related Materials 

Sargeni-Welch 

Math-Media 

Berkeley 

Ed nnmd 

Cenco 

Arkay, LaPine, Math Master 

Sa!'gent-\\^elch 

Edmund, Sargent- Welch 

Edmund 

Ednnmd 

Sargent-Welch 

Edmund, LaPine 
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Chapter 9 explores the types and uses of manipulative devices 
that are appropriate to the teaching and learning o£ elementary 
school mathematics. A classification scheme is developed so that 
types of items, as well as individual items, can be examined. 
Suggestions for use of devices are presented, related research 
is examined, and evaluation techniques are detailed. An extensive 
listing is given of sources of different kinds of devices. The 
chapter concludes with a bibliography grouped into general 
references and nine special classifications. 
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The iinjKici of icrhnolooy on ihc c(lu(aiioii:»l 
|)ro(C'vs and. in panicniar, on ilic Icaniini* of 
nialhcmaiicN has been amplified by new kiuml' 
cdi»c al)oni ihc nalnic of the Icarnino- process, 
ihc iKiiurc of children, and ihc .sinirunc of 
niaihcnian'c-s ii.sdl. as well as hy new mailKMnaii- 
cal (onicm. \Vc have learned more al)()m how 
children learn. Un'nk. and behave, and at the 
.same lime have been able to iniei»raie ihi.s knowl- 
(•di»c into cla.ssro()m acliviiies and LMrricnlnm 
planning. \\'e have learned more al)OMi maihe- 
niaiicai .sirncune and have discovered ways in 
which ibis .sirncime can be made nnderslandable 
U) children. We have inirodnced new maihe- 
niaiical conieni and elinn'naied ontdatcd comem 
.so dial ol)jeciive.s of maihemaiics insirnciion 
cm he moie readily anained. These rhani>es com- 
hined wilh iechnoloj>ical i»M)W(h poim to the faci 
(ha( HOW. mou' than ever belore. edncaiois recoj*- 
ni/e the importance of the child'.s active partici- 
pniion in the learnini>- process. Fnrihermore. 
these changes have i>iven rise to new echicational 
tools that enable n.s to attain ooals more leaclih 
than ever before. 

The echicational tool.s with which we are con- 
cerned in (bi.s chapter are conmioidy callc»cl 
nitiml)ttUilivr dnn((\\. It is the purpose of thi.s 
c hapter to examine the naune and lole of mani- 
ptdativc device-s in the teachin,i» of elementary 
M hool mathematic.s. 

In order to micler.siand the role of inanipida- 
live device.s in the learnini» c^f mathematics, ii i.s 
necessary to keep in mind the m:iin i»c)als oi 
mathematics iii.strnction and to examine how 
sndi devices coniribiiie to the attainment of these 
i»c)al.s. Sobel and John.soii (29) describe the pur- 
poses of mathematics instrnction as follow.s; 

1. Formation and micler.stanclini> of mathe- 
matical concept.s. facts, and proce.sse.s 

2. Develop'.nem of .skills in compmino with 
accuracy and efficiency 

*^, Development ol a i»eneiai pioblem solv- 
ini» teclinicpie 



I. I'ormation of positive attitncle.s towaicl 

mathematics 
T). Uncler.sianclin<r of the logical .strncttire ol 

mathc*maiics 

Utilization of mathematical concepts to 
cli.scc)ver new i^enerali/ation.s 

7. Recognition and appreciation of the role 
ol mathematics in society 

.S. l)eve!o])ment of .study habit.s e.ssential for 
independent prc)i»re.ss 

S). Demonstration of mental traits .such as 
creativity, imai^ination. curiosity, and vis- 
ualization. 

.V main'ptilative device i.s considered to he one 
that ntili/e.s primarily the .senses of sight and 
lotidi. Implicit in this .statement is the tinder- 
.standing that .sen.sory contact with objects in the 
leal world Is .somcthino more ib.in a crt.stial "look 
at" or *'feel" interpretation by the .senses; for to 
mani])iilate mean.s to handle or to nse. riiiis, the 
term nitnn'pulativr (Icvi(cs lefer.s to those con- 
crete objects which, when handled or oj)erated 
by the pii])il and the teacher, provide the pupil 
with an oppornmity to attain specific objective.s 
ideniined imcler the broad goals li.sied above. 

Theie .seems to be wide agreement among 
mathematics ecbicatois and psychologi.sts thai 
.sensory learning i.s limclamentab or at lea.st ba.>ie. 
to all other learning. 'I'here i.s no cpic.stiop thai 
in the early stages of learning, modification oi 
behavior in a yoinig child is largely depciidenl 
on his ability to peiceive his enviromiienJ. and 
perceptions foimecl by young children ari.se (rom 
ihe ii.se of their .sense.s. Since children can only 
.sen.se (hat which exists in the real world, it is 
important that they have available conciete 
objects with which to cairy oni explorations. 
Perhaps ihe very young child who in his cpicsi 
for learning pick.s up .small objects to eat them 
i.s not unlike the nine-year-old boy who takes 
an electric^ clock apart to sec how it works. 
Although far difrcrcnt in matiuation and in 
establi.sbed knowledge .systems, the two arc learn- 
ing by main'pidation. Syer s scholarly discussion 
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of scMi.soiy Icaniiiii; poiiiis oui ih;u iu<)ii\ niion, 

int'inoi i/aiion. iiiaihciii.iiic ,il utidci s( .in(lint;.s, 

|)i()l)k'in s()l\in_«; skills. :ui(l :miMi<l<'s— all iin|)()i- 

lam faccMs ol ilie lcariiiM«» pioccss ;iii<l overall 

*;()als ol inailicinaii< s in.siuK iioii— arise lioiu sen- 

M)i;. Icainiii^ (rJo), V:\ii Kiii;en ein|)haM/c> ihc 

role of .sensory leainini; in coiuepi lorni:iiion 

when he .siaie.s; 

k('a( lions lo the world ol coiicrete ohjccts 
are die fonndaiion Iroin which the >triuture 
ol ahsinu i ideas arises. These read ion s arc 
lelined. reori;ani/e<l. and inie«»raic<l so ihai 
I hey become even more usefnl ;ind even more 
|)owerfnl lhaii the original rcNpon.se. f.*^?] 

Diene.s's re>ear( h wiili sirnr(nral niaierial.s has 
led him to conclnde: 

The oii;anism seems lo wish to explore 
and manipulate t!ie environiueiii. h does 
Miis. presunial)!). lot* die purpose ol l)eini> 
able to pi edict how ihe eiivironiiient isi^oini; 
to respond. .Matlieiiiatics learnini> would 
probably be no exception to this, hut a pre- 
liminary i;ropin,i» p'jriod is notably lackiii,i» 
ill most mailiemat((s )' >.soiis .... .So play, 
it .seems, .should be rei;arded ws an iiitei»ral 
pan of any learniiit; cycle. .Matlieinaii< al 
play <an be j»eneraie(I simply l)y providiiii; 
children with a lait;c variety of (oii.stincted 
niaihemancal inaterials. [(>] 

In exainiiiini;* Piai»ci's theory of (Oiicept for- 
in.'uioii lor inipli( ations for teacliiii*;. .Adier < oiiie.s 
to this <'onclnsion: 

Physical action is one of the bases of learn- 
ino*. To learn elfeciively ilie child must be a 
|)articipant in events, iioi merely a spectator. 
To develop his concepts of number and 
space» it is not eiiont;li that lie look :iL tliin,i»s. 
Me must :dso touch tliiiii^s, uu)VC them, turn 
liieni, pnt Uicni toi;etliei\ and take them 
apart. Kor every new concept that we want 
the cliihl to acfpiire, we .shoiihl stnri with 
some relevant action diat he ran peiforni. 

|2] 

Gagiic points out: 

histruciion needs to l)C fuii<laniciually based 
on the stimulation provi(le<l by objects and 
events, . . . Objects' ami events are the stim- 
uli from which concepts aic derived. [10] 

The sometimes controveisial Cnmbridi^e report 
makes a strono case for niaiiipulati\ c de\ices 
when it states: 

The conclusion is inescapable that children 



(an siud) mathcma(i(s nioie sauMac toi il\ 
when cadi diild has .ibniid.uit opportimin 
to manipulaie Miilable physical objeds. jllij 

The leariiini; theoiists Piaj-et. IJruner. and 
Klavell ai;ree dial an operaiion is soineUiin;; 
that may be perfoiined (hither iiitciiialh widi 
symbols repic.scntini; niatei iais or externalK with 
the a( lual maieiials, l-urdier. the piobabib 
iu oi pcrlormiiii; internal opeianoiis a<<uiatel\ 
and (oiisistcnth is increased l)\ lepe.ucd cxpcii- 
eiice wiiii concrete inaicrials, I'hus there appeai> 
to be stroiii; support aiiioni; edncaior.s and ps\- 
clioloi>isis lor the position that the manipula' 
lion of a device or devices should piecede the 
rccjuircmeiit of abstnictini;- an idea or model. In 
>liori. ii would appear tiiat nianipulaii\ e devic es 
are essential in the iiistnu tional proj;iain for 
elementary mat hematic s. 

RK.SKARCl l ON MAXIPIM.A ri\'K 

DKvicKs IN l•.l.K^^^;NTAK^' .sc:ii()()i. 
.\f.\TiiKM.vrics ix.srkiurnoN 

.Some siippoit and diicdion lor the use oi ma- 
iiipniative devices can be louiicl in \aiious le- 
search projec:ts. However, much of the research 
evidence is inconclusive. Sole found that usini* 
a variety of niatciials does not produce bettej* 
resuhs than usiiii; a siiii»le device if both j)ioce- 
clures are used for the same amount of time (!)()). 
If more time is spent, achievement improves, 
rcijardlcss of what or how many materials aic 
used. 

In at temp li 111* to c let ei mine the elfectiveness 
ol devices on the achievement of first-i;racle 
pupils, Marsliman found very little difference 
in achievement between j»roups usin<» expensive 
coniiiiercial materials, inexpensive commercial 
materials, and teacher-made materials (1(5). When 
.small clillerences in achievement were found, 
they weie in lavor of the ,i»roiip iisin;; teac lier- 
iiiacle materials. 

Rei»ardiii<r the use of materials by teachers. 
Harviii found that teachers with iiiatlieiiiatics 
methods courses use more manipulative devices 
than teachers without such coinses; she hirtlier 
found that pictures and symbolic materials are 
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used nioic lrc(|nc-tul\ diaii a( uial inaMi|)iihi(i\c- 
<!t'\i(('s (17). She ;iIm) cMahlishud Mn()ni»li an 
rN(ciKi\c (|iiCMi()ii;iaiK- thai [uciucikn ol hm- 
ol inaMi|)iilaii\e iiiaimaK appcai.s lo hi* a roii* 
(lihiiiiiii; L'K lor in a( liic\ciiii-iu in ck-iiK'niar\ 
ni:itli(*iM:iM( >. 

Ill (Icliiiiii;^ ilic- soli* ol i'ilnIi ik uoiial ai(l>. 
KidMHi i(*|>oiic(l ihai ii is ;^c'iicrall\ a( ((-|)ic(l iliai 
proper Use of aids is l)a.Ncd on ilic same rraiiic- 
work of iMinciplcs as all ]i;ood icacliiiii* piorc 
dincN (7). Ili.N Nliid\ .showed thai iiionI dlcciixc 
icMilis aiL* ohlaincd by placiii.t; major emphasis 
on (he iiseofdeN i(es tooI>tain data rather than lor 
Mipplcnieiiiai y a( ti\ ities, lk-( antions users to re- 
meiuher that aids never tearh mat hematics and 
(liat the lole ol the teadier is paramount. An* 
other wai niiii; is oiveii to teachers iisinj; niaiiipn- 
laiive devices hy Sole when he states that nianipii- 
latioii ol any device must not he (onfiised with 
die learning of niathematic s (*I0). .Mathematics 
is made up of ideas— not materials: it can he 
illiisUatcd with de\i(es and has application to 
many (oiK iete sitnaMoiis. hut it miisi he nnder- 
stood as a system of ideas. 

The fin(lini»s of tw) researdiers. Swick and 
Spros\ ,i»ivc sd'onj; siippori u> the tiesirahility of 
tisini;^ mnhisensory aids in teachini; both (oninn- 
tat ion and i (rasonin<; In additio*i* the 

Use ol aids and devices Was found to nii >rove 
(he attitude of second* and third*i>radeiM toward 
ma t hematics. 

.Vdkins and .Siiddeth conchided that there 
seems to he a tendency to use more instructional 
materials in the primary )i;rade.s for the purpose 
of discovering; relationships, for inoti\ation. and 
for iiilluenciui; attitude (I: 

This research <;ives credence to tiic hypo- 
thesis thai manipulative devices are useful in 
(he attainment of the :^oals of mathematie.s 
instruction. 

SO.MK C:HARAC:'rKRlSTIC:S OF 
(KK)!) MANMPUL.VriVK Dl-VlCl-S 

Miuiy attempts have been made to prepare lists 
of charneten'stics that <»ood manipulative devices 



should possess. .Most .niihors ai^iee that a ,i»ood 
iiiaiiipulati\e dcNice should— 

1. be lelevaiit to the iiiatlieinatical content 
widi a desiral)le outcome in mind: 

2. exploit as iii:my sciise.s as possible: 

X be durable, its durability beiii;^ (onnneih 
suraie with its cost :uid anticipated usaj^e: 

I. be (oiistrucied so that its details aie ac- 
curate: 

f). have liijih staiuhnds ol < raftsuiauship so 
thai parts :Me not ca^ily broken or lost: 

<i. be attractive in appearance: 

7. be UKiintaincd e.isily :iiid at a reasoinible 
( ost: 

S. he adaptable to the school laciliiies (con- 
sideiinj; mobility and convenience of 
storage): 

be simple to assemhle: 

10. be fle.sible and have a variety of uses: 

1 1. be simple to operate: 

12. be huj'e enouj^h to be easih \isible to all 
pi.'pils. if Used for demonstrations: 

I. '5. either involve a inoviiij; p:Mi or parts or 
be somethinj^ thai is nu)ved in the process 
of illiistratiii<; the uiathein:ui( al piinciple 
involved. 

In the final analysis, the devices that are effec- 
tive and ellicieni in helping the child under- 
stand the mathematical concept to be learned 
are the devices that shonid he used. 

SO.MK CKNM-KAL CIUIDKIJNKS FOR 
r\ \l\ USK OF MANlPlM-.-VFIVK DFAMCFS 

Hach manipulative device has its own paiticular 
set of instructions thai should be follo\v'cd if 
one is to achieve maximum effectiveness from 
its use. There are, however, a nmnber of general 
.guidelines that can be helpful to tlic f.cacher in 
the .selection and use of manipulative devices. 
The following aie suggestive: 

1. Choose the device that best suus the pur- 
pose of the lesson and will l».clp attain the 
objective, 

2. Hecome familiar whh the device .md the 
iceinu(pies for making effective use of it. 
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Coiiclaie ilie opciaiioiis (Icpirk'd by ilic 
device wiUi I hose lo l)e done eiilier u iili 
peiiril :iiid paper or on the chalkhoaid, 

I, If |)0.ssil)le. :nTMnj;e for each child lo have 
his own device. If ihis is noi possible, make 
certain thai each child has the opportunily 
to use the device many tinu's. 

f). Try U) ticate an atmosphere diat cncour- 
ai;e.s rather tli:m forces the ii.se of devices. 

(). Circa te oppoi'tunite.s. as .voon a.s po.s.si!)lc. 
for each (hild to beconie proi«;re.ssively le.ss 
dependent on manipulative devices and 
liiore dependent on nsin<; .symbolism and 
alKstractioiis. 

7. Have the child stop ii.sini; a tievice when 
he is ready for a hij«;her more abstract level 
.so thai the device does not become a crutch, 

*S. U.se a "math caddy" or movable Moraj^e 
unit designed to hold and properly display 
devices in order to increa.se their u.sefulness. 

Manipulaiixe devire.s will not teach niatlie- 
mati(.s. It is their use by the te^scher and his 
i-nidance of pupils' use that detenu iiics the use- 
fulness of device.s in learninj;^. 

ClIASSII'ICATION OF 
MANIPIM.ATIVK DKVICKS 

The presently vast and ever-growini; .supply of 
maiiiptilative devices for use with elementary 
children rules out the possibility of present iii*^ a 
detailed di.scu.s.si()ii of all available devices. .Since 
mo.si of the devices currently available arc niuti* 
pm'po.sc tievices ;ind can be used to objectify 
many mathematical tonccpts, it is necessary to 
select a classilication .scheme that will keep 
(>verlappiii<r of di.scussion at a mininiuni. Korthis 
reason we have chosen to bypass a classification 
scheme bm'lt entirely around the mathematical 
concepts to be taught to pupils. For the pmposcs 
of discu.ssion i:i this chapter, we shall cou.sidcr 
specific manipulative devices under the following 
categories: 

L ncmonstraiion boards and devices 

2. Place value tieviccs 

3. Coloicd beads, blocks, lods. and discs 



I. Number boaids 

f). Caids and cliaus 

iu Mea.snreujeni devi(cs 

7. Models ol geometric relation>hips 

S. Games and puzzles 

.Speciid (onipntati(M)al dcxices 

DK.MOXSTKATION IU)AKI)S 

Axn prvMCKs 

Tlu're are man\ desirable teaching-learning ex- 
perieu'es in an elenjentar\ matliematic.v program 
which, for one rea.son or another, (annot be 
provi(jed elfectively by having each child wvirk 
individnallj with his own ^et of niatcriab.. Small 
.i;ronp and ( la.ss in.Ntruction can make an impor- 
tant (()ntril)ution to the total growth pattern of 
(hildren. To ac(<)mplisli tlie.se ends and still pro- 
vide ch.ildien with reabworld referents on which 
to build abstractions <kMn<)n>tration boards nnist 
be aviu'lable to the teacher. 

The demonstration boards most laun'liar to 
elemeniar\ teachers arc the llainiel hoard and 
the m:i<»netic l)oard. While both types of demon- 
stration boards (an .serve the same function, the 
llamiel board is perhaps the more witlely used 
because it can be leadily constructed by th^* 
teacher. Advocates of the magnetic boaid prefer 
the durability and workmanship (pialitics of a 
(ommenially built device. .Suelt/ describes spe* 
cilications and construction procedttres for both 
llannel boards and magnetic boaids (:M). 

The great strength of these devices is their 
ver.satiliiy. Most of the concepts taught in 
elemeiuary .school mathematics can be effectively 
presented on these boarcLs. 

Cleuerallv. the llainiel board is a 2 bv 2* foot 
piece of hardwood covered with llannel or felt. 
If a piece of sheet metal is in.seitcd between 
the board and the llannel. it can also seive as 
a niaj>nctic board. It is propped on an artist's 
easel or placed on a chalkboard tray so that 
u gives the appearance of a blank picture. Ac- 
companying the board arc flannel or felt cut- 
outs that are held in position by the coliesivcncss 
of the materials. 
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One n.sc of denion.stKnion hoanl.s <:mi Ik ii- 
hiMnitcd l)y the roll<m'ini>; chisMOoni sitn.'ition in 
which kin<lci<»:nt('n ov (ir.sl'j»r;Klc (hihhen iiiv 
scaled in :i seniit irt Ic :d>oni ihc le.'u her. who i.-> 
sealed near a flannel l)oaid in the center. 

Today. I am goiitj< to tell yun an interest* 
ini{ story. This siory is abom .soniethinj;; thai 
really happened. 

P>ehinti niy house. I planted a little vei»e- 
tahle i^a'idcu, I jdanted tiny. seeds of radishes. 
Ieitn<e, cairots. and several other vegetables. 
Oiic sn miner moinin;^ I awoke: and, while 
eatin<; my hieakfast. 1 looked ont t.he win- 
riow at my garden and saw something move. 
W'liai <lo yon think it was? [Children make 
i;:!C;.%v'S.) Lei'.s sec what it w;is. | Place a rab- 
bit tntom on the flannel board.] A rabbit! 
And what do yon snppose he w:ls doing in 
my gaidenV Hating vegetables! lie was so 
cnie I thought I would watch him for awhile. 
Soon I .saw M)!inc thing else moving! It was 

- (Place another rabbit on the 

Ihinuel board.] Do yon snppo.se he was eat- 
ing vegetables, too? [Response: "Ve.s!"j 

How many rabbits were eating in my g:n*- 
<lenr' (Response: "Two."] Vcs, there were two 
ral)l)its. but :is I watched. I .saw .something 
else moving just outside my g.arden fence. 
What do you suppo.se that was? [Response: 
"Another ral)i)itr'] Ves. but not just one 
nibbii. There were one, two, three rabbits. 
[Place three nioie rabbits on the flannel 
board (Figure !).l).] 

They weie .so hungry they w;inted to 
^. [RespoUjse: 'T.at all the vege- 
tables in \our garden!"] That'.*; right! 1 had 
«wo rabbits eating :uul three rabbits watch* 
ing. Hut soon the three rabbits watching 
found :i hole in my garden fence and hopped 
into thegaiden to eat. How m:my nibbits aic 
now e;iting? [Respon.se: "Five."] How do you 
know? (Response: **l counted them."] Right! 
Kirst there were two rabbits eating, and then 
ihree more rabbits joined them .so that there 
were five rabbits eating. 

This little .story :nul .similar ones help provide 
children with experiences in assigning inunbcrs 
to .sets and to the union of disjoint sets in a con- 
cicte setting. This helps prepare them for work 
in addition. .Such stories piovidc opportunities 
for the development of mathematical sentences 
such as the one that is illustiatcd in Figuic 9.2. 
wlK're the operation synd)ol indicates tlic main 
action of the story. 



Once a m;uhematie;d .sentence is developed, 
chiltlien are ;d)le to m.ake up other stoiies for it. 
In this way they develop an intuitive feeling 
lor the genera li/:u ion lepresentcd l)\ the .sen. 
tence. Similarly, related iubtraction facts can be 
developed by an undoing of additon or by a 
.separating nither than a joining action. The 
children shonhl h;ive estensive opportunitie.s to 
use the <Jeim>ustratiou boiu'd in forming tiieir 
own .siorfes and in suggesting mathemati<al .sen- 
tences for otheis in the group. 

.Vt little higher level. Perkins an<l I lan.son 
illu.strate the formation of (.'artesi:m pioducts 
l)y forniing arrays on the flamiel board (10). 
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The .n:iiiic n.Ncd ^viili the :i(l(hiioii ot 

^vholc mnnhci> (.111 hi- uM-d to illii>ir:itc the- .id 
(h'tion oi niiioiKti iinini)ci>. 11 Mkm in uhirici^ioiis 
>h(m'ii ;ii th(- Icit in I'i<;inr> mikI !M irpu- 
smi ;t >t:iiuhii(I unit, thi-ii thi- addition ol .1 
.ind li (.III ir|>icsciiu-d i)\ ihi- (li.i,i[;i.ini .11 the* 
ri,l>ht ill L'ithi-r ht>iiic. .Vhh(}ii<;h the .iddiiioii is 
lotttpk-tu. it is iu-iu,Ns:ir\ (o liiul oufcivd |Kiir 
of nuintiui.N which cm he ii,Nc-d to ii-pu-M-iit ihr 
MINI. "I hc :i|)|)to|)ii:iK- ordm-d piiii to um» in 
this ( :iM* i,N (:">. (1), 

Pu.sk in Mi«;i;t-.M.s the u,sc ol ;i ll:innrl ho:itd ;u 
:iii even inoic ;idv:in<(-d h:vc-l. in icliniiii; fi<;nit-,s 
ueoinetric:dly ;nul ;il,i;el)r;ii(';illy .so th:ii the niniti' 
ph'cition of ;i l>inonii:il h) ;i binoniinl cm h;- 
\ isn:ih'/al ( i I ). 

Other iteni.s in ihc <;ne«;oiy n{ ilenion>ti;in()n 
ho:nd.s which :nc rapidly ][;;iiniiii; in popnhiriu 
:Me |K-,i;l)<):nds ;in(l i^eohonid.s. .M;niy |)t-;;l)o:n(l.s 
;iie.so (on.strncted (h:iL they (-;ni .seive :is hnndied 
honids. Geol)o;iids (Fii»nic i^.f)) :ne piirticiihirK 
helpfnl when developing the loncept.s of pe- 
ri meter :nid ;ne:i. .S<pi;ire.s. iri;ni«;les. ledinp^les. 
(pi;idril;iter:ils. peni;ii*()n.s. :iiid other poly)[;on.s 
e;in :ill he e;i.sily .shown on ;i <;eoI)o:ird ii.sini; 
chrslic. 

(ininiini;h:ini ;nid R:i.skin. in .snpport of tlu- 
n.se of phy.sieni objects :is models for concepts. 
sni»«;esl the use of ;i pe<;I)o:ir(l :is ;i nioilel fcir 
developin,!*; :in nndei.st^mdini; of r:ilion:d nntn" 
her.s {;;!)). Kennedy sn,i;_i»est,s :i(ldilion:d n.se.s for 
this chi.ss of imneiinls (21). 

As ie:ichers he;;in to nsc dentonst ration devices 
with children, a new- nniveise of cieative ideas 
will open np. The.sc will lesnlt in .stimnhitin** 
leainin<; experiences for hotli chiklien and 
teachers. 

PLACK VAMM-: i)K\MCKS 

Two leatmcs ol a place valne system of nmiiera- 
tioii are hase and position, or pl;icc vulue. Before 
a child can comprehend place vahie. he needs 
to have an nndeiMandino of ;i .sin<»lc or ones 
nnil and alM) an ntideistandin*; of hase nund)cr. 
M'o help him gain this indcr.stand!ng« manipula- 
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li\c* devices lli.K \ isii.ili/.ilion .irc* iiios! 

Iirl|)riil. 

M.ini|>iiLili\c- (Icvicrs ili.ii (.in he: iiscd to U'.idi 
|)la(r \.iUir .lu* niinicioiis: ilicv iiu liidr dillcu-iii 
i\|)('N ol .d).i< iiscs. \.diic bo.nds. ptx kci 

(Imiin. .iisd Mi( ks Ol ( oiinU'i> whit h (.111 he soi icd 
.iiid «;iou|)cd. 

A liisi ex|)t-i iciu r h)i ( hd(h'L-ii in.i\ Ix* ^i;m)U|) 
ill*; (oiiiiu is 01 hiiiidh'iii; .sli( k.s lo cxhihii i ten. 
I..i(<-i. 10 (eusi.in he hiindled (o.show .1 hiiiuhed. 
li :i i)o:iid siinihir lo ihe oiu* .shown in I-i,*;uu* 
jl.h is ;i\:iil:thk*. (hihhen cm he :i.sked (<» ie|>re« 
srtu dilieieni niiinheis. In ihe ilhis(r:iii(»ii. (he 
niiinl)er MM* is lepieseiiied m h)\vei* ri;;hi. 

The |>o:ket ch:ii'L .shown in (he b:u'k.i;i(>nnd 
cm he u.sed in the .s:mie way. ;is well :is to help 
exphiin leiKiiniiii; in :iddiiion :ind snl)n:ir(i(>ii. 
(ionsider die |>iol>lem th:i( i^ ilhisM':ileih M * 
!*.) • 'M. Il cm he seen (h:it die .sinn is lepre- 
.sen(e(l l)\ ihe ;"> leii.s :md M ones. lUii M one.s 
r(|ii:ds 1 len '.ind 1 one.s. :ind 10 one.s cm he 
«;u)U|>ed loi;edier ;ind phiced wilh (he tens, .show- 
ing :i .slim of III. Siieh :iii e.'<:mi|>le iii:ikes iiie:in- 
iii,i>fitl ihe :id(h'tion ol I leii when die (hild 
show.s his Work h'ke (his: 
I 

II 
I!) 

M 

Veriir:d :ih:ien.ses. hoth (he open -end :iiid the 
closed lype.'C. are iiIm) adapiable (o exerei.scs iii« 
volvini; place value, numeration, addition, and 
.sidxraetioii. Tlie ahaeu.s .shown in Figure \hl 
.sliow.s (lie nniiiher hLS. The .sum of ^ii'y and M.'? 
is illusiraied hy ihe ahaeii.s .shown in l*i.t*;me 
The iiece.ssity for rei»ronpin<; the head.s when the 
nnniher of ones e.sceed.s 10. the iimnher ol teii.s 
exceecis 10. and m) on. lH:coine.s readily apparent 
lo eliildren. 

I'lCliUH 9.8 ► 
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Figure 9.9 
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Photos on this and the following page, courtesy of Respon- 
sive Environments Corporation 



\\m\) l)o,ii(ib .lie a(l.i|;(al>le lot woik with 
(leciinal.s. The bo, nd .shown in Ki'mnc 9.9 u.sc.s 
.small scpiarcs tliai children (an phuc on (he 
proper pegs. Thus in ihe lop low the nnnibei 
illnsiralcd i.s II()2.ji(). The number iihi.sdaied 
in ihe .second row Iroin (he lop i.s 201 1.111. 

.Mo.sl \eriic«d al^acuscs (.in lie used when woik 
in!» with bii.scs olhci (h<in (en. Muhiba.sc con 
\tuci boaid.s hke (he one .shown in Fii»uic 9.10 
iiic also .available. In (he iihi.slra(ioii. ihc mo\- 
al)le convener h .sc( (o .show* ba.st-dnec miiiieial.s. 
I'he b.i.se-(hrec iiunieial ilhi.sdaled i.i 10()10//,rn- 

The use ol (he abacus foi (eachin^ place \ahic 
ha.s been die .subjecl (if man\ lepoK.s deah'ni^ 
w'ilii ihis class of man! pi dative devices. I laniillon 
.sui»i»esls thai the f(iriii of (he abacu.s u.sed wi(h 
chihhxMi .sh(;ul(l parallel (be men(al .sirucdne it 
is h(jped (o ("rea(e (bl). Thus (b(j.sc al^acu.se.s 
which consist ol beads iepre.seniin<» fives as well 
as ones and any ai)acuses widi bead rows placed 
liori/on tally would be inappropria(c. He su!»- 
i»ests iising the ver(ical abacus in one of several 
forms: strins^' or wiie Iraiiie. open spike, or with 
markers moved behind a shield. Clary prefers 
(WO dilleient lornis— a shoebox abacus (lia( has 
strini^ sewn through the l)ox and uses colored 
buttons for counters, and a spool abacus similar 
(o the spike type with spools pl.aced over dowel 
pins luokuued on a board (-17). 

CMnnin(>li:nii provides (le(ailed ins(ruc(i()ns lor 
the construc(ioii of .a ''(ra(li(ionar' :d)acus and a 
simplified open-end version, b(nli using wooden 
fr.'nues and coa( li.angers (*IS). One sugi»es(e(l 
innovation lorver(i(al wire-franie ;ib.acuse> using 
Large colored be.ads is (o make the tenth bead in 
each column the same color as the bottom nine 
beads in the column to the left. 

Other suggestions for the c(instru(:tion ol 
abacuses are made by Smith, Peterson, and 
Rahiiilow (()2: r)9: Gl). N'echin and P>rower. 
Spross, and Suelty. recommend the open -end or 
spike ai)acus as the most useful type (58; 31; M). 
Not only were children nuxivated to improve 
computational skills in dicir experiments, but 
pupils could see the decimal system of numera- 
tion as a system based on logic and order. 
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A li:iii(l-l:illy coimtcr i.s .sni»i»c.NiC(l l)y l loopcr 
lor (c:i('liini> place \aliic {:)-\), Tlii.s (oiiincr is 
Minilar lo ihc devices ubcci by aduhs lor conni- 
in^ siuli (lnni>.s a.s die nmiihcr ol ('ii>(()inci'> ai a 
More and lo ihc devices n.sed on elevators lo 
iiuiicaie Moors. An a(lvau(ai»c noted, pauicularly 
for pnpil.s in j^rade I, was the iniprovcnicnt of 
audiovisual and kinesilieiic responses. 

Br idlers desciihes ilie use ol a block box lor 
place valne work— an open-top box wiili three 
layers of blocks inside— the first layer coniainini» 
100 cubes, the second layer 10 I)locks. each ecpial 
in vohnne lo 10 cubes ol the fn si layer, and ilic 
last layer consist ini»' ol I l)lock ccpial in volume 
lo 10 blocks of the second layer (•!()). He feels that 
die unifornnly of si/c of the cubes and the lack 
of (liireiciuiaiion between colors are stioui* ad- 
vantages. 

Other .sni»i»esied devices lor teaclniii* place 
value are popbead n.ecklace.s, by Swenson; pop- 
side sticks, l)y Weyer; place valne charts, by 
Peterson; and pupil-desii^nod computers, by Rab- 
iiioAvit/. ()(>: 59; (>0). 
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COl.ORKD BKADS. lU.OCKS. RODS. 
AND DISCS 

The many different types of colored beads. 
l)locks. lods, and discs that are now available 
can be used in a variety of ways to help develop 
concepts in numeration, logic, and geometry. 

For years, colored beads have been used in 
the priniary grades to help children learn about 
nmnber. Children ha\e strung beads to illustrate 
a nninber. stringing live beads on a cord, lor 
example, to illustrate the number five. The little 
plastic markers shown in Figure 9.11 and the 
counting pole shown in Figure 9.12 are typical 
of some of the "extras' that are now part of 
bead sets. 
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lilock.s ol .soils ;nui tIcM npiions ;n*c pic.scni- 
ly available. These ("in be n.sed for couinino 
puipose.s and for showing' ihe one-more rehuion- 
>hi|) as in l'ii;ine.s 9. 1.S anti 9. PI. 

Coniuing ladders are helpliil in leachinj^ ad- 
dition and siibiraciioM laci.s. 11" a child is Icarnin<» 
ihai 7 -1 A 11, he may lirst arrange his blocks 
as show!) ai ihe right in Fig me 9.15 and ihcn 
remove -I blocks and place ihem wiih ihc 7 
blocks, l ie can then read "11" on his nmnerical 
ladder. Similarly, il he wishes lo show ihc sub- 
iradion 1 1 — I. he will fir.si place his blocks a.s 
shown ai the Icfi ii) the illnsiraiion and, afier 
lemoving I blocks, read ■7" on ilie laddcs. While 
child I en can do aiid have done ihis type ol 
activity work without the aid of devices, the 
novelty of the ladder inci cases iiuercst and pre- 
vents counting errors that ofien occur becau.sc a 
child is careless or because he is unable to count 
coriectly. 

It is generally agreed that blocks are inipor- 
lant in the play si age. Many of the colored block 
seis now available are being used at the primary 
level for sorting l)locks inio classes according 
to shape, si/e, and color. Sonie sets are merely 
simple nesiiiig seis (Figure 9. KJ), aiul children 
build according to size; bui nuich work caii be 

Figure 9.16 ► 

Photos OH Uth fmge, courtesy of llespomhe Etivhofimculs 
Corporation 
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(lone with NCii:ui()ii (phicini; hlocLs or other oh- 
jcds ill order cleici mined by some piopcrty or 
( haiacin i,siic ^iidi ;ls ^i/e or shape). 

CoiKsidei a piohleni in \vhi(h a child is ,i*i\eM 
ohjcdj) Wkc ihv onrs >ho\vn ai ihe lop of lM<>in'e 
\)A1 and asked lo ;:iiani>e iIkmu in oider IVoni 
snialh lo lai;L*eNt» aN in (he hoitoin ol the illusiM 
lion. C)j he nii^^hi he aNked U) i ank iheui in ouler 
ol a/e. as in lM<>ni(» i).18. I.aier he may I)e asked 
lo paii iwo sets ol ohje( (> tnai( hin<> them l)\ 
.size, the smallest with the smallest, anci so forih. 
as is done in Fi<>nie 9.19. 
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At the intei mediate le\eL a dnld ma\ he 
^i\en l() objects with I dilleient .shapes and I 
dilleient colors, as in Fii»nre 9.20. and asked lo 
anan<>c these objects so thai no two havin;^ the 
same shape or (olor aie in the same low oi 
(ohnnn (Fi<;nre 9/Jl). li l(i ohjeds jx^e loo 
nnich of a problem. Icl die child be<»in fiiM widi 
9 objects, usini; c^id) *J cliffeient shapes and 
diffeieni color.s. 
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Figure 9.23 



Figure 9.24 
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Typical of ilic many imcrcsiinj^ j^anics ihai 
(lcvclo|) logical ill inking- is the following, w liicli 
cMnpha.si/cs ilic moaning ol not, 

.V child is sclccicd lo ho "ii." Mc ihcn 
chooses a hlock iioni a soi ol hlocks and 
hides it behind his hack in one hand. Sti|)^ 
pose, lor example, he Iiides a gieen, < irctdar, 
ilat hlock. lie then ninst give the class thiec 
(Incs using the woul nol. lie may, for ex- 
ain|.dc, give these dno: 

"My hlock is not red," 

"It is noi s(|nare.'' 

"It is not yellow." 

1-fe then asks a child to try to gtiess which 
l)lock he has hidden. If the second child 
guesses incoi rectly. the fn\st child nuisl give 
another chie ahont the i)lock and ask anoth> 
er child to gness which hlock he has hidden. 
After each incorrect guess, the first child 
innst gi\e another clue. After a correct res- 
ponse, the (hi Id naming the hlock becomes 
"it" and gets to select a l)l()ck to hide. 

This also makes an interesting team game 
if one point is co tinted against a team for 
each chie that has to he given. 

Rods aie particttlarly nscftd in htn'ldiiig trains 
to ilhistrate ideas stich as the conunntative prop- 
crl\ ol nitdtiplic tttion of whole ntnnbers and to 
develop nuiltiplication facts (Fignre 9.22). In the 
primary grades, a child mighi htiild a train show- 
ing ibai 2 X = 3 X 2, Unit blocks can I)e tiscd 
to show that 2 X .S ~ X 2 = G. (See Figme 9.2,1) 

The nse.s of beads. I) locks, rods, and similar 
objects are almost linn'tless. Teachers should 
not hesitate to ttsc them in sittiations to develop 
logical concepts as well as to develop notions 
of coiuiting'. Often children develop new uses 
for them. One ingenious student nscd pegs and 
a peg boa id as a h mid red hoard to ilhistrate two 
types of synnneti y (Fignre 9.2^f). Designs .showing 
line .synnnctry aie, of eonrse, easily const rnetcd 
and offer other possibilities. 

The influx of colored rods dming the past 
few years and the development of mathematics 
progranis bnilt completely arotind sncli rods 
have stinudated nnnierous research stndies to 
investigate their effectiveness. Most of these 
s indies have involved the Cnisenaire rods and 
the associated program. Fedon nscd Cnisenaire 
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rods wiih one j^roup oi pupils in <^ra(lc I and 
an c<lc('M( approach wiih another i^roup (70). 
From I CM resuhs he Ibnnd an apparent trend 
in achicxeaicnt that favoicd thegioup nsing the 
edectic approach, lie conclndcd that the Intro 
diiction ()[ color notation as a basis (or the syni- 
Ijoli/ation process delays the sncccssfnl transition 
from niathcniatical structure to correspond ini» 
niatheniaiical syni holism. Pass\*s finding's were 
similar (7(i; 77). Me made a study of the use 
of rods with third-grade pupils. Nasca reports 
that the rods as a variable had no effect on the 
achievement of setond-grade pupils as measured 
by a traditional standardized test (7.'>). In a 
study of two groups of third-grade pupils, one 
having used the rod approach during both first 
and second grade and the other following* the 
regular curriculum, Lucow concluded that the 
rod approach is effective but that there is some 
doul)t as to its general superiority over other 
methods of instruction in current use (7'l). In 
contrasting the rods with the traditional pro- 
gram in Kngland and Scotland, lirowncll found 
no striking differences in the pupils' progress 
towaul maturity of mathematical concepts and 
understanding (OS). An interview tcchnicpic 
employed by Howard showed that teacher re- 
action to rods was favorable and that rods hold 
pronu'se as a supplement to current methods 
(72). Mollis, working with first-grade pupils, 
concluded that as much traditional subject mat- 
ter k:is learned by using rods as by traditional 
teaclu'no' technicpies. Studies .seem to indicate 
that high-ability pupils appear to benefit more 
from using rods tium low-ability pupils (71; 72; 
7'!), although Callahan and jacobson, in an 
experiment with retarded children, indicate that 
results achicml by pupils using rods were def- 
initely l)eiier than might have been achieved 
in the .same time without rods (09). The evi- 
dence, although inconclusive, seems to indicate 
that children do need the help of structured 
manipulative materials in gaining abstract 
number ideas but that flexibility of approach 
rather than one particular physical structure 
should be employed. 



In addition to colored rods, many types of 
blocks aie advocated as useful in teaching ab- 
stract concepts. I.ucas used attribute l)lcjcks with 
first-grade pupils in an attempt to show that the 
teaching of classilicuion. seri.ation. operations, 
and comparison with coloied blocks is analogous 
to teaching the same things through set abstrac- 
tion (7*5). His conclusions inditate that children 
trained in an attribute-block program conserxe 
cardinality better than traditionally-taught chil- 
(hen and show a superior ability lo concept uali/c 
addition-subtraction relations, but do not learn 
computational procedures to the same extent. 
Additional uses of this class of materials are 
described by Stern and liridgers (79; ^10). 

NUMRF.R BOARDS 

Teachers have found various forms of nund)er 
boards effective for representation of abstract 
nuuhematical ideas. The boards shown in 
Figure 0.25 allow young children to represent 
the concept of number in several ways. Each 
board has a raised numeral at the top, over 
which chilchen can place the appropriate nota- 
tion card. There is also a vertical channel into 
which the appropriate number of plastic cubes 
can be placed, and the raised outlines below 
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ilic luuiicial |)U)\i(l(' (hildini with .tn oppoi'u^ 
to phuc (til)c> in a |).iticiiK riic otii- 
liiK'N on tilt* l)()ai(Ls siii;i»tM an "odd and c*\cn" 
i»ioti|)int;. lioard.s ol thi.s nattnc ,i»ivc* diildrfn 
('\|)ci in asMxiaiini; ()l)jc(t>. lunnciah. and 
ntnnlH'is. In addition, the* ntnnhn |)t()|)crt\ of 
('({tn'\ah'nt sots and pattern ichi|[()n.shi|)> can l)o 
oh>('r\c(L Other hoauK oi a Mniihir nattne ha\e 
iai>ed outhnes in "(Unnino" patterns lot easx 
ieto.t;nition. 

Another iinport^int conccjX for primary chih 
(hen invohe.s the oich'nal piopcrty ol lunnhcr. 
I'ndcr.Ntandini; ol this property is onhantod l)y 
havini; ehildicn btiild and order .>eis. 'l*he ap- 
paiatiis .sitown in Fionie i).2i\ h a typical device 
that can he used for this pttrpose. Sets with Ironi 
one to ten. nieinher.s tan he httili. 'I1ie ilhistration 
.sni»i»e.st.s ih'M there are ten .separate l)a.sei)oai(U. 
hilt thete is leally oidy one. The ha.sehoard shown 
iti the picture has I)een j^rooxed to ^i\e the im- 
piession that there are ten little l)asei)oards. 
Since there is only one ha.sehoard. it serves as a 
coinrol in the oulerini* process. A variation of 
this device that uses nndticolored cylinders and 
a wooden iraine sorve.s the same Itmciion (Fi*»mo 

9:21). 

Activities witii ninnher trays can he elfcctive 
Md)stitntes lor inimher line activities, especially 
in the early stages of learning when maniptila- 
lion is desirable, Placemeni of ctihes in iiner. 
locking irays can he tiscd to illustrate cottniing, 
adding, snhiracting. luidtiplying. and dividing 
niimhers. The cnhes in the tray in Figtire 9.28 
.show an alteinaling pattern of odd and even 
lunnhers. 

Perhaps the mnnher board in most (onnnon 
ii.sc is the hundred hoard. Its flexibility permits 
coiurete repre.sentation of counting, the fotir 
fmulamciual operations, the meaning of place 
vahie notation in the decimal system, and pat- 
tern analysis. Although available commercially 
in a variety of fonns. ntiniber boards can be casi- 

FiGURK 9.28 
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ly roiiMnuicd l)y pupils or icaclicr.s. Two com* 
mcrcial vaiiaiious arc ilhisiraicd in Figures 9.20 
and 9:MI 

V^olpcl .sugocM.s iliai ilic siniplcM houicniadc 
board is one made of plywood wiib nails or pegs 
in iliL" (cnicr ol cacli scpiarc (.S.')). V^niaiious 
can be cllccicd l)\ using spools. (Uiiaiu ling.s. 
rubber washers, or nuuiboi' cards wiih ihe boaid. 
Osborn's variation of the hundred board is a 
cardboard chart on which each numeral has a 
circle or s(juare above it (81). Circles represent 
odd numbers; scpiares represent even numbers: 
black circles and scpiares represent prime nuni' 
bers; and white circles and scpiares represent 
comi)osiic nnnd)crs. Circles or scpiares that leprc- 



scm piodncts have lines across them— one line 
means one distin( t pair of fa( lor.s: two lines mean 
the nnnd)er has two distinct pairs of laciors. 

A .^omewhat unusual use of t lie hundred board 
in die intermcdiaie and uppei grades is shown 
in Kiguje 9.\\\. The black beads are supposed 
to represent prime nund)ers; but one niisiake ha.s 
been made. If the board is used as .diou'n in the 
display, children can be asked to correct die 
placement of ihe black bead so ihai all prime 
numbers aic lepresentcd by black beads and all 
composite nund)ers by white beads. 
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CARDS AND CHAR TS 

C:ii<U (IkuIn for R'arliiiit^ iii:itlicni:itics 

li:i\c reclined their popiilin ii\ ilnoiii^li the \e:n\s. 
They ;irc appeiiliiij" lo teruheiN not only hecuiNe 
oi their pernnnienc y hni aho h(H:in>e of their 
:Khi|)t:ihili(y to individual and .i^roup in.Ntuiction 
and to various niethod.N ol inNtruction. Manx 
teachers feel thai the n>e ol <ar<K and charts as 
two-dimensional representations of the physical 
world serves as a l)rid<,;e between the coiicietc 
and the abstract (Kii»ure 

This bridge is often refericd to as the "sciiu:- 
(oncrete'* level. It is not known wheihcT Icai nini» 
is eidianced b\ usini; cards and charts. The 
complete lack of research on this problem per- 
nuts the teachei- lo select or reject activities 
invoivini* these materials as he see.s lit. 

There are many uses of cards and c baits that 
aie unrelated to the cone ie(e%Nemic onciete-ab- 
straci sec pie I ice. Demonstration c:ncLs can be nsed 
to relate ninneials and words that name numbers 
(Figure iKT.\), Kxpandecl notation cards can be 
Used ill (onjiinction with a flannel board to show 
the meaniiii» of plate value (l'ii;nre i).;M). Ai the 
manipulative level, not a lion caids can be ii.scd 
with a 10 X 10 tray, hi Kii»ure i).l\:> a child has 
represented concretely l)y placiii*" l\ ten bars 
and I four bar on the tray. The coirect notation 
caids. ";50" with a "I" card placed over "0'* in 
ilie units column, are shown ai the bottom ol 
the illustration. 
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EXPANDED NOTATIONS 

3 2 5|8 

+ 2uO , + 50 
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Olill or fla>h cuds remain popular devices for 
|)roni()iiii<» memori/aiion of hasic f;u*i.s. It is iin- 
poriaiH lo reineiuber thai drill on basic f:icts 
should never lake phue I)ef()re ilie child under- 
siands the nature ol Mie operation on which he 
is lo pia(ii(C.* Other uses of cards, for buildhig 
inieiest as well as learnini* concepis. are de- 
scr )e(l in the section on games. 

Two other important uses of charts that dc- 
.serve mention at this time are pattern analysis 
and cnriehmeni. One lypc of chart that can be 
Used in pattern aiialjsis activitie.s is a matrix 
addition chart. A preliminary use of such a chart 
is to record addition facts as *hey are developed. 
For example, when the fact 2 -|- 3 = 5 was 
developed in the rabbit story, this fact could have 
been lecorded on the chart as illustrated in 
Fi<»urc 0.36. Thereafter the chart could be used 

I. See the discussion oii diill aiul repetilive practice in 
The Ixarii'ing of Mdlhemnlics: lis Theory and Practice, 
Tivcniy-firsl Yeaibook of the National Conncil of Teacliers 
of Mailicnjaiics (Washington. D.C: Tlie Conncil. 1953). 



by pupils as a lelcrence when a (piesiion rehuin<^ 
to this (act o(( urred. 

Astbechait is expanded, childien (an obserxc 
deve;o|)ini» patterns. One hnponani use of pat- 
terns is in introducing the zero facts, in which 
at least one addend i.s zero, the identity element 
Ml addition. Since ihc>e .sums are often difhcult 
to objectify, childieii (an predict the appropri- 
ate sum by anaiy/in^^ the pattern (lMi»nre !).:57). 
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KicUKK 9.38. In the first (juaricr of (he four- 
Iccnih cantury Kintr Edxvard II established an 
inch to be the length of three full, dry barley- 
corns from the center of the ear, laid end to 
end. 




Cointesy of I'oid Motor Conifuwy 



l'iGVi<r.{)/M). During the sixteenth century Uu- 
legal rod xims determined l)y lining uf) the 
left feet of sixteen men as they came out of 
church on Sunday ynorning. 

O 
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Aficr ilu' (liari I)C('Ii <(>in|)l(ic<l, dnldicii 
cm puiMic- «i |).tnc-in scinh \o\ intrKMiiP^ icl.i 
ti()iiNlii|)N Midi .IN |M()|)('ni(.s of ilu' .i(l(liti<ni op 
cr.iliou and m) on. CJi.iit> loi othoi opcMtioiis 
(an l)c |)in( ll:l^c<l or |)ic|):nc<l. (;Ii:iUn cm aho 
l)c iiM'd lo cNaniiiic cliaiac icriMio of noiidrc ini.d 
niiincration and iiniic niatlicuiati(a[ nNnU'iik. 

The MM' ol (liariN for ciiric Innciii 1% illnshau'd 
l)\ I'i,i;mc.N 1).:IS and [)/Ml Thco iwo (haiiN (.m 
l)(- iix'd lo licl|) ( liildicn ,!;ain ni inidci Ni.indiii!; 
ol ihc liiMoiical do\c-lo|nn('iu ol ni.idicnia(i( n. 
and diiN. ill inni. (an lead kkiii a|)|)ic( iau'on ol 
(oiKcpiN Ix ini; learned. 

Oilier .s|)e<iri( .sni;«;e>noiiN Ibi llie u^v ol <.iids 
and (li.nis.ne made l)\ De.nis. ni.i>iii. Iii^ialiaui. 
Madilin. Midialox. ()\eihol>er. and Williams 
(Sl-^llO). 

M KASl ' R I- .\l KN r I ) KVI ( :K.S 

Vai(Kiiek>. iiiciei.>iiek>. dialkhoaid eonipahNes 
and protraeioiN, halaiues. and individual nUuIciu 
niler>. (()iii|)a>\e.s. and proiraeior.s >lioMld l)ea\:iil- 
able as >taiidaid dassrooiii e(|ni|)iiieiit lor iise in 
develo|)inj; ineaMireiueni eoiKOpis. For example, 
pnpils iiii)L;lit he ,^i\eii a nninher ol fooi-Minaio 
pie(e.s ol caidhoaid and .i.sked to (o\ei the llooi 
with ilieNe .scpiaie .sliape>. Altei liiidiiii; the .uea 
ol the lloor in iln.s la>liioii, I hey cm he .ihked 
lo find die diiiien.siou.s ol the llooi nsiiiji; a \ard 
Niick and ilieii a.sked lo (oinpme the area ol 
llie floor l>\ nsiiii; die loriiinia // lu\ A Mudeni 
who has had mk h expeiieiKe i.s noi api lo ron- 
I'lise a linear miit wiili a xpiaie niiii and will 
ha\e a i^ood idea of area. 

Sets of iiiaicrial.s like the Lake and iNlaiids 
Hoard .shown in l-'i^me DJO aie axailahle :iiid 
.serve a similar purpose. 'The .sei shown in ihe 
pietnre eon tains unit < nhes. miii llai pieecs. and 
a lar<*e piece of niasoniie on wliidi irrei>nlar 
.shapes are painied. CIoiKepis iinolviiii; hoili aiea 
and volume (an he developed nNiii,!*' micIi a .set. 

A inindle wheel (iM.mire i}A\) can ho n.scd 
to niea.snre distaiues. Uy plannjj;^ ihc wheel m) 
that (he .stauiiii; mark is down and pushing 
the wheel aloiii^ a marked line, distanecs can be 
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iiiiMMiial 1)\ ((niniin«; r()<:in()iis of iUv wluvl. 
Ii) tiNin*; :i littndir wlied ilic diild \\:\s oppor- 
iiiniiy lo iiiiiEiiivc idc.i ol ilu- rcl.'iiion 

Ikmwccii \\ir (!i:iiiKMri' ^iiid < iu uinlnvncc of 
< in k\ l*i()l)l('in> di:ii involve liiidiiii; diNV:tii((\s l)\ 
iinIiij; :i nniidic wheel ..if (•:!>il\ \iMiali/c(i :ind 
M)I\ed l)\ die pupil. 

SeL> ol dcxid'N loi' iiie:iMii iiii* cipriciiN :iie 
;i\:iil:d>le in dilleieiil Nli:ipeN :iiid >i/e>. One 

Midi sei is shown in I"i<*ine ()dici" lypes 

:tie iliMnsscd in ihe sec lion on models ol t^co- 
iiiciii( lelniion.ships. 



VhtUtn wi this page, rout trsx o/ Hi \pon\ii t' !',uvitoumvnt\ 
(Uptftottiiion 
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IjiihiMcrs Mu h ;iN ihc one .shown in Fii^nic 
can Ir- nscd lor Nan'oiis pinposCN. In ihc- [)iinKn'v 
i;i:uk-s iIk* (lc\i(c cm Ix- iiM-d to illiis(r:n(-. lor 
(-N:ini|>lc. lh:ii 7 - I) l\ ■ 10. ;i> shown in ihc 
|>i( luic*. Ai :i l:nc-i' >{:v^l\ ihr h:i|:nuc- (an he nscd 
wilh prohlc-nis in\ol\ ini> lc\ers. In ihc- l:nu-r<.i>c. 
ihc illiisiMlioM (oiiUI he- intci pu-ird .is .showing; 
ih;u 

(I X 7) ■ (I X - (I X :i) (I - 10). 
.More tluiu one wei!L;ht <;in he hnni> on :i pci;. 
*rwo wcii;lu.s |>l:i(e(l on the pen :|| il^^ 
would hahince three weii>hi.s |>l:i(C(l on the I pci; 
:n die ri;;hi. .since 

2 < (i V I. 
The nnnMial lookini; device .shown in Rtitne 
9.11 i.N a clinoiiicu r. Thi.s device can he tiscd 
lo nica.Nnre an^le.s ol elevation :nid aiii»les ol 
depre.Nsion. 

'I'hc clinometer Is olten ronihined with a 
h\|)M)nieicr. The hypsometer is a .simple device 
thai can he nsed lo determine the hei!;ln.N of 
ohjeci.s .snch as i)nildini;s and trees, and Iiori/cui 
lal distances. The chawini; in I-"i«;inc \)A:i .shows a 
homcMiiadc hyp.sonurtcr c ond)inccl wilh a elinom* 
eJer. The h\|)someier part consists of a ;-;raph 
chavi fastened to a piece of caiclhoaid motintecl 
on a pole, 't'hc anisic the hypsometer makes with 
the pole can l)e lixccl l)y tisini^a holt with a wini; 
mit. \ soda.siraw i;ltied to the i^raph chart aloni; 
the upper cd,!;c .selves as a si<;litin«; tnhe. and a 
lishliiic and sinker siispeiided Irom the npper 
ri<;lu-liancl corner ol die i;rapli c hart serve as a 
piniiil) line. 

To lincl the measure of an an,i;le of elevation 
with the homemade coinhinatioii device, simply 
sight lliron^li the sighting tnl)e and read the 
angle ineasnre lite phinil) line points ont on the 
proiiacior. 

.As yon can .see Irom the diagram, the scale ;u 
the right of (he graph chart indicate.s horizontal 
disiaiices irom an of)ject and the .scale at the 
hoitom indicates heights. 

To lincl the height of a hnilcling. set np the 
device at .some convenient distance from its ha.se. 
.say •){) feet. .Sight to die top of the hiiikling 
through the .soda straw and locate the intersec- 
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lion oi llic pltiuil) line and tlu- 'A) (loot) line on 
ilic li^hi-hand scik- ol iIr- jur;i|)Ii cIkih. riic 
(loiicil lines on llir _:;r:i|)h rliaii indicau- ulinv 
lo ic:i(I ilif nicasinr of iIkii pari ol ihc lK'i.i»lii 
«)! ilic huildin.:; (h:i( is nhoir ilu- dcvii c. .Sinrc die 
innnl)(*r poinic-d oiii on ilic hoiioni ol ilic ,i»i:i|)li 
(Ikiii i.s *1:k i\u: Uc'v^Ui ol ihc huildin*^ i.s 215 Icci 
y pins ihc liciojil ol llir device. 




Oilier :!|)|)ro|)riaie devices lor field work activi- 
lio iiK-liidc* I lie aii<»le mirror, ihe alidade and 
plane ial>le. and die traii.sit. .Slin.sier and Bed- 
loid dexrihe in ei hods of con.sirneiinj; tlie.se 
devices and .sniii^e.si aciiviiie.s lor llieir use (%). 

The reMili.s of a limited .stndy by MtClintir 
.show a preference by kinder«;arten cliildien for 
I he iiM! ol a unit type ol" measme .such a.s a 
( nhical ccnintin.i; hlock. rather than a rod or a 
tape, to ol>i;iin oveiall length diinen.sions (91). 
Bonnie lepcnt.s that experieiice.s with yoiiii^ 
children .seem to show that ideas of three-dimen- 
.sional space or volmiie appear to develop more 
easily than ideas ol' area (J) I). Me .sni»!;esls iliai 
to csiablish a linn concept of vohmie. an activity 
Mich as pack! 01^ .sol id wooden ( nhe.s into iectan«;n- 
iur coniaineis he used. Similar activities can he 
ii.snl lo develop a linn concept of aiea hy (Oiisid- 
eriiij» tlieamonnt of. space in a plane iet;ion (area) 
rather than the a mom it of .space occupied in 
three diinen.sions (vohnnc). A .snot;esled activil) 
i.s coniitino ilie mmiher of ohjecis of identical 
.si/e needed lo cover a plane ret;ion. 

In a .stndy of hei^inninj; nr.st-«;rade eh i Id i en s 
concepts. Masclio concluded that niea.sureineni 
.should he taught in silnations in which pnpils 
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can actually use the nnii of measme involved, 
thus he^j^iniiiiii; at die coneiete level (93). He 
Mi.i'!:;e.sts that measmenient environmcnt.s rieh 
with concrete materials he provided hy the 
lirst«)L»ra(Ie leather in oider that pnpils can .sohe 
c\ei\(la} in-Mliool mea.suiement prohlenis. Park- 
er proposes the nse of a piojetl to motivate pupils 
in makinj* \arious measurements around the 
.sciiool (9:")). .Sucii a proje( I tend.s lo inciea.se 
pupil.s' skill in usini» actual nieasurinj; tools. 

Swart leconmiends the development of a niea- 
Miiemeni hilxnatory that would inelude mate- 
rial lo provide experience in measuiement (97). 
Me li.sts .some materials availal)le for less than 
ten dollars and describes how such a laboratory 
( oiild be u.sed. 
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.MODKl.S OK c;KOMK'rRI(: 
RKl..VriONSHlPS 

(icoinctric uukIcIn iiulndc llic hnniliar wooden 
('ul)CN, cones, cyliiulens, and ^plieics and, in addi- 
lion, many other hOj)lii^ti(aie(l wooden, metal, 
and pla.stic models. .Some njodel^ Midi a^ the one 
.shown in rii>ine 9.4(5 tan he filled with .sand 
or water and used when Mndyint> vohnne. 

Flat hlock.s Mich as iho^e bhown in iMmne 9.-I7 
can he n^ed to help pupils \iMiali/e work with 
areas and vohnne> and to make dcsii^iis. 

Plastic hlocks .similar to those shown in Fit»ine 
9.-I8 are iLsel'id in design work, (omparison ol 
areas, and in workin<) with lational ntnnhers. 

Geometric pii//le.s such as those .shown in Fii»- 
iiie 9.*I9 provide intciesting eni ichnieni material. 

Anulc l)oai(ls such as those shown in Fi«:mc 
9..^^() are helpfid in providing vi.snali/ation in 
working' with angle measine. 
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Johnson dcsc i il>cs a l;ni»c nunil)cr ol i>coniciru 
conccpis iIku cm be illusiratcd I)y paper fold- 
ini> (101). Indiuled are die l)asic i»eonicirical 
consiruciions. ihe bnildino of ihree-diniensional 
paper models, and die formaiion oi' regular pol\- 
gons l)\ iNiMi; knois in strips ol ;uUlin<; machine 
paper tape. 

In [WO articles on i»eonietry in the primar) 
i>^radcs. Vii»ilantc notes that at this level geometry 
should i)e approached inlorinally. usini* a theory 
of instruction based on nndtisensory experiences 
(lOS: 109). Hiese expciiences sluudd provide op- 
portunities lor exploration, mam'pidation, and 
(ievelopmcnt ol spatial perceptions. Smith con- 
curs by stating that children re(|nire things they 
can handle, see, feel, work with, and produce 
(10:)). 

The construction and use oi' three-dimensional 
models is a recommended activ ity. Buck suimests 
ihe building of rcgidar tetrahedra om of D-Stix 
(99). Black descril)es a piogram using large 
wooden solids to help students find varioiis shapes 
in their environment and discover basic proper- 
lies of shapes (98). Wahl provides a set of pat- 
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terns designed foi ease of cutting and pasting 
(1 10). Woods and Ilolf feel that experiences wiili 
mathematical models foi geometiies of more ilian 
three dimensions should be pioxided at the etc- 
mentar) lc\el to reduce the dilficulty pupils have 
with ideas inxohing more than tinee dimensions 
(113). 

Combinations of peghoaids and string have 
been suggested by many. Smith suggests using 
pegs and ud)ber i>in(lers with the pegboard to 
pi oxide a successful mediiuii for portraying 
geometrit ideas (KKi). Hewitt used a length o( 
xenetiaii-bh'nd coid to lashion geometric figures 
and then tied knots at i'ltervals of one foot to" 
oinain a mcasmemcnt tool to enaldc pupils to 
find the lengths of the sides and diagonals of poly- 
gons (100). Using colored thread and a pegboard 
or lieav) cardboaid. Knowles had pupils ton- 
struct geometric ligmes using only straight lines 
(102). Major outlines a dilfeieiit. axiomatic ap- 
proach to geometry in the upper elementary 
grades, an approach based on rings and strings 
used with a pegboard (103). 
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Ciiinc stile hino. as .shown al the Icit li\ Vh^iui' 
9.51. is alw.ivs |)()|)uhii with pupiLs and pi oxides 
an cxccMcni oppoi tmiiiy for (icatixc (lesion 
work. .Vt the present time, many mechanical 
(Irawino devices aie available lor pnuhase in 
\aiiet\ stoics and in the toy scction.s ol depart 
men I stoies. The Spiiograph and the Mai»ic Dc 
sii^ncr are two dex i(e.s lhat dn'khen can use to 
create theii own designs \)) nsini^ the colored-ink 
pens and the rotaiing paits inc hided with the 
devices. 

Metal and plastic models that incorporate ihe 
use oi' el.istic .ne useful in illnstiau'ni> oeonietiic 
pioposiiions. The one shown in Figure 0.51 ca" 
be used to illustrate thai the medians of a tri- 
angle aie concuirent. Since this model can I;c ad- 
justed to show an ecpii lateral triangle, ch lichen 



can ohsene thai the mediaiis, altiiuclcs, and angle 
hisectois of an ecpiilateral tiiangle all coincide. 
The model can be ca.sily adjusted to show that 
this is noi the case if the triangle is isosceles or 
scalene. Such nianipulaiion lesults in a sa\ing 
ol tcachci time because the geonictiic figures do 
not have to be constructed on ihe chalkhoaid. 

Other lypes of cle\ ices ha\e also l)ccn su^^gcstcd. 
Uncapher cle\ eloped an 'Objeci-a-Scieen'* on 
which geonictiic llguies can be repicsentcci b) 
clilferciil arrangements of lighi behind a translu- 
(ent plastic scieen (107). Waller cicaicd Mirror 
Caicis to pio\idc «i means of inloi niall) cjbtaining 
geometric e.\peiiences thai combine .spatial in- 
sight and play (111). Richards reports many 
possibilities of using Tinkeioys in constructing 
models of geometric figures (HH). 
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lUc (h.in<4ino sniidiiic oi ihc clcnicni.iiy cla.sv 
loom honi a (ca( hci nUud. (I()i»)ii.ui( oiiciua 
(iot) lo ouv ol a ( hild-cniincd. lcMri)iiii> lal)ora- 
l<)i\ ^\Ilcrc' Ic.ttniiit; is inuusiini;. ( n j()\al)lc. and 
of It'll Inn. ha.s < onsidcTal)!) ahcicd I he lolc ol 
•panics and pii/zlcs. In da\s j^onc t;anK\s and 
pu//lcs wcic Hscucd [oi kindci !;;an cn and carh 
|)iiniar\ t»iad(s with [he cxccpiion ol Micir nsc at 
oiluT .i»radc Ic NcIs on lhcda\ puxcdint; a holiday 
as a Sonieihini; U) do ' a(ji\i(\. TUv) were not 
\ic^\((l as an inu,i;ial pail ol die ( nnic nhim and 
wcvc sccu h\ leadins and adniinisiraior.s as a 
<lc\itr cni|)lo\((l In \\(ak icadici.N iiuapahic of 
NinKUirini; a Ici^iiiinatc lesson. 

n oda\ a sn oni; case can he made foi indudini* 
^allies «nid pn/zles as a ni( an> of .iii.«inint> dcsii- 
able oiiKonics ol niadieinatic s insiuuiion. rhe\ 
seem to Ik* cspcdall) ;\ ell suited loi pioi^ianis ol 
(hill and practice. pio\iclini; Tor indi\idnal dif- 
fcieiues. binldint* desiiahic atiitndcs. and cn- 
coniai»iii^ prohleni soKini;. Allhoni^h cc^nnner- 
ciall) prepaiecl ^aincs are hcvoniin,!; nioic and 
ijioie popniar and their nninbeis aie rapidly in- 
crcasint;. the cieaiive natme of elementary 
teac hers and pnpils piovicle.s .somces ol ideas lor 
coniiiioic ial companies. Typical of tcadier-made 
<»aine> is ,\Iaihmai>irlan(l (I'i^ine 

AFAi'hlMAGICLAND 

Ohjcrlhfc: 

To i;ive prac tice in hasic fac ts of addition and 
Md)traciic)n at the primary level and nudtipli- 
c at ion at the iiUermediaie level 

\'\ntr iiiarker.s: white carcLs con tain ini> basic 
farts without answers: income trie shapes: red 
cards eontainini; basic facts without answers: 
"tracks'" for addition and subtraction, and 
nutltiplication: and the board 
Riilrs: 

1. riie ,i»amc may be played by 2—1 players. 

2. Moves are determined by drawing a white 
card. 

2. CaiKly TakkiuiLMi, Judy Kaplan. Peggy Mahan. and 
Ruth Alverson, four fonner sindents of the anthoi-s of 
(his chapter, aic responsible for C)tigiuating this ganic. 
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:5. r.ach player bet; ins at the place marked 
■"Start. ■■ h'ach pla\er chooses one card, and 
the player with the card showinj; the <^real- 
esl basic lad starts the j^ainc. The cauls 
drawn aie then bmaed at the bottom. The 
play is then from lelt to rii>hl. 

1. Play be<»ins when the lirst player draws a 
white card. Me eompiucs the fact and moves 
his marker to the nearest numeral that dc- 
sii^nates the an.swer. (Kxampic: 2 -I = (J.) 
The player moves his marker to the lirst 
"().'■ 

5. The numbers in the primary track arc ar* 
ran,<^cd in secpicnce from 0 to 9 and then 
be<>in rcpeatin<;' the same sccpience. Inter- 
spersed in the track are frames containin<» 
i»eometric sha|)cs. The mmibcrs in the in- 
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icrmcdiaic level arc nmhiplcs ol a (cnain 
iuiinl)cr (c.j».. :5: .^5, (i. 9, 12. . . .). These 
iniinbcr.s are not in secpiennal oulei so {\vm 
children cannor coinpnie iheni by diakini^ 
the board. 

(5. Play (oniinues ^vilh each person drawinj^ a 
while card and njovini; his niarkei- K) the 
next .secpience ol' nnnd)er> nniil one player 
leaehe.s .\Fa(lnna<>iehnul. . 

7. If a player chooses a card coniainini^- a 
i^eonieiric shape instead of a basic fact, he 
moves his marker to thai shape directly and 
lollows I he directions ihere. ii an\. 

8. H a player s marker shonid land on a frame 
already occnpied, this plajer nnisi choose a 
red card. i>ivc ihc basic fact, and then move 
his marker back;\'ard lo the nearest nnin- 
eral thai desionaies the answer. 

9. A variation at the j)ri!nary level is to have 
facts with answei's greatei' than 9 and have 
the children move according* to the fig ore 
in the tens place iiistcad ol the ones place. 

Figure il hist rates the nse of a puzzle sit- 
naiion to help \onng children niatch sets of ob- 
jects with nnmbcrs. 



Figure 9.5:? 
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A popular connnercial game that provides 
|)npils with acti\ities involving addition is domi- 
noes. Fignies 9J) I and 9Sk) ilhistrate two of nian\ 
variations of the domino game. Practice is pro- 
vided in this case with fractions, decimals, and 
pcrccnt.s. 
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Am cxtiliiii* caul i>;mK' ih:i( (()inl)inc> ihe 
:il)iliiy lo cojnpuie wiih llic :il)iliiy io m)I\c \)Voh- 
IciiKs i.s l\r\|)U) (lMi»m c \).:){\), \'i\c cncLs :mc dcah 
(o cruh phiuT. and :ii a i>i\cM .signal a .sini>lc 
caul, (he Kry|)io card, is turned up from die (0|) 
of Mr* teinainini; cauLs in liic deck. By u.sin«>^ the 
four fund a mental operations with all live cards 
in a player's hand :uul nsini> each card once and 
on(e only, the plaver'.s an.swer nuist match the 
Kr\pi() card. The player who .success! idly solves 
his |>H>l>leni calls out "Krypio" and must then 
explain his process to the other pla\ers. II his 
exphinaiion and compntaiion are correct, he re- 
(cive.s a total score ecpial to the sinn of the ninn- 
hers represented in his hand and the Krypto 
(aid. II his work is incorrect, this anioinn is siih- 
iracted from lii.s score. In the hand shown in 
{•'ii»nre the Krvpto card can he ecpialed in 
the I ol lowing way: 
10 ~ 2 = 
T) ? 'I = [). 
[) ? 15 

1>I - 13 ^ II (the Krjpto card). 
.M;inipulati\ e pn//le< .such as tani>i'ams and 
inssani insanity ilhisirate possihie roles ofpu/'/les 
in prohlem solving. Shown in Fi.uine 9..")7 are ihe 
seven pieces of the Clhinese tani^ranj puz/le. The 
oi)jeci ol this |)u//le is to pni the seven pieces 
together to lonn a scpiaie. The challenge in the 
Instant Insanity pn//le i.s to arrange the fonr 
cnhes in a low so thai no two faces havini>f the 
same color lace up. clown, away from the observ- 
er, or lowarcl him (Ki^me ?).r)8).'* 
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' X For :i solmioii to (lie lustain Insanity j)u//lc sec "A 
Note on Instant Insanity," by 'I'. A. Hi own, i\fathcmattcs 
i\taf;azhte, Scpicnibcr 1908. p|>. 107-09. 
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Theic arc many sources of information on 
types and uses of l)oth (onnnercial and teacher- 
made .i;anies and pii//les. These inchide Calvo. 
De aus. Dohler, Uatji^crty. Inhody. {ohnson, Jor- 
dan. Paikor. Rudcrnian. Shin low. and 'I'ininions 
(II l-2r)). 

SPKCIAI. COMPUTATIONAL DKVICKS 

Compiuational devices have heen used by men 
throni^hout history to increase the speed, 
accuracy, and cHiciency of mathematical calcida- 
lions. The ancients found the abacus to he an 
eflective device for doinj"^ calculations, and the 
widespread use of the abacus in the Orient today 
confirms thai it has continued to he an elFective 
calculatino device. Shown in lM][,^ine O.f)!) is a 
modern version of the abacus, designed for class, 
roopj use. 

The historical sii>nilicance of the abacus as a 
computing device justifies the use of class time 
for exploration ol its use. 

In the culture of twentieth-centiny America 
simple desk calcidators that do not recjuirc years 
of training to operate and arc nearly always 



available when needed have been de\ eloped 
(I-i,t;ure lUiO). Students shoidd have ample op- 
portunity to use desk calcidators. 

The extensive use of the ninnber line in mod. 
eni mathematics programs has drawn new alien- 
tic^n to such clevices as the additiou snbiracllon 
slide nde. I'i.ijure JUil shows an inexpensive 
demonstration aclcliiion-snbiraciion slide rule 
consiruciecl with two yardsticks. 'I o operate this 
slide rule, locate ihe liisi addend on the bottom 
rulc\ Slide die lop rule lo the iii;hi so that the 
index (zero end) of thc^ nde is ali.i;necl al)c)ve the 
lirst addend. I'inci the second addend on the U)p 
nde and leacl the numl)er on the bottom rule 
(hat is aliened with the second addend. The 
innnher indicated on the i)c)ttc)m nde i.s the 
stun. I'Or example, the slide nde pictmed in 
I'l^mne 9A\\ is sei to add 8 and o. The 8 is lo- 
cated on the hottoni rule and the top rule is 
moved lo the rii^hi so that the index is opposite 
8. Now T) Is found on the top nde and the stun 
of S and o. which is 1;). is foiuicl on the l)ottom 
rule. To sid)tract one number from another, aliijn 
the two mnnl)ers and read the answer o|)p()site 
the index. The diirerence. 17 — 9. can be found in 
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lM<»nic A .slide rule nindc with vardstirk.s cm 
.dso l>c Used ioi .tddilion .iiid Milxiadioii ofcci- 
i:iin rauonn) ihimiIkts. Ordinary looi ndcr.s aio 
appi (>|>i ialc lor iii.ikiM.i» «iddi(i(>ii-.sui>(r.u lion 
imIcs lor Use l>\ pupils. 

Aiioilicr example of a (oiiipmino device is 
(ailed Napier'.s rocks. 'Vh'ih dexice. which is an 
adapt. iiion of the lattice method of multiplica- 
tion, consists ol ten rods and an incle.v tod. The 
rods are usual I) ieferred to as the OrocI, I -rod. 
2r(Hi. and so on. Pictured in Figure i).(i2 are 
the .S'locl. the () rod. and the incle.v lod. A coni^ 
pletc set ol rods is pin m od in l"i<»me lO.IJ !n 
the ue.\t chapter. The rods may he in the Form 
of recta n<>u la r prisms or rectangular card board 
strips as in lM<»me iMi2. 'The top cell of each 
loci is labeled by the numeral ihni names the 
rod. This numeral also represeius the f«rst of 
two factors of a product. The remaining' cells on 
each rod are lai)elecl by numerals thai leprescni 
the pioclucts of the Hrsi factor and the numbers 
from 1 to 9, The dia^^^onal slash in each cell 
separates the tens and units digits of each prod- 
uct. To find the product 3 x (k place the index 
lod next to the (i«iod as shown in Kiguie 9.02. 
Then locate !> on the Index lod. and in the .same 
horizontal row lead 1/H on the Orod. This is 
the product, 18. 

To find the product 7 X icacl the number.s 
in the hori/onial low to the left of ihe multiplici 
7 on the index rod. Each diagonal column in the 
row represents one digit in the product. If there 
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is more than one digit in a diagonal column, the 
ninnbcrs rcpicsented by them must be added. In 
the present example, the first digit on the right 
of the clesiied product is 2. The .second diagonal 
column contains two cligii.s. 1 and -I. Since 
1 -f 'I = 5, the second digit of the product fmni 
the right is :5. The diagonal tohnnn on the left 
contains a 2. which is the third digit of the prod- 
uct. Hence, the product is 252. 
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The special calculjuor devices deMiibecl ilm> 
I;ir aic for m.nc wiili ihe dcvimal .sy.siein of iin- 
ineraiion. Kxcepi lor ilic de^k calrulaior, each ol 
llie devices ran be adapted for n.se widi n<)nde< i^ 
inal nmneraiion .syMems. 

1 1 is not iinporiam lor ihe child lo meinori/e 
the basic facis of addition or nudiiplic aiion 
when sindyini; nondeciinal nnnieraiion .sj.sienis. 
l)Mi ii is necessary for him lo have these facts 
available in exploring ;iiid di.MOverinir charac- 
ieristi(s of such nnnieration >y.Nienis. A set of 
nondeciinal Xapicr's rods or a nonde< inial aba* 
(Us (an be ntosi helpful in handlini; (onipnta- 
lional situations. 

Nnnierons forms of circuit boaids have been 



designed which allow students inteiestin^r pi-^. 
tice periods on basic lact.s. The Tahletanier. a 
piinied <ii<nit iha( opeiaus with a llashlii»ht 
l)aitcr\. i> one >u< h de\i<e. The l)a>i< I able* 
tamer device is pictuied in die upper leh-hand 
part of Figure !M»:I. Ii (an he used l)\ .suidents 
to practice nudtiplication facts. To check the 
|)rodu<i of two innnbeis. tlie indent plui»s in 
the lelt.hand elcdiode below the pair o\ nuui* 
bers lo be nndtiplied and plu,i»s in the rii;ht- 
hand electrode below a possil)le product. If the 
answer is coriect. the circuit i> completed and a 
i-reen lii;ht Hashes on at ihe top ol ihe board. 
PlaMic o\erla\s (an be iKed lo < bailee the basic 
d<*\i<e so ihai it can l)e um<I lo proxide piactice 




KiGURK 9.()!5. Pklurcd at the ul)l)cr left is the basic 'rablctamcr device fo\ fnacticiug multilAi- 
catiou facts. At the upper ritrht is the same device ivith a subtuution ove\ky\ An addition 
overlay is shovni at ihe bottom, llie same device is used for all three kifids of facts. 
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willi addition itiid .snhiraciioii facts. 

Another special ( oinpntational device that has 
\vi<lc a|>|>h(aii(>M in science Jiiid iiuhisU) as well 
as in the (lassioon) is the noni()«>ra|)h. It allows 
ihc user to do rapid (ahtdations Uy readin*^ 
nnnibcTs Ironi scales drawn on i>raph paper or 
notebook paper. The (liai;rani in Kii>nre IMi i 
illu.siraie.s a nomograph that is desi,i;ncd to add 
and subtract inie!>ers, 

It has three parallel scale.s. li. and II. Hach 
scale is perpendicular to the line that inclndcs 
the zero point of each scale. The H and I I scales 
aie the same distance fron) the K .scale. The 
len«'ih of the unit .sei;n)ent on the U scale «s the 
.same as on the II scale. The unit seonicnt on the 
H scale is half as lon^ as on the H and I I .scales. 



The rclaiic^n amon«; the c ootclinatcs of the three 
intei.scction points delenuinccl I)\ a line that 
crosses the three scales is W I I I - K. The dia- 
«;rani in Ki.i;ure I illustrates the example 
" I -i* i] = 2. 

A imdiiplication and cli\isic)ii iiomo^^iaph can 
be prcicluced rather easily. Obtain a standard 
slide rule and copy the C. A. and I) scales fronj 
the slide ride on a cliai»rain as shown in Kij^uie 
iUif). If yon place a straii;litccli;e acrcrss the three 
scales in the dia,i;ram. the points of intersection 
aie related by the formula C x D ^ A. To nnd- 
tiply two nnnd)er.s. locate one iiiiniber on the C 
scale and the other on the D scale. The line 
joinin<( the.se two points will c rc:)ss the A .scale at 
the point represent iM<»^ the product. 
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The nsc ol ilic jl)a( Us as :i < oiiipiiiaiioiial 
device has l)ceii icc oinnieiuh'd 1)\ niaiiy aiithois. 
Ilaiiuh<ui e\|)htiiis i(s tisr in aihlilioii and iiiid- 
tipliiaiioii {\\y, DeWinIt esteiids lis tise lo iiuil" 
ii|>li< aiioii (1!)): and Smith di.M iism's ad(h;ioii 
wid: die aha( us {0*2). jeiikins pie.senis a Mni(|(ie 
sioiN idea ol the aha( Ms as a loinpiiiini; lool 
{\*M}). Ileal\ (h*s( i'ii)e.s how die abacus <au he 
Used in the upper eh'ineiuar\ i*:a<k\s lo siien,i»dieii 
nndei stand iii<> oi all the opeianoiis. iiuliidsni; 
woi k ^\ith dec iiiials and (Oiiiinoii liac lions (T)!*). 
O'liei su<i»i;esnons loi iisiirj, the* al)a< us js a (oiit- 
puiational (le\i(eaie pieseiited l)\ (!uiiiiin!;hani. 
IViei.son, and S|)ross(IS: MO: .'M). These \ie\\'.s 
are perhaps he.st sMiniiiari/ed l)v r>ernstein. who 
points out that the ad\aiua,i;c oi the al>a( us :is a 
computational device is that pupils (an tise 
visual. lacinaL and kincsdieti< senses (\). 

'\'\\v iUinii>er line as a rontptitational deviee 
has lie(piently heen discussed in the literature, 
and most classroom teachers arc* fa miliar with it. 
Aslihxk. Cllark. (loehran. Ca>on. Overholt^ 
SdinnVkratiK .Si»an^a. and Shaw all siii»«*e.s( ways 
in which the uinnher line c an he used (I2r>: 
.'Ul: I'M): hl:>-M: l l(>). A note of caution rc»«;arch 
iiii; the introciuc tion ol the nimd>er line loo early 
is <»iveii l)\ (Jihney lie su.i»«;eM,s that iiiueli 

experience with concrete ohjects must precede 
any attempt to deal with lunuher symlmls. as the 
chaiii;e ironi ohjecis to >\iiil)ols on the nnmhcr 
line appeals to he dillic tdt For many eliildren. 

A pupil -made slide rule is sii«»i>;estecl l>y Gram- 
lich as an ellectivc computational device (l;MV 
The advantages he lists ineliide ptipil iniere>t. 
( ai 1 \-o\et to otttol school ac ti\ itics. an iniroduc 
tion to ineasniement in phy.sical science, and 
cpiick estimation of reasc)iiai)lc answers to a 
prohlem. 

Kreitz and I'lonriioy su<;t»est usini; X:ipier's 
locLs to .stinmlate inteiest in nuiltiplication and 
to compare p lac em em of partial products in this 
and the conventional methods of mulMplication 
(137). 

Othci forms of compntint; devices are cle- 
.srrihcd by Myde and Nel.son and hy Lawlis 
(1!«: 1.^8). 



COXCI.rsiO.VS RK(. VKDINC 

Ri-si- \uc:ii 

The eNainination ol the litei.iiuie and leseaich 
in each oi the nine* < lassc-s o\ aids selves to lein- 
ioice the conimenis made at tlie i)e!i»innin«4 ol tlie 
ehaptei^ Tile use ol iiianiptdative cle\ ices in 
teachiir^ elemental \ s<liool madieniatics is an 
accepted pro<eduic- and appeals to he siippoiied 
b) leainiir^ tlieoiists and eclucatois alike. Two 
claiii»eis should Uv noted in passini". The (iim 
clan<;ei is that o! a teacher's wlicdesale ac c eptaiice 
ol one all-pmpose device. M<)st pioponents oi 
tile Use* ol manipulative devices iv^i\-c that a 
wide variety ol devices slic)ulcl he tisecl. 

Tlie second danj^er a risers from the he lief that 
devices teach iiiatliemati; s. Devices themselves 
do not teach matlieinatics. It is their use tmder 
the guidance of a wise teaclier that determines 
(heir eflec tiveness in lac ilitatini» pupils' leainiiii*. 
This means tliat it is necessary Sor the teaclier to 
have a tlioroui^li l)acki>iouncl in tlie p 'clai»oi>ic al 
as well as the mathematical principles involved 
in lite Use ol manipulative aids. 

Thus the cpiestioii does not appear to he one 
of usiii,i( manipulative devices or not iisiiiji; tliem. 
Rather, tlie crucial cpic*.stion is wliicli devices 
.should he used widi particular pupils in teacli- 
ini; certain concepts. On tlii.s cpiesiion more re- 
.searcli is needed, since e.vistiii,i» research ^ives 
little direction. 

K\\AI.L\A'ri().\ or .MA.\1PLM..V ri\'K 

i)Kvic:i:s 

Mveiv le.sson in m.iihemaiics recpiiie.s .some .sort 
of evaluation plan to detc*riiiiiie the e.Meiit to 
wliicli the ohjec lives of tlie lesson have Ikoii 
attained. Lessons that involve the use of mani- 
pulative ciev ices aie no exception. Teac hers select 
m.Miipulaiive dcM'ces Lv.aiise tlicv feel that the 
devices can make a major coiiirihution to the 
li uniii,!^ |)ic)cess. Wlieiliei ihev do oi not caiinoi 
he determined unless evahiatioii is planneci. As 
a <;eneral .i>;iiicleliiie for evaluation, the teacher 
si loll Id slate his ol)jectives clearly in terms of 
pupil heliavior. 
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M:iiii|)ulaM\i* <li'\iu's. Ii;nvi'\ci. pivscm ;i spc- 

< Kil |)i<>l)U'iit. siiitr in.'iiix <lc'\i<rN ic<|uiiv :i .si/- 
.il)l<' iiixcMinoin oi iiioiu'v s< hool sxsioins < niiis<M 
:i\\om\ 1<> |mii<1i:isc\ icsl. ;iti(l |)c'Hi:i|)n <lis<;ii<l 
<k'viu'.s. I.:iii;c' iiixcslinc'ius in iiKiiupuhuixc <lr- 
\i<rs :iic not iinlikc iii\<MiiU'ins in k'Xibookv 
Willi irNil>(M>k srlc< nous, m IiooIs .t^ciifially :i<Io|m 
III r\:ilu:iii\c' plot ctluic. <lr\c'l()p r\:ilu:ili\c cri- 
fc'iia. :iii<l ihvw r\;iiniiK' Hie hooks on llir ni:iikc'i 
lo find Uir sriiVs lliai Uvsi liis ihr (riU'ii:i. A 
Niuiil.ir puxcMlnic should Ik> U*Ho\\'c<I lo juMilN 
^1 luMvx iiixtMincnl in in:inipnl:)ii\r <k'\ i< c.s. Tlir 
iollowint; snj»i»rsir(l r\;tliialfoii loini cm scixr 
as Mirh a n iici ion for m hool sy ictns: ii <aii also 
h<' iis<'<l lo lirlp ilu' iiidlvidnal U'a< her make i\v- 

< isioiiN ahoiil in<li\i(hial iicms for his rlassrooin. 

EvaUtaiiou Form for Mauilnilalivc Devices 

1 . Usual name of the device 

2. Photoj^naph, drawing, or |)icinre of the 
device 

Verbal ilcscriptioii 
'1. Commercial .sources 
i). Approximate cost 

6. Uses iliat can he made of ihe device 

AVAI?.AliJLJ'rV ANM) USK 

7. Can the device he made by a pupil? 

8. Can the device be made by the teacher? 

i). Js the device designed to be used priiiiarih 
by the teacher for demonstration purposes? 

10. Is ihe c levicc tiesigncd lo be used primarily 
by the pupil? 

11. Is the device desi^neil to he used by boil; 
leacher and pupil? 

12. Is the device designed lo be used by some- 
one odier ihan teachers and pupils? 

1;). If the device is to be used principally by the 
teacher, will he be able to oocra;c it easily 
and uiiderhtand its use? 

hi. If ilie device is to be used mainly by the 
pupil, will it \vidi«iand wear? 

15. Can reprcsi*^Ptative learner behaviors be an- 
ticipated when this device is used? 

16. Can itS'cfFcctivcncss be judged or measured? 



17. lhisd<'\i(i- bcusrd if ih<MliMO\ri\ melli 

od is cmploxed lo teach ilu* (Oiuept \\v 

OirrcoMKs AND PrRPOSKS 

IS. Can ihis <levi(<' be used lo molixaie and 

:iwak<'u or bniackn inUTesi? 
Ii). Can il bt' n vd lo rciiifone hMininjL;? 

20. ii !)<• use<l (o iinprov c < oinmuiii< aiion.' 

21. C.'in ii be usnl (o<hirif\ <omepis? 

22. Can it be Usc<l lo help pupils srr K'lalion- 
.ships? 

2:1. ( an ii be iim'<( (o help pupils <le\el<)p skill 

in usiiii; nieduMls of reasonhii;? 
21. Can ii be used to help pupils dexelop a wa\ 

of ihinkiiii'? 
2:"). Will ihe use oi die <le\i<e <'nlaij»e pupils' 

vi )i abularies'" 
2<i. Will ih(* use die <le\i<e <le\eIop pupils' 

appieuaiioii oi maiheiiiaii< s? 
27. Can the <le\i<e to be use<l lo <levelop pupil 

inicie.si? 

2.S. C'an ihe ilo\i<e be use<l lo enliaiKe pupil 
iiiitL-ilive.-" 

2!). Can ihe <leviee be unc<I to awaken <reaiiv- 
it\ or i(» arouse inia<;inaiioii? 

:>0. Can the device i)e use<l in makiiij* suinma- 
rie.s or in reviewing work? 

.'II. Ca;i ihe device be used as a ^uide to .show- 
steps in a process oi procedure? 

;I2. Can the device he used for pin|)ose.s of 
reiieaiion and cnjoyineni? 

Ol'TI.OOK FOR THK FUTURM 

The increased development and use of innthe- 
matics laboratories in die elementary school call 
for a classroom .setting thai contains a multitude 
of manipulative devices for teacher demonstra- 
tion and for pupil experimentation. Without 
(|ucstion. projects like the Nuflicid experiment 
in EnglaiuM and niinicrous related experiments 
\\\ this country will have a heavy impact on the 
schools of tomorrow. They call for a comj)lctc 

•1. Sec the N'linicld Kouii<l:ifion Matlicinattc;; Project scries 
(Nciv Vork: John Wiley Sons). 
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rc.Niniciuiiip^ oi Mic iiicilioclolo,^;) ol lomciii 
|>icsciit«iti()n. C()iii|).iiiic(l l)\ <li.i;i!;c.s in .sdiool 
<)ri;:iiii/:iM()ii. I'urUicr iiupcuis lor (lie l:il)<)ra(<)r) 
scuin<; li.is < our* lioiii iii.ilci i.iLs drNclopcd U) 
iii.sMUitioii.s :in<I (Oinpniiics like tlic I.cariiiii,i; 
Crnin .in<l Ckmm'xc Phn Miiiii;>» hoili of Priiu c- 
\cw jcr.se). ;vlii< li li.ixc caKliill) .i.ssciiil)lc(l 
kils ol iiiatcrial> loi |)n|)iU lo Icaiii iii:uliciiiau' 
< .il < OIK epLs iliioni>li c.\|)ci iiiUMUaiioii. 

"riicrc In .1 ,i^io\\ iiii» w illiii,i;iK\NN on Mic pan ol 
l(>(.il mIiooI n\.nIciiis lo |>iovi(lc lin.iiKial mi|>|)om 
lor iliL* pinrliaNC ol inaiiipiilanvc: <ifvirf>. Tlu' 
inipcUis |>i-o\ i(Ic*<l l>\ I lie Icdiral ^^ox criiiiiciii 
with ilic cn.uiinuni ol llic National nck-nNc 
Kdiuaiion Ad in tiic l.iic lillii*>. iol lowed l)\ llic 
Klriiu-niai\ and .Sc<ondai\ KdiKalion At i of 
IDlu. has .si IRC- (.11 rial o\ci lo Itxal m liool di.s 
(lid.s which aic now l>ud;.;ciiii*>; iiionio on a 
ici^idai h.i.si.s loi c<|iii|>iiiciH and inipioxcniciu 
ol laiihlics. 

I.carniii,i>^ needs ol pnpiK lia\c roidtcd in lli<- 
dc\clo|>iiicni of «i v.nict} of .spct lali/cd pnK^iaiii.s. 
Aiiioii.i; llicsc arc Piojcci IIcadM.iit. |>io,i;niiiis foi 
the (iihiiiall) di.sad\antn,i>cd. and |>io<^rniiis for 
slow* and unified Icnriiurs. All of tlie.sc rail foi 
iiKica.scd use of iiiaiii|>tilati\c de\i(es. The Na- 
tional ConiK il o[ 'I'eadieisof Mathematics, in its 
|)io)ert lor develo|>iiieiii oi s|)e('i:il niiits of in- 
s iiMiioii loi slow leainei.s. typilics these elioiis. 
riie appioach nsed with pupils lia\ iii.i>; paiticnlai 
Icaiiiini^ difriciilties is lai<;ely eNpeiinieiitatioii 
with iiiaiiipulative devices. 

The involvement of l;ii«;e hnsiiiess eniei prises 
ill the education Held oilers three main advan- 
tages, rirsi. the develop men i of new tecluioloi^y 
will have a diieet path to the educational estah- 
lisliUKMit. The l:i.i( between these tecliiiolo,i;teal 
advances and llieir educational uses will he re* 
<lii<'e<! 10 a iniiiiniinii. SeconcL the educational 
instil lit ions. ieco5;ni/iii<; their needs fo; new 
techno I o.i^y. have direct access to companies with 
lii.i»lily skilled personnel who can create the teeh- 
iiolo(;i<al a<lvances needed. Third, such partici* 

If. Sec Expctivmcs In Mathrmatiral hlca^, 1! voU.. oJUli 
Willi Tcarhhii: I\irha^<\ c<l, Aim(>I<I M. Chiituilcr ^\V;ivIi 
iiigtoiu l)»a:" 'l'lic Council. 11>70). 



paiioii hy private entei piise < an awaken interest 
ill hxal an<l .state .i;o\( i iinients to piovide .i;icatei 
(iiKUu ial .siippoit to lo(al schools. 

.MoKr p.N\< liol()<;i.st.> li.i\e direded their atteii^ 
tioii to proI)leniN ol lunii.in leaiuiii!;. As this 
Intel e.st (oniiiiiie.N lo .*;i<m. new iiiloiiii.it ion on 
the leainiii,!^ pixxe.ss will in<ie.i.se the elii<ieiicy 
of I he pupil who learns .ukI the teadier wlio 
,t;iiides the leariiiuii. .Vs poiuie<l oiii in the he- 
!;iiiuin,i; of the (hapter. kiiowle<l<;e of the learn 
iii<; plot ess lia.N l(*d lo let oiiniieiidalioiiN loi .!;icat 
rr use of manipulative <lcvices. 

Kinall}. teaclieis lia\e deiiionstiated an evei 
iiK leasiu;.; W!lliii,i;iie.NS to eNperinieiit with new 
te(lini(pies. slrate<;ies. iiietliodolo.i;ies. .iiul con 
tent. The climate of the yea is prior to 15)1)11 was 
not la\oial)le to eNperinientatioii. As elemental} 
teacliei.N heiauie hettei a(<piainte<l with iiewei 
pro<^iaiiis and methods aii<l l)ei;.in to iindei.Ntaiui 
the cliaii,i;iii^ .i^oals and ex pert e< I outcomes {)f a 
mIiooI iii.it lieiuati(s pro,i;iaiii. their iiiter<\si in 
thildien .ind ilieii doiics to do ihc hesi ioi ilieni 
heed the teachers fioiii tliediaiiis of st.i.<;iiated 
pio<.;iani.s and tea(liiii<; teclini<|Ue.N. Mleiiientarx 
leaclieis have not only become capable of carry- 
iivj^ out limited reseai<:h and eNperiiiieiitation 
with nianipiilatixe de\ i( es hut li.ixe <leiiioiisiiated 
their inteiest and desire to do .so. 

The role of iiianipulatixe de\ i< es in the elenieii- 
tan .sdiool uiatheiiiati(.s (la.ssioom of the fiituic 
looks l)i*i.i;lit indeed. 
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SorRCKS OK MA:\II>ULATIVK MATERIALS FOR 
KLKMI-XTARV SCHOOL MATMKMATICS 

riif (oiiipaiiic.s who.NC n:nnc> appear in the lisi below piodiKc or (li.Miihiuc iiiaiiipiilalivc dcvico 
iliat arc appropriaic for elementary . school mailieinaiH > iii.sirnciioii. The lull iiaincs and addrc.sse> 
of the companies are given in ihe Appendix. The (lasso of materials a\ailablc from each company 
aie indicated l)\ x's accoidiiii* lo ihc >ortint» .scheme used in (lii.s chapter; 



I. Denionsiiation l)oai(L and devices 

2- Place vahie tlevi((!.> 

Ik C^olored heads, blocks, rod.s. and di.M s 

■I. Number i)oai ds 

5. (.'aids and cliaits 



(i. Measineinent devices 

7. Models of <ieomciric relationships 

S. Games and pnx/lcs 

9. Speeial computational devices. 



PRODirCKR OR DISTRIIiUTOR 3^ 5^ I i §P 



^.^i >yj ... . 



7: 
o 



.— W \J sj — 

5 6 7 8 9 



ABC." School Supply. Inc. 

Academic Industries. Inc. 

The .Advancement Placement Institntc 

Avro T'diicafioiial Products 

Aestheometry. Inc. 



XXX 
X 

X 



.M.M Industries. Inc. 
.Arithmetic Clinic 

.Aiitlunetical Principles Association 
.Associated School Distributors, Inc. 
.Avalon Hill Company 



X 

X X X X 

X 



.\L C. Uallaul Ciompauy 2< 
Bcckley-Cardy Company x x x x 

Beu-G-Prodncts. Inc. x 

Chauning L. Retc Company. Inc. x x 

Hook-Uib. Inc. 



X X X X 
X 



Staidey Howmar Compai:y. Inc. x 
Milton Bradley ' x x x x 

Bremner Multiplication Records. Inc. 
Cadaco. Inc. 

Caddy-huler Creations, Inc. 



X 

X X X X X 

X 

X 

X X 



Cand)osco Scieutilic Company, Inc. x 
Carr Plastics. Inc. 
Cenco Kdiicaiioual Aids 
Champion Publishing Company 
Chiidcraft Kcjuipment Ccmipauy. luc. 
Robert R. C:l:unagc. P. A. 



X X 

X X 
X 

XXX 
X 
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PRODUCililR OR DISTRIIiUTOR 





1 2 :5 -1 


f) () 


7 


8 9 


Cbiicli»e Prod nets and Equipincm, Inc. 

John Colbiirii Assori:itcs, Inc. 

Cooper B 101 hers CoiiijKiiiy 

Cooperative Rccreaiioii Service, Inc. 

C!ori)eii Blackboard Siciicils : 




X 

X X 


X 
X 


X 


Cieaiive I'layiliiiigs / Learning Cciiicr : 
'riie C-Tliru Rider Company 
Ciiiseiiaiie Company of America, Inc. 
'I'lie Cinia Company 
CuMoMi Fabricaiors, Inc. 


»v X X 
X 


X 
X 

X 




X 


Da in lee Toys, Inc. " 
Dana and Cc^mpany, inc. 

The Denny Pi ess : 
Ralph D. Doner. Mathciiiatical Pii/zJcs 
I)yii:i'Sh'de (.SVr .Science Rehiied Maierials) 


»v X 

»C X 


X 
X 




X 

X 


Kckel and Ballard 

ndiiiiiiid .Scientilic Company 

Educational Aid Piibli.shens : 

Educational Development Lal^oratorie.s 

Educational Tim Games 


X 


X 

X 


X 


X X 
X 
X 

X 


Educational Playthings : 
Educational .Supply and .Specialty Company : 
Ed II Raid ol Ridgewood 
Encyclopaedia liritannica, Instructional 
Materials Divi.sioii 


< X X 

< X X X 
X X 


X X 


X 
X 


X X 
X 


pJicyclopaedia P>i'itaiiiiica Educational 

Corporation 
E..S.R.. Inc. 

ETA School Materials Division 
Exclusive Playing Card Company 


X 
X 




X 


X 

X 



Extol I .Aids X 

Ecaroii Publishers x x 

Foitimc Games x 
Franklin "Peaching Aids x x x 



Frederick Post Company 



Mans K. I'reyer, Inc. 
Cameo Products. Inc. 
'File Ganglei-Ceiitiy Cioiiipaiiy 
Canaid Pie.ss 

C;el-S(eii Supply Coiiipaiiy, Inc. x 


X 

X X 

X 

X X 

xxxxxxxx 


Cieniiis Supply (U)iiipaiiy 


X 


Gcodestix 


X 


Geyer Iiistnictioiial Aids Company x 


X X 



ERIC 
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ERIC 



PkODUCKR OR DiSTRIBUTOR 











IT. 










/I 
















< 












X 












WW 




/-\ 
«^ 






*^ 




5c 


<> 


X 


u 


<> 


C 






1 


2 


«> 


1 




() 


7 


8 


9 



Ctiini and Conipiiiiy 

W Sc hool Snpply Specialists 
Hall and McCieary Company 
|. L. Mannncu Company 
llau'oini l>ia(C jovanovich. Inc. 



Miles C. l lanlcy 

Hayes School Piihlishin,*; Company, Inc. 

Ilclhcii;; Knicrpriscs. Inc. 

1 Icrdcr and M cider 

Holt. Rinchan and Winston. Inc. 



Houghton .Milllin Company 

I luhlMul Scientific Company 

Ilud.son Piodncts 

Ideal School Supply Company 

Iniont 



Insirndional .Aids. Inr. 
hKsirnctional Materials Company 
Instrncio Products (iompany 
jacionda .Mamd'ac lurini> Company 
jell's Ariihinelic (James 



"The Judy (iompany 
Kalah. Inc. 

The Kcndry Company 

Ken worthy Educational Service 

Kindrey ManuraciurluL*: C!onipany 



Kohner Brothers. Inc.. 'I ryne Game Division 
Kraei* Cames 
Krypto Corporation 
Lanco 

I.ano Company 



I. a Pine Sclenillic ^iompany 
The I.cainini^ Ccn'^er 
Llitle Red School Mouse 
H. S. Lowe (iompaiiy. Inc. 
;U) Ma^na Cirapii Corpoiation 



Mainco School Supply Company 

Maih Master Lahs. Inc. 

Math .Media Division. II and M Associates 

Maihaids Company 

.Mathematical Pie, Ltd. 



Midwest Publications, inc. 
Miles Kind)all Company 

Minnesota Minini^ and Manuractining Company 



X X 
X 

X X 
X 



X 
X 
X 



X 
X 



X 


X 


X 


X 


X 
X 


X 
X 
X 


X 
X 


X 


X 


X 


X 


X 
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IM<0DUC:KR or OISTRIBUTOR ^> S8 p. 2 <> o >:> 

tj ::: o ^ < ^ uJ W < C - 

U2S X. U '^IJ O U2 



^5 •! 5 () 7 <S 9 



Moclcl.s ol Indiisiry. Inc. 

.\ foyer Divi.sioiK Vil.i.s Iiuliisirics Limited x 
McGniw-l lill Book C^oiitpiiny. Kdncational x 

Ghiiics and Aids 
.N'asro Miilhcniaiics x 



Niliy Divi.sion, Si. Rci*i.s Paper Company x x x x x x x 

A. Own Pnblishini;^- Company x x 

Pacific Coast Pubfishcrs x . x 

!*alficy.s School Supply Company xxxxxxx xx 
I^hy.sics Rcscaich Laboratories, Inc. x 

"The I Ma way CJamcs x 

Play.skool i\f ami Fact urinn; Company x x x x 

'^riic I^lymoiitli Picss x 

'The Clliarlc.N W INmncr Company x 

P.syrho logical Service x 

Onantnm Corpora lion x 
Re.sp(;n.sive I^nviromnents Corporation, x x x x x x 

Learnini* i\ fate rials I^ivi.sion 
St. Paiill^ook and.Siationery C^ompany x x x x x x 

Sai)i>ent-\\elcli Scientific Company x x x 

School Nfatcrial Company x x x x x x x x x 

School Products C(mipany, Inc. x x 

School Service Ccmipany x x x x x x x x x 

Sc ience Prodnciions x 

Science Relaied Materials, fnc. x x x 

Science Re.seardi Associates. Inc. x x x 

Science Seminars. Inc. x 
Sciences Materials Center x 
Sciemilic Kdiiciitiomd Products Corporation x x 

Scot I. I'oresinan and C^ompany x x x 

Scri tell field iNfimufacturinir Company x 
Seleciive Kducaiional K(pn'pnient (SKF.) , Jnc. ,\ .\ x x x x x 

Self*' I each int^ I'lashers x 
Siii;ma Knterpiises. Inc. x 
Skool-Aids Corporation x 

'I hc Speed-Lfp Geomeiry Rider Company, Inc. x 
Siandaid Kdiicaiion Society, Inc. x x 

S'f'.'VS In.siruciional Materials, fnc. x x x 

Sie( k- Vaughn Company x x 

Summit Industries x 

Systems for Hducation. Inc. x 
^ral'Cap. Inc. x 
Tench ei's Aids x x 
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X. 

o 



< . 

:::u 



< 
O 



i»r()iduci:r or distrirutor ^> ^? 



nS «-*S ^'2 5= 5n 
2- Ot) r £2 c/iii 



<> ^. <> c ^. p> 

u:g Ju: o^' ::3 < Hfw ^' < O'^' 
G r2 u = X- u u c 



1 


2 B 


•I 5 () 7 I 


S 9 


Tcarlicns I^il)lisliini> ( lorporaiion 
Tcac hint; Ai(K x 

ronrli, Inc. 
Fern rri|)|) 

l UK (.SVr Avalon Hill Cionipany) 


X X 


X 

X 

X 

X 




Charles E. Timlc C()ini>aMy, Inc. 

United (Ihcniiral ;nul School Supply C>)nipuny x 

Vikini>' (Company 

Vi.sion Incorpoiaicd x 
VivX Company 


X 

X X 


X X X X > 
X 

X 

X X 


X 

C X 


Wabash hisirnnicnt Corporation x 

Walker Prodnds x 

Walker Teachino- Piogranis and Teaching Ai(K x x 

Wan!» Laboraioi ics, Inc. x 

Wcl)er Cosiello x x x x x 


Wcl)sier Division. AIcGraw-Hill J5ook Company x x x x 
\Vcl)sier Paper and Supply Company x 
Welch (.SVc SaiocmWcIch Scieniilic Company) 

Western Puhlishiiit; Company, Inc. x x x 
WFF N PROOF ^ X 



X 



W. I I. i\I. (Company 
World Wide Canies 

!,. M. \Vrii>Iu Company x 
Xeiox Corporaiion. Curricninm Programs x x 

Voder Instrunients x x 

Zinni Educational Materials x 
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A. 
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F. 


Cards and Charts, entries 8^1-90 


15. 


Demonsnation P)oar(lsand Devices, entries 


G. 


Measmement Devices, entries 91-97 




39-12 


M. 


Models of C;eonjetric Relationships, en- 


C. 


Place Vahie Devices, entries I.H-r>() 




tries 98-1 IS 


D. 


Coloied lieads. P>locks. Rods, and Discs. 


I. 


Games aiul Pir//Jes, entries 111-25 




entries ()7-71) 


J. 


Special Computational Devices, entries 126- 


E. 


Number lioards. entries 80-8o 




^l(). 
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tnrli< TiUKhrr, Ottohei IDOa, pp. -108-71, 
ML Walter. Marion. "'An Kxaiuple ol Inlonnal 
C;eoiiieir\: .Minor Caids." Aiiihinrli( I'carhei. 
Oeroher 11)00. pp. M8-r)2. Reprinted in Rnid- 
in;^\ in (Uunnrhy ffoin the 'Wihhuu'tic Tcoilh 
n" Washin.mon. D.C: Xational Council ol 
IVadieisol .Mathematics. 1070. P|). 2r)-.21). 
112. — ^ ".Some MailieinaiiVal Ideas Involved 
in the Minor dmh." An'lhwr/ir Trocher. l-"eh. 
niaiy Il)(i7. pp, I ir)~2.^). 
Il.i. Woods. Dale, and William K. I loll. ' Intiodiu- 
Models lor .V-l)hneiisional Ceouieiiy in die 
Klementan Sdiool."" ./n///;/;^/// I'mrhn, |anu* 
aiy 11)00. pp. I l-^LS. 

I. GAMES .VNM) PUZZI.KS 

I LL Calvo. Roheit G. "Phuo-a Xumhcid'hue 
Came/' Authmctii 'I'coclicr. May 11)08. pp. Ki.")- 

(;o. 

II. "). Deans. Kduiiia. ■Canies lor the Karly (liades. " 

Ariihmctu Taulicr, I'ehniary IPOO. pp. LIO-II. 
110. W/oie Games lor the Marly Grades." 

Aiithwciic Tcocht'i; Maidi IDOG, pp. 2.S8-10. 
1 17. Doiiler. Dom. " The Role of Games. Puzzles, and 
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Ri<l<l!cs ill I'IciiiciiUiiy MalllCinalt<^." Ju/Z/mc//; 
rnuhn, Xoi ciiiIxT illO!). pp. "ir)()-r)ii, 
IIS I I:i«»«»L'i |<)hn l». "I\;il;ili<»:in AiKicm CLmicol 
.\l:uh('iii,ai< .il Skill." Inlhmcin TnKhn, Ma\ 

ii)(;i. pp. :Ji>n-:;o. 

Wih IiiImmIn. Donald. "Ai iiliin(>U( r»:is(l>all." Itith 

itiriu Tauhri. .\o\cmlxT MJHli. pp. ;$I)()-^^M. 
1120. Johnsoii. I)<nio\.tii .\. "(.oinnicK iai C^aincs lot 

iIr- \iiilnncii( (llass." Ivhhuiciii 'I'rtuhn. 

.Maidi 11)')^. pp. 
I12L |<>i<lan. Diana. "'Tic k-'l aLk-l'our." liitltmctu 

l*nnhn\ .\lny liU'nS. pp. 'I'yl-'Kt. 
IT^. I'aikiT. Helen. '■Sicsaw C;ainc." Juihmclu 

l*nnhci. XoNcmlxT \iH')[\, pp. -l-liWO. 
Ili.^. KiKk-nnan. Il;in\ I). "Nu' ric ■ lac roc.** Juf// 

tfiriii 'I'('(nhrt\ XoNcinlfcr IDOa. pp. .'?7I-7ii. 
121. Shin low. Harold J. l lic (Jainc ol VWc" AuOt 

uictu 'ri'aihci\y,U\\ pp. 1>(M)-.9L 

Vlh, rininions. Uolx-n A. " riL'"ra( -'roc— a .Maiht- 

niaiical (iainc lor Cradles -I ilnoni;ii !)." 

mrtii 'rrtttht'). Odohcr Il)(i7. pp. r)()(>-«S. 

|. SPKCIAI. CiO.MPU T.rnoXAL DKViCIKS 

l*J(i. Xshlock. RolxTi r». ■■ riiL' Nuinher l.iiK- in lUo 

Pninaiy Cliadcs."" hithiiirtn TrtuhtT, l*V'l>ruai\ 

11)01. pp. 7r)-7fi. 
127. r»c( kiiiann. Milion \V. '"New* Dcnkcs lUncidau- 

\iiilnneii(." Aiiihiiictu 'I'anhrr. Oitohcv !!)(>(). 

pp. 1>1)(W0I, 

I2S. Claik. John R. "l/iokiii*; Ahead ai InsUiuuoii 
in \ridnn('ii( ." Auihiuciic Trorhn, I)l'( cnilxri 
l!)()l. pp. 

129. (uxhran, llcryl .S. "'(Children Iht- .Signed Xnni- 
l)LT.s." Aiithuirili 'i'riirhci\ Xovcinha" llXifi. pp. 
r)87~S8. 

1:50. Coon. Lewis II. "Xunihcr-l.inC' MnUiplicaiion 

lor .\('j»auvc Xuinhcis." Aiithtnrtli Tanlu'i. 

WwnU !!)(;(;. pp. 21;)-I7. 
I:n. I^cans. lulwina. "Cronpiiig— an Aid in l.cainin<; 

.\luliipli(anon and Division.'" //nV/////r//V Tnich- 

n\ (anuary, 11)01. pp. 27-BI. 



i:;2. 
I:;:?. 
I:;]. 
i:s.v 

VMk 
\M. 

l:{8. 
l:si». 

110, 

III. 

112. 

II:;. 
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I lcwcllini;. UoIxm W. " I he \l>.i<us and Oui 
\n<csiois." InihinrtK '/rii<hn, |'\<l>ruai\ ll)()0. 
pp. 101 

(iihncN, riionias. "I *s<'s an<I \l)nscs il ilic .\ntti> 
her Line." .liiihniriu 7*<'//W/rr, .\o\cinlx'i ll'OI. 
[>p. I7.S-S2. 

(iianilidi. |a\ |. "Slide KnIcs lor Ui<- Cpper 
KIcineniarN C.ia<l<'s.*' luihuiriu I'auhn A'vhxw- 

ai\ ii)'>s, |)p. 2i)-:5:;. 

II\do. I)a\id, and .Man in .\. .XcNon. "Sa\r 
I hosr ClailonsI" AiUhunHu 'I'tUnhri, .\o 

\cnil)cr 11)07. [)p. r>7S-71). 

jcnkiiiN. Onillc. "Lain and lUv \Um\i^." 

liithniHn Tntihn\ ()< lohc-r IDaL pp. 2121. 
Kicii/. Helen .Marie, and I'laiues l'ionino\. "\ 
l>ihlio<^raph\ ol lliMoii(al MaieriaU for INe in 

\iiliniieii( in ihe Imeiiiiediaie (".r.uks." Atith 
mt'itt TrathrK ()< loher IDOO. pp. 2S7 1)2. 
l.aw'lis. I'lank. ■'Lei\ .\dd \uioiiiaii(all\. ' 
A\iihmciu VVv/J/rr. Maidi lOO."). pp. 221-2r>. 
()\eiliolu I'llheil I). "I'loin .Xuniher Lines lo 
2d) .Spa<e Coixepls." \)iihuu'lu Tea (her, I'd), 
man IDOii, pp. 107-1). 

PeicrMMi. Wax lie, **Xiuiieiaii()n— a I'lesh Look.'* 

I) !ilnMir Trarhn. .May llUif), pp. Slia-SS. 
Praii. Kdna .\L "A 'readiiiii; Aid lor Signed 
Xniiilx'is."' Aiiihniriii 'l'tunhn\ XoNCniher 1 1)00. 
pp. r)88-Sl). 

Kalnnlow, Haiold I'. "UiideiMandiii^ Diflereni 
.Xninher l»ases.'" 'Inthinrtir Tnuhor, .M.iy IDOa. 

pp. :{:{i)-io. 

S<liniiekiaih. lUeanor. "Leainiii*^ fioni a .Xnni- 
her Line." Anthnirtit I'coJirr. Xoveinber 11)01. 
pp. ."^OO-.^)!)!. 

Sj^anga. I'"ran<is W "A I5ee on a I'oini. a Line, 
and a IMane/" Aiithinrtu 'I'rnchcr. Xoveinher 

II) 00. pp. .^rll)-.o2. 

.Sliaod. Ali(C' ICvelyn. "losing the .Vuniher Line 
lo Help C.'liildien Hnder.sUnid I'l anions." //nV//. 
nu'tir Teacher, Xoveinher 11)00, pp. 70-72. 
Shaw. Doia II. "Hiili/aiion of leaching Male 
rials ill l-'irsi-Grade .Maiheinaiics-"" AiiUimclu 
7Vv/r//rr, (aiiuaiy 11)015, p|). .*i7-'H. 
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CHAPTER 10 



MATHEMATICS PROJECTS, 
EXHIBITS AND FAIRS, 
GAMES, PUZZLES, 
AND CONT ESTS 



by 

ViGGo P. Hansen 
San Feinando Vallc) State College, Northridjjc, California 

Samuel L. Greit/.er 
Rutgers University, Newark^ New Jersey 

Emil J. Berger 
Saini Panl Public Schools, Saint Paul, Minnesoia 

William K. McNabu 
Skyline Center. Dallas, Texas 




This chapter describes how projects, exhibits, fairs, games, 
puzzles, and coiuesLS can be used in a school mathematics 
progiani. Suggestions are given for the preparation and 
evaluation of projects and exhibits. Illustrated examples are 
presented of projects made by students of varying abilities and 
interests. Following the chapter there is a list of sixty-seven 
project topics with references for each and a list of sources of 
mathematical games and puzzles. 



STUDENT PROJECT as it appeared on display at the Annual Meeting 
of the National Council of Teachers of Mathematics held in Minneapolis 
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Kvcry nIikIciu who snidics in:ulicinaiics is ci- 
pablc ol rrcaiivc ani\ iiits. Siirli ac ii\ iiics inrluile 
l)q»inniMi; inanipiilaiivc cxpcriciux's hy ilic pri- 
inaiy sindciu. iiulcpcmlcm invc'siij^aiioiiN l)y ilic 
c<)llci;c-l)oiiM<l mikIciu, and oilier exploratory at- 
n'viiics iiiulcriakcii I)y Mudcm.s al xarioiis levels 
ol a .school inaiheiiKiiirs pro<»rani. 

The kiiuLs ol eieaiive aeiiviiies in whidi pro- 
leNsional inaiheinaiij iaiis eii,t;aj»c and ihe exriie- 
ineiii ihej cxpeiienre in workini; ;u iliefioiuiers 
ol inalhcinaiifal kiio\vled,t;c can he a pail ol c\- 
eiy MiuIeiU N niaiheniaiical education. Maihc 
lnati(^ projc< is. exhibiL^. lairy panic's. pn//le.s. 
and <'onieNis are idealK .sniied lo fo.sier die ex- 
< iieincni ol cieaiiviiy. 

I'l IK XA'rrRK OK A 

.\ I A' r 1 1 1'..\ I A ' r I cs I ' R ( ) I Kcr 

A niaihemaiics project is an individual or .small 
,i;ronp acliviiy ihat iiuolvcs llie pieparaiion of 
a paper, ihe pioduction of a mode! or display, 
or a comhinaiion ol ilie.se iwo aciiviiies. .V 
project may l)c.i»in with a .student's desiic to ex- 
ploie a topi< or idea in j»ieater depth than ivi^ii- 
lar cLiNswork permit.*;, or it may he a.ssi^ncd hv 
the iea< her. Ai;ain. a mat hematics project may 
he ielaic<l to a MudcMt's work iu .science or 
.some other sc\ .ol ,sul)ject. Occa.sionally a project 
may .i»row out ol a .suideiit 's oiit-orda.s^ hohhy. 

hi .some respect.s a mat hematics project re- 
sembles a sclent ilic investii^at ion. It begins with a 
siatemeiii or recoj»iiitioii of a problem. It con- 
tinues with collection ol pertinent iiirorniation 
and. if a model or display is involve<l, pronne- 
iiieni of needed construction materials. A piojeci 
iscompleied when the student lini.shes writing a 
report. dcnioiistrat<'s the use of a model, or ex- 
plains a display. (As usually conceived, a <lispla\ 
is a ilu'iuatic arraii.i;eiiient of mo<lels. ilhiMra- 
lions, and printed nie.ssa,i;es that are combined to 
proje< l an idea to an observer.) 



Sumniari/ed below aie the major steps that 
cliai.K leri/c <levelopiiient ol a mathematics 
pioject: 

1. The stu<Ieiit 'Jelines the pioblem or topic 
hv is i;oini» to iii\ est ijijate. or describes the 
imxlel or display he intends to build. 

2. The student extends liim.seir beyond his 
ie.i»ular a.ssiirniiients im collec t pertinent in- 
h)rmation for a paper or to pnuuie eon- 
.siruction materials for a model or <lisphiy. 
Til is step ina\ invol\e the use ol the lihniry. 
and in the <ase of a iinxlel or display, the 
student may nee<{ to u>e materials or e<piip- 
meni honi the imiusirial ait.s. <raft.s. or 
coiiiiiiercial depai tiiient. 

;5. The <*onipIeted pioject i.s .i»iven recoi;niti()ii 
and evaluate<l. Kxliibits and fairs provide 
opportunities for (lisplayini; proje<*t.s and 
ju(l.i»iiii^ their merit.s. If a pioje< t is put on 
<lisplay in a department stoie. hotel, libiary. 
inuseuin. hank, airport, or other public 
place, the cominunity also plays a part ii: 
ihe evaluation. 

PRKI'AR.Vno.X OF A PROjFCT 

Undoubtedly the most important factor in inciting 
outst;mdin<L; project.s from stndcnt.s is the atti- 
tude ')f the teadicr toward piojects. .V teacher 
who is eneri»etic in .stimulatiiii; slndcnts to start 
projects, le.souneful in providin.i^ needed as«iis- 
tance. and .supportive of students* eNoits will 
usualb lia\e students who develop significant 
project.s. 

There are a number of teclmi(|ues a leachcr 
(an use to niotivaie students to start projects. 

One te< lini<pie is to put < ompleted piojects on 
displav and invite .students to examine them. If 
no suitable (olleciion of projects is available, an 
ell'ective substitute is a display of photographs 
an<i <liawin][».s. or the teacher mi«;:lu show slides 
that (iepi< t projects pioduccd by students in for* 
mer year.s. Tlii.s chapter contains nearly fifty 
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|>i( tines ol (lilleiciu projcd.N. These pidmeN are 
\YAV\ ol :i (oHeciion ol IVM) pictures Uiat arc on 
lilc in Uif M:nIiein:Hi(.N ReM)nn:e Clenier of Uic 
Saini Panl Tuhlic Srlioolv 

Cii\in«^ sUidcnis HsLn of lopic.s uiUi aaoni- 
panyin.i; leference.s i.s anoUier n.sefnl ledniupie. 
RerereiircN for .sixiy..Ncven dillcrcni projeet topics 
are i^iven ai Uie end ol this cliapKr. 

Still another tedniicpic i.s to take .stndent.N on 
field tiip.s to possible .sonrce.s of ideas for projects. 
Snc h M>nree.s nii,i;ht inrlnde a bank, a ( onipnter 
(onipan). an indii.strial nni.Nenni. hirtorie.s. farms, 
lishene.s. and .so h)rth. Trips of thi.s kind t^ive 
Mndenis (oniai t with applied mathematics. 

Clollectin.ir and maintainin<^ a lile of ideas for 
piojeris thr(>n,i;h which .slinlents can hiow.se is 
one of tile nnne compellini;^ nH>ti\:iti(>naI tech- 
nic pie.s a iea**ierean nse to i;et .stndents started. 
Idca.s h>r projects .shonld l>e filed aecordini; to 
Mfhjec' or topic (c\i^.. algebra. ;e()nietry, ninn- 
ber NX.steins, probabflitx. etc.). I.i.sted below are 
.some typical items that mi,t;ht be inclnded in a 
piojeci idea folder: 

1. Quest ion. s to be inve.su^atcd 

2. .\ biief description or oniliiu* i#f a pos.siI)lc 
pioject 

If. A crndc .sketch or drawin*.; of nnwlel 
I. .V prc);;res.s report of an nnlini.shed piojcct 
or a icport of an attempt to piodnce a 
project that didn't materiali/e 
f). Names of people who niay have ideas 
4). Xrw.spaper dippings that contain the .t;erni 

of an idea of project. 
Perhaps tho mo.st elfective way of mc>tivatin,i<^ 
.Ntndent.s to .start projects is to ^ive them an op- 
port nnitx to read rc.smnc's of prv>jects written by 
stndent.s who c'ompleted the projects. Re.snmcrs of 
this kind .shonld ordinarily be brief To be n.sefnl. 
a rc.suinc >lionId contain a de.sc'riplion of the 
jH'oject. a rlarifyin^i; photograph or drawing, a 
list of the references and materials u.sed. a state- 
ment about the coM of materials and time spent 
on the project, the names of adviscr.'j ronstdied. 
and Mii;i;e.stions for improvement. Below arc two 
examples of resumes prepared by .students. The 



lii.st one n:fers to the project pictured opposite 
the title paj;e of dii.s chapter. 

My pioject. entitled "The Odds .Are with 
the 1 h)ii.se.*' i.s a 2l-iiich-hi«;h four-.sided 
disphn.The top third liou.ses the main bc>d\ 
of the display. Three ol it.s Four .sides open 
to re\eal three dilfereut a.sj)ects ol the law.s 
of duiuce a.s applied to <;aml>lin<ii:: random 
selection, dice, and poker haud.s. The cviiter 
ihird coiitain.s a de\ ice that deals "poker 
liaiid.s." iisiiii; dice h)r iards. This can be 
operated 1)\ the oi).server. The bottom third 
.serves a.s a ba.se. I attempted to .show .siati.s- 
lic.ilh Ui.iL the odd.s aie indeed with the 
hoii.se. 

The only materials I had lo buy for the 
projcrct were twc) loll.s of .silver pipe-wrap* 
pill*; tape, which cost ^:)C apiece, and four 
l^-Iiiich dowel rods. \ in eh in diameter, 
which cost a nickel apiece. This canie to 
!.*)(). The other materials (playinj^ caid.s. 
dice, pokc-r chip.s. caidboard. etc%) are from 
the household. 

Malcolm Ritirr 
Soinl PiiuL Minnrsnla 

.My project i.s a di.splay called "Diessin;; 
l^p Mathcmatic'.s." The di.splay coiuaiii.s a 
.Mobiiis dress nloni^ with a pamphlet. 
■'Diessinj^ l^p .Mathematics*."" which cNplains 
the chess's construction. Also incliidctl in 
the di.splay aie a Klein bcitle. a .\fc')bins 
.strip, the book ICxlilorhi*^ Mutlii nut tics on 
Your Gu n by William II. Glenn and Dono- 
van vV. jolmson. and au article entitled 
■"Paul Ihiuyan vs. the Clonveyor r>elt*" which 
e.\plain.s how Paul u.scd the cnhl properties 
f>f the Mobiu.s .strip in a conveyor belt. 

1 became intere.sied in this projec t when 
readiiii; the part on topolo.i^y in i'xplorhii^ 
Mathcmiilics on Yonr (hvn. Since I also en- 
joy .sewiui^:. the (hess idea wa.s perfect. 

Alt!ic>ni;h my project is (piitc involved, it 
cost lue only about .SIO. which was for the 
material in tlu dress. All the other articles 
weie cither borrowed or taken from home. 

By cloiu;:^ thi.s projec't 1 j^ot a new clres.s. a 
new pattern for odier c'lotl ^-.s. and a won- 
dcifiilly c.xcitin*; experience. 1 al.so ;;c)t a 
better ,{;rade and an iincler.standin<^ (>f one- 
sided objert.s. Object.s like this, either in 
theory or material .substance. aren"t always 
what they seem. .Such ihini^s may be tliotii(hL 
out !n the mind but arc .surprisingly differ- 
ent ill M>lid form. 

Wcndv Johnson 

fjt ch lidd . A {hi n csoln 
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Esi.ibli.sliing iciuaii\o deadlines for each of ilie 
folhmiiij* Ma^i^es of developiiieiii ol a projeci will 
uMially promote .steady proj^ress lowaid ii.s coin* 
pleiioii once a Miuleiit lias Marted: 

1. l''iiii.Nlnii,i> ilie preliiiiiiiary readinj; 

2. Preparing; an ouiliiie ol ilie propo.sed 
piojed. oi a diagiaiii it iheprojed iinohes 
a model 

Having* a coniereuce wiili ilie leaclicr 

\. Coiu'liidiiig ilie piojeci. 

Time slioiild I)e pro\ided lor ilie .siiidem lo 
work on his pioject hy making available nn- 
connniiied inodnles of insirnciioiial lime or by 
selling aside ceriain days of ilie week. Permiiiing 
a sindeni lo work on his projcri afier he has 
compleied his daily assigniiienis or insiead of 
woiking on his .issigiiinenis. holdin.i^ special ses 
sions afier school, and. of n)nrsc\ perniiliing all 
work lo he done ai home aie ways in which ad- 
diiional lime can he made a;ailal)le for projecis. 

If models or displays aie involved,, a work- 
bench or sheeis of Mason iie lo cover desk lops 
should be a\ailable. It ma\ be possible lo ariange 
wiih ihe indnsirial aris department for uc^'ded 
snper\ision so ihal sliidenis can use hand lools 
and powei lools. Similar airangenienis can be 
made wiih ihe s( ience. cnifis. and commercial 
deparimenis. 

To ensure success U>\ each siiicleni. ihe leacher 
should gi\e fiecpieni enconi;igeinent and make 
cc)nsirucli\e sugge.siions when ihe need arises. .V 
sindent's enihusiasm is ofien in direct piopor- 
lion lo the enihusiasm of those who help him. If 
it happen>: that a suident's project is bey^)ncl his 
c apabiliiies. either he should be lacifulh re- 
diieciecl lo another piojeci oi .snbse(pient phases 
of his project rescheduled to pcimit acKisers and 
consulianis to I)ec()me involved. 

TIIKROI.KOK PROjKCTS IN^rMK. 
I.KARNIXC; OK .\IATMK.\fATlCS 

"I'eachei-s of maihcnnai.ics h.ivc long recognized 
the value of projects that capiialiv.c on literary, 
graphic, drama lie. and nicrlnnnVal abilities of 
sUideius. Doing a project pro\i(les the stndetn 



with an opporium'i\ lo explore a maihemaiic al 
concept while seeking w.i\s of expressing and 
illusiraiing ii. 

In addition, projecis .ser\e lostimnlaie iniere.st 
in nniihemaiics. lo widen and deepen a sindeni s 
nncler.siancling of maihemaiic .s. and to give the 
siudeni a feeling of rele\ance through acii\e pai- 
licipaiion in ihe learning proce.s.s. Projecis al.so 
have other. nu)re .specific, values. 

Doing a projeci helps a .slucleiu learn lo ap- 
pieciaie ihe imporiance of delining a problem 
pieci.sely. It is not unconnnon for a siudent to 
cli.scc)\er that a problem nia\ need to be rede- 
lined afier working on it lor a while. 

Moi cover, doing a projeci helps a .sindetu learn 
how to nse ihe library eilecii\el\. how to obtain 
informal ion from \aric)us .sources, and how to 
approach knowledgeable people. 

If a piojec I iuNolves the prochu lion of a model, 
doing ihe pioject helps the .siiideni \isnali/e the 
concept that forms the i)asis of ihe uu)cleK The 
proce.ss of consirnciing a nicxiel a.\sisis ihe stu- 
dent in biidgiiig ihe gap between the leal world 
and the world ol ab.siracriions. 

Doing piojecis gives able .siudem.s opportuni- 
ties to work beyond ihc; le\el of legnlar cia.sswoik 
and oilers los able sindenis opporinuiiie.s to pei- 
loim at levels conmien.suiaie with iheir abilities. 

Doing projecis that in\olve applicaiions helps 
students lecogni/e m.uhematical properties in 
the world aboui ihem. The .siudeni who under- 
takes a project .soou learns that there are nK)re 
places ihan just books in which lo fnicl iufoima 
(ion about mathematics. 

Projecis help teachers nnike I)eiie. e\ a I nations 
of ihe mathemaiical poieniialiiies of iheir .sm- 
clent.s. Teachers who legnlarh ha\e.sin<icnis nuike 
piojecis are occasionally ania/cd at the high level 
of achievement of ceiiain siudenis who are not 
successful in other kinds of learning aciiviiie.s. 

Projecis slim u hue other projecis. Preparation 
of any projeci usual !y generates ideas for related 
piojecis tinough rennemeni. a.s.so(.i.nicnK exten- 
.sion. levision, or correlaiion. 

.Stucleni.s. teachers, and ihc conunnniiy have a 
lendeticy lo react fa\orably toward projecis and 
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10 Mi|)|)on c:i(li other in prodiuiuo iliciii. In 
some coniimiiiilics cii<;iiiccr.s :iihI oilier proles- 
sioiials willingly a.Nsiiiuc rcspoiLsihiliiy lor work- 

Willi .Niiulciu.N oil liii^lily icrliiiiral projcn.s 
lliai rc(|nirc c(mi|)iiK'iii and lariliiic.s to wliidi 
only ilicsc people have acrc.w 

A .sine lent who (oniplcic.s a project may he 
called upon lo ddciid lii.s .scholarship and craH.s- 
niaii.sliip in lioiit of his peers or hclorc a t;ronp ol* 
jn(li>;c.s. This ijivcs ilic .siiidcni an inccmivc lo 
prepare a repori and lo leain to cope with the 
nervou.sness a.ssociaied wiili niakini* an oral 
pre.seiitaiion. 

A .spirit ol' creaiivene.ss can !)c iinrtnred In* 
encouraging* .sindenis to do project.s. Tlicie are 
in.slance.s where inaiheniaiics projects Marled by 
.sliuleiils while in .school enabled iheni to make 
inipoiiaiu coniribniions lo inalheinaiics when 

1 1 ley were .still yonni^. 

Finally, .sindenis who picpare projects experi- 
ence a pride of accoinpli.slnncni. a .spirit ol* coin- 
panion.sliip. and (he exhilaration ihai comes with 
creaiiu*,^ sonieihiii);; original. For many .stndents 
preparing; a niaiheinarics piojeci i.s later viewed 
by them as one of the nio.st .sati.sfyin^ experiences 
ol* (heir edncaiion. 

Kxiiir>rrs and kairs 

Eveiy .smdcnt who makes a .sincere elfort to pro- 
duce a project should receive .some kind of recoi;- 
nition. The extent to which a .sindent feels his 
creative eiroris are lecoijni/cd will often inlln- 
enee his fmine achievenient in matheniatics. 

There arc many ways of Ljivinij rcc()iriiiiion lo 
.stndent.s who produce project.s. Ccrtaiiily judi- 
cious praise .should he ^iveii for j'ood work. Tor 
a project that repie.sents a .sincere elfort but 
may not have tinned out very well, conniienda- 
tion for the elfort put forth .should accompany 
tactful .sni»^e.sti()ns for improvimr the project. 

Exhibitinir project in a school display ea.se 
or 111 a store window i.s an acceptable way of 
.^ivin.ir iccot;nition. I)ru<;s(ores. banks, hotels, and 
oilier connnercial e.s(al)li.slunent.s usually welcome 
an opportmiity to provide window .space for 



local school exhibit.s. W hen a .student s project is 
exhibited, his naine .should be prouiiiiently (lib- 
plaved. This <»i\e.s the .student reco<;nition and 
provides an incentive for other stndent.s. 

Maiheinatics fair.s also .serve to !^i\e stiulents 
recoi^niiion by piovidinir publicity lor sindenis 
who produce out.siandiiiir projects. Fliis stimu- 
lates competition and encouras'e.s .students lo be- 
come involved in chalk'nj>;in<r projects. 

A major problem in coududin^ a fair i.s that 
project.s inubt be given relative ranking.s and 
awards made aceoidin<»Iy. The diiriculiy is that 
criteria lor judgiiii^ dillerent kinds of piojecl.s 
are not universal. For example, it makes little 
sen.se to (ompare a .scholarly paper with a work- 
ing model that ilhi.strate.s a mathematical con- 
cept. The two piojecis represent dilferent kinds 
of .stiulent iinoKenieni and dilfercnt linal prod- 
nct.s. with merits that are impo.ssiblc to compare 

One sohnion to this problem is to .separate 
projects enteied in a lair into diireient catc- 
*;ories. .A t\pi(al breakdown of projects can be 
made b\ lir.si .separatini^ all piojects into ;i^rade- 
Icvel or .subjecl-aiea gioup.s and then dividing 
the projects in eadi of ihe.se groiip.s into the fol- 
lowing categories: 

1. Paper only 

2. .Model or di.splay only 

Paper accompanied by a model or di.splay. 
With this .set of categories it is possible to esiab- 
li.sh evaluative criteria that arc valid and fair for 
the diffeient kinds of projects liiat students 
prepare 

Below is a Mnsiple set of criteria that can be 
u.sed for judging project.s at a fair. T\m set is by 
no means deliniiive and may be modified to meet 
local need.s. 

I. (Criteria for a paper only 

n) The mathcinatical topic .shoidd be sig- 
niiicant. 

/;) "Flic backgiouiid investigation sliould 

be thorough. 
c) Illu.stration.s and diagrams .should be 

sharp and laigc enough to show detail. 
(!) The exposition slioidd be clear. 
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c) The topic should l)c tlcvcloj)C(I in a 

logical niauiicT. 
/) The j)ajK:r should be neat and well 

()ri>ani/ed. 

References .should l)e listed. 
//) The student shouki he able lo answer 
orally (jucstious pertaining to his 
project. 

2. Criteria Tor a model or disj)lay only 

a) The inathchiatical principles tiepicted 
.shonld be significant. 

h) The maiheniatical principles depicted 
.shonld be readily discernible. 

r) 'I he tjuality of workmanship (wood- 
working, electrical wiring, art work, 
etc.) should be adecpiate for the pur- 
pose of the pioject. 

(!) Research of the literature pertaining to 
the model or display and the niathe- 
inaiical principles involved shouki be 
iea.sonably thorough. 

<•) The student .should be able to dcnion- 
htrate the model and answer cpicstions 
pciiaining to its operation. 

/) The di.splay shonld be attractive and 
well oigani/cd. and the student shonld 
be able to explain the theme of the 
display. 

3. Criteria for ;i paper accompanied by a 
model or di.splay 

a) The paper .should satisfy the criteria 

li.sted for "a paper only.'" 
h) The model or display .should .satisfy the 

criicria listed for **a model or display 

only." 

0 The model or display should reinforce 
and/or illustrate the topic dealt with 
in the paper. 
This .set of criteria is not exhaustive, nor does 
it specify the weiglit. or point value, to be as- 
.signed to each criterion. The relative weights to 
be a.ssigiied to the different criteria will depend 
on the subject or grade level of the project being 
judged. For example, a paper on con.snnier 
mathematics might stress application.s, whereas a 
paper on analysis would tend to be more theoreti- 



cal. Criteria n.secl in judging ihe.se two papei.s 
.should relleci the clilleient enij)ha.ses. Stndent.s 
.shouki know before they begin work what criteria 
will be used to judge their j)rojectsancl what the 
relative j)oim values are. Criteria u.sed in jndging 
projects are the beha\ ioial objectives that aj)j)ly 
to j)iojerts. 

Before any mathematics lair i.s held, a team of 
judges .should be selected and a meeting held 
to cliscns.s criteria foi the various categories of 
l)rojects that aie likely to be entered in the fair. 
To promote nnifoimit) in judging, j)ractice .scs- 
.sions in judging should be arranged. For ex- 
amj)le. jndges can practice by judging piojects 
exhibited in former \eai.s. But no matter what 
set of Ciiteria is adopted, or how dedicated the 
judges, there will always be some honest dif- 
ferences of opinion. This is natural when a 
creative effort is l)eing judged. 

liX.AMPLES OF 
STUDI-NT PROJECTS 

'Fhere is some topic at every level that can be 
the somce of a project for some student. 

Elementary school students can prepare {proj- 
ects to illustrate mathematical concepts fioni clil- 
leient .strands of the elementary school mathe- 
matics program. Such projects will usually be 
ntanipuhitive and concrete. Indeed, no written 
tepori may I)e involved. At the junior high school 
level projects tisually tend to be somewhat more 
.sophisticated; howexer, it is still appropriate for 
low ac hievers whose readings and writing abilities 
ate poor to pioduce projects that are primarily 
ntanipidative and concrete. At the .senior high 
.school level ptojccts will itsually be mote ab- 
.stract and less manipidativc than tho.se under- 
taken by .students at lower levels- 
There are few restrictions on the kinds of 
topics that tvill motivate students to start proj- 
ects. Almost any activity in which students en- 
gage may be expanded into a project. 

I he topic a student chooses for a project should 
be appiopriate for him; howexer, appropriate- 
ness is \er) difficult to determine, especially for 
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liighl) capable bindcms. It is pobbiblc for a junior 
high .school .suidcm to get deeply involved wiih 
piobalMliiy and lor an able elementary school 
Niudeni u> l)ec()nR complete I) absoi bed with 
(omputeis. In .shoit. il a btndent has an inteiest 
and M)me abilit). it diHicull to determine what 
lb and what is not an appiopriate topic ior him. 
In the connneniary that follows, e.xaniples of 
.student projects arc picsciucd undei x.nious 
topics, A broiul xaiiet) of skills i.s shown in 
c()njinicti(;n with \ar\ing degrees of depth and 
imdei standing of mathematics. All ol the.sc proj- 
ects ha\e been presented at afFaiis sponsored by 
local schools, at mathematics conlerences, at con- 
ventions, or at science fairs. 

Comj)iilalio)ial Devices and Compitlen 
Over the centuries computational devices have 
changed from pebbles to computers. Variations 
include manipulative, meehanicab and electronic 
devices. (The word datice is sometimes nsed to 
leler to models that have movable parts.) .All of 
these can be projects ior students. Abacuses and 
Kapler's bones provide interesting research topics 
for students in the elementary school. Workable 
devices are easily constructed and recpiire only a 
few tools, modest craftsmanship, and a minimum 
of materials (Figures 10.2 and 10.3). 
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Napier's ho)ies 
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riguic 10.1 picturcb a inoic ^oj)liibii(.<uccI pu)j- 
ecl. Tlic device ,slio\V!i in the |)ictnrc is a baiicry- 
opcraiccl analog coinpiucr tliai can be used to 

solve proponious of ilie fonn ^ = 

I'it»inc 10.5 shows still another computer proj- 
ect. This one is a di^pla) pioduced by an eighth- 
grade siudeut "to help, " as he put it. "the a\er- 
age person understand and leali/e the basic oper- 
ations of a computer." 

Figure 10.6 bhows a computer project that a 
student staited in ninth (>i<ide and fniished when 

o 

he was a high school senior. The machine bhown 
in the picture can do e\er) thing fiom simple 



Fic;uRi-: IO.*l. Analog ('omj)uicr 
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Figure 10.5. Computer displays 
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addition lo j)l;iyin;> lirk-uu k-toc. I'hc system 
iiu hides a (ciuiiil processing nnii, card reader, 
and renioic lernnnal. Progrann'ng is achieved 
by ii.sing a machine language designed by the 
student who prochued the machine. 

Eslimadug (lie Value of 77 

Compuiers have made ii possible to obtain the 
value ol TT correct lo ihon.sands ol decimal places. 
Even so, cm i ma ting (he value ol rr b) calculating 
(he (plot lent ol the ciuuj^lerence divided by the 
diameter for each ol a nunii^f-r of dilFeieni cir- 
cular objects (oniinucs to be an informative 
project among students in the uj)per elementary 
grades (Figure 10.7). 



FlGURK I0.() 

Sophisticated computer built by a high school 
student t 




Fiot-Ri-: 10.7. i'i7idiug au approxinuiliou to the 
value of 77 
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Figure 10.8. A Iwmemade microm Icr that 
can be used to measure the tliickuess of ob- 
jects correct to I /SO of an inch 




Making Measuring Instruments 

Projccis involving ilic production and UbC ol 
measuring insirumcnis range from the simple to 
the sophisticated and can be counted on to 
kindle interest among students from ilic lower 
grades through the high school. 

Making a micrometer that can be used to 
measure the thicknesses of objects correct to 
M of an inch may sound like a complicated 
project, but it is really quite easy. In fact, stu- 
dents in the upper elementary grades can pur- 
sue this project successfully. Figure 10.8 illus- 
trates the idea. The homemade micrometer 
shown in the picture consists of a bolt and nut 
with a pointer welded to the nut. The bolt has 
20 threads to the inch. This means that one 
complete turn of the pointer moves it vertically 
Ts^o of an inch, one fourth of a turn moves it 
vertically ^ of an inch, and so on. 

Making a spheromcter thai can be used to 
measure the radius of a sphere is a challenging 
project for students of tenth-grade geometry. 
Figure 10.9 shows two models. One is simply a 
lefmenient of the other. Each model consists of 
a coffee can, open at one end, and a pencil. The 
pencil is perpendicular to the plane of the 
closed end of the can and fits through a hole at 
its center. A .scale is marked on the pencil to 
indicate how far its lower extremity is above 
or below the plane of the open end of the can. 
The operational principle of these devices is 
similar to that of commercial spheronieters. 

Making a scale that indicates the capacity of 
a circular cylindrical tank in horizontal position 
is a fairly sophisticated project even for students 
of high school trigonometry; however, the proj- 
ect can also be adapted for work with volumes 
in grades 5 and 6. Figure 10.10 shows a circular 
cylindrical tank (tomato juice can) in horizontal 
position with a scale that indicates the volume 
of the tank for various heights, correct to tenths 
of a cubic inch. There is a hole at the top into 
which liquid can be poured. The piece of glass 

Figure 10.9. Spheromcters 
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Figure 10.10. Circular cylindrical 
lank in horizontal /wsition with a 
gauge on the outside for indicating 
volumes 




ml)ing on the outside of the t«ink is bcin and 
scaled in at the bottom. The exterior part of 
the glass tubing is aligned wiUi a diameter. Stu- 
dents in grades f) and 6 can make a scale like 
the one shown in the picture by pouring mea- 
sured aniounis of licpu'd into the hole ai the 
lop and marking the heiglu of the liquid for 
diiroreni volumes. Another way to make the 
scale is by computing the volumes of right cylin- 
ders thai have segments of circles as bases. 

ApfAicaiions of Mathematics in Science 

As already stated, frecpienily a mathematics proj- 
ect is related to a dent's work in science. Fig- 
ure 1 0.1 1 pictures asy-to nnike periscope. The 
mirrors are set in parallel planes, (bus making 
die entering rays of liglu at the top parallel to 
ihe sigbi line below. Producing a device like 
this and writing a paper explaining its use in 
contrived situations nnikes an exciting project 
for studcnis in the upper elementary giades. 



FiGiikK 10.11. Periscol)e 
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Kii>nic 10.12 picinics an :i|)|):ir:nus ih:n a 
stiulciu produced lo iiivcMi,t»aie ilic behavior of 
.sprinos strculicd I)n \voi\oIus. ^Uq ducc springs 
have (lie same sprini; ronsiam and identical 
lcn<»ilis (when not Mreichcd). 'VUv \voi<;liis 
shown in die pirinreare I onnce. ! oun<c and 
K ounce, lespenively, I'indini» a fonnula thai 
rehates the avera!>e force applied in stretching a 
sprin^i;. the Ieni»th of stretch, ;nul the sprin^^r coii^ 
staiu invohes a groat <IeaI of precise nicasining. 
conipnting. fornndnting. and checking. 

Figure 10.1^5 pictures an inch'ue<I-phuie appa- 
ratus designed hy a student of trigonometry. The 
device can he used to reh'Ue the varial)Ic.s in the 
equation IF x sin 0, where 0 is the uieasine 
of the angle of inclination of the incHned plane, 
IF is the weight of the load, and is the down-" 
ward conipoueni of the load nieasiu ed along the 
inclined plane. The magnitude of F can be read 



FicuRK 10.12. Appdratus for studying proper 
ties of springs 




Figure 10.13. Inclined plane 
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TiVO cycloidal tracks and one linear track. 
Any two or all three of the halls am he re- 
leased sini ultaneously. 




directly from the scale :u the top of the inclined 
plane. The gravity pointer on the grid makes it 
possible to estimate the value of sin 0 without 
using a table of sines. A device like this is useful 
for solving and checking a variety of problems 
involving the inclined plane. 

The cycloid curve has several interesting ap- 
plications in science that may be investigated by 
means of projects in mathematics. Such projects 
sometimes lead to construction of novel devices, 
Pictured in Figure lO.M is a device with three 
tracks on which steel balls can be released. Two 
of the tracks have the shape of a half arch of an 
inverted cycloid (from the cusp to the low 
point), rile third track is an inclined plane. If 
the two steel balls at the top of the device are 
released at the same instant, the ball traveling 
down the cycloidal track will reach the bottom 
l)efore the one traveling down the straight track. 
It can be proved using differential e(|uations 
that a cycloidal path under the action of gravity 



is the brachistochrone, or curve of fastest de- 
scent. The cycloid is also the tautochrone, or 
curve of equal time. If the two steel balls resting 
at different heights on the two cycloidal tracks 
are released simultaneously, they will reach the 
bottom at the same time. 

Figure 10.15 pictures a frame composed of iwo 
adjacent arches of an inverted cycloid and a 
pendulum bob held by a string suspen led from 
the point wheic the two arches meet. When the 
pendulum swings, the string wraps itself nround 
the cycloidal arches and the I)ob traces a cycloid. 
Since the cycloid is the curve of equal time, the 
period of the pendulum is independent of its 
amplitude. Various other demonstrations are 
possible. Projects involving investigations of 
properties of the cycloid make a strong appeal 
to capable students. 
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Maln)ig Models of l lii'cc-Dimcnsioual 
Figures 

One way of i»ciiin<» ^l!l(lcIUs lo do maihcniaiics 
is lo cna)nrai»c ilicin lo do projcci.s ihai involve 
ihc pioduciion of models, and perhaps no 
subjeci olfeis a i»reaier range of possibilities Uian 
ihrce'diiueusloual i»comciry. 

Clieckiiig ihe lornnda for ihe volume of a 
ri<>lu circ ular cone is one such project. An ap- 
propriate model can he made by pouring a 
kncmMi volume of ^and ihrough a funnel, as 
shown In Figure 10. IG. 



KicruK 10. If). Cycloiddl Inniduluni 
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// device for mnkiug a modal of a 
right circular coue and checking 
the formula for its volume 
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A stiidciu need not li.ivc ;i h'v'h clfurcc of 
iiivciuiveiiCbS in oidcr to carry out a projccL 
thai results in ;i pleasing, meaningful model. For 
impact in the classroom, compaie a commercially 
constructed model of a cone of two nappes with 
the model shown in Figure 10.17. 

Shown in Figuie lO.lS is a three-dinr sional 
model that has implications for calculus. The 
model illustrates the use of right circular cylin- 
dcis in making successive approximations of 
the volume of a hcnn'spheic. A student who 
attempts to charactcii/c .successive approxima- 
tions of this kind will find hiiusclf face to face 
with the theory of liiniis. 



FicuuK 10.17. // cone of fxvo nal>l>cs 



Figure 10.18. Successive approximations of the volume of a hemisphere 




GeonicLry mid ArL 

'rypical of in;iny projects the uerspeetivt bo;iu! 
.shown in Fi\mnc 10. ID bridges two (iisciplines. 
'Vlx'j creator of this project was a eapal)le stiickni 
of art who conihined his knowledge of three- 
(liinenMonal geonietiv with his talents in art. 

Giving Gcamclrical I)iierf)rclalio)ts 
to Algebraic Expressions 

Asking students to give geonietricai interpreta- 
tions to algebraic expiessions can lead to clial- 
ienging projects. The student who produce<i the 
disseetible cubical block in Figure 10,20 used it 
to give a geometrical interpretation to the proof 
of the following; special case of die binomial 
theorem: 

{it .f /;)• //" HI- '^(t-b '^<iiy- 
Figuie 10.21 show.s a disseciibic model that was 
produced in response to a more imaginative 
assignment. A student was asked to show by 
means of a geonietric:d interpretation tiiat 

(.V -h y)(.v - v)(2.v - y) =: 2.v^ - 2.vv- ~ .v-v v*. 



IMOURK 10.20 





FiouRK 10.21. The volume of the hhick box is equal io the [nod net 
(a- y)(.v - y){2.v - y) and also aqnah the snm of the volnmcs of the six 
white blocks. 



FiciiRK 10.22 

Chaffhicnl Rclnrscutaliou of Com()lex 
Roots i an Eqmttioit 

The lii^ t cmli Vc:n'i)c)ok of ilic ;\:uion:iI Conn- 
til of IicKS of MailicuKilio c:om;iiu.s ;i cliap- 
KT by II()\\:imI F. |-du- cniiilcd "Gnipliic.il Rcj)- 
iCNcmniioii of Complex Rooi.s."* Vv^uvc 10.22 
^Im)U\;i ilnc'j iliniLn.NioiKil model of die i>r:i|)li of 
y^x- \x ^ s dial is picinicci in lUc dvApicv 
hy Fclir. TIic i»ia|)li lias iwo branches-one real, 
one tom|)lcx~l)odi of which arc parabolas. In ihc 
model, die real branch bounds die upper phinc 
region: die loiaplcx biaiich bounds die lower 
plane rc!;ioii. "I'be j^raph is obtained b\ .solvinir 
die Ji;i\eii ecpialion for .v to obtain 

■v = 2 ± \/ V - -I 
and .sob.Ntitiitiiiji^ leal values Tor y. Fory >:*l the 
le-sidtinj; \alues of -v aie real, but for y < I the 
\alnes of \ aic complex. This le.ds (o the rep- 
ie>eniaiioii of y \alue.s on a real lunnber axis 



I. Multi Scnwiy Aith in the Teaching of Miahcntatics, 
Kij^liK'ciiUi Vcarlmok of ihc Xaiiotial Council of Teachers 
of Maihcinniics (Ncu- Yoik: Buicaii of riiI)Iiranons» 
Jcadicrs CoUcgc. Columbia linivcrsity, UMf)). pp. i:J0-,'J8. 
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(ihc \cui(.Kl in the model) hnl lecjuiie.N .1 
(oiiiplcN niiiiibei pl.nie for the re|)ie>L*nt:iiic)it of 
A v.ihie.N (the Iioii/oiti.il pl^iiie with ie;il n 
.111(1 ini.i,i;iii.n \ .ixi.N /;/). I"oi v ^ I ihe ie:il hiain h 
of the .i*t:i|>li lie.N in ilie phnie del ei mined hy 
tlie y':ixi> :ni(I (r-:iNi> (llii.s nie:ni.N ihni lenl vnhie.N 
of .V lie on ihe /Kixi.N in the complex' phine). I'^)r 

Y < 1. the complex hnineli of die i;rnph lie.N 
in the phme tli:it is perpendicnlar to the (Kixi.N 
:n the point *1 • t)r. .Nime for nil re:d \:iInc.N of 

V k'.NN than I the real p:nt of .v is 2, It is ;i Minple 
iiKMler to dc'icnnine tliat the complex hnnich 
inicr.Neris the complex phme ai (2 :•- 2/. 0) aiul 
that 2 ' 2/ :ne M)hiiions of .V' — l.v -f S = 0. 

Projed.N involvin*^ IiyI>ri(I realroinplex coor- 
dinate h\stems .Nitch as the one de.scril>e<l arc a 
ciiallen«;e to «;()ckI .Ntiulcnts. 

Groiiirlrinil Cnnslrncliotis nud 
Cinvr Draxt'ntir 

I'rojec l.N invc)I\in_«; «»ec)melrieal conNtnution.N and 
eiirve thawin,*; provide .Ntinndalint;; experiernes 
for Mnclenis of near I \ all a,i;es and nl>ilil} levels. 
Dr.iwint;^ .Niinple de.Ni»;ns with a .Nlnn\i;hte(h^c and 
('onipa.Nses safi>fies elementary .school sindents' 



natni.d .>en.>e of rci^nLnit). 'I'he c°ic.ni\e in.sliiic t> 
of .Ntiidetn.N in l.nei !*i.icles find .>.ni.>f.ic tion in 
cle.si*;nini( mec hanical c!e\i< 10 draw c nr\es thai 
caunoi he cliawn willi .>iiai<;uieci,i;e and (ompasses. 

l"ij;nre 1 0.2:1 .nIiow.n a device lor drawiiii; a 
.sine cnr\c. *I'Iie device .siiown in tiie pic line was 
invented l)\ a .siiicleni of .second-year ali;el)ra. 
IWiiii inio llie device i.> a .scheme for deleiniin- 
ini; line \aliic;.s of tlie .sine function meilianicall). 
I*n.shin<; or pnllin<; tlie Ion*; driver rod hori- 
/oiiially lolate.s ilie two wlieei.s and caii.se.s the 
pencil to trace out tlie cmve. 

The .siiich:iii who produced the device .sliowii 
in lMi*iiie 10.2*1 alM> had in mind a .scheme for 
iraeiiijj a .sine curve. .As the pointer is rotated 
a .scipieiice of li<ihts is tinned on. 

rij»iire 10.2.') |^tclnre.s ihe coiistrnciioii of a 
device tliat can be ii.sed to diaw a parabola. The 
while .strip wiili hlack clots and t.ie white tliniiib 
tack lepre.Neiil. re.spcclivcly. the direciri.x and 
focn.s of a parabola. If the picxe of chalk is held 
taut a*;aiii.st the si ri 11.1; that i> looped over the 
lop of the iiian<;le and the l>a.se of the triangle 
i.s luoxed lioii/oniali\ ah)ii*>; the directrix, the 
piece of chalk traces a parabola. 




Fi(u;ki-: 10.2.1. Device for draiving a sine cmva 
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/];/ OfHical Method oj Showing 
Conic Srciions 

II ;i lighted lloor laiiip with an (»|>cii-ciulc(l du ii> 
l:ir (yhiidrical .>h:i(lc is placed next to ;i wail, 
one may leadiU olber\e a hiii^htl) illiiiniii.iied 
rei;i()ii with a hoiiiulai) that approximates the 
>liape of a hypcihola. The .Ntiideiit who made 
the de\ ice pictmeil in Fis^iiie 10.2() tried to 
make thi.s piiiiciple preci.^e. lie placed a Muall 
hrii^lit light in the ceiitei of an opeii eiided circii- 
lai (xliiidiical tithe, thus (airsin<; «i conical heam 
of li<;ht to he projected itoiii each end. If the 
cyliiidiical tube is Iield >o thai its axis \>> ])aiallcl 
to a wall, the resulting section is a hyi)eihola. 
The other conie sections can he formed by vary- 
ing the angle between the axis of the cylindrical 
tnbe and die wall. A range of problems involv- 
ing pioperties of the dilfeient conie sections can 
be investigated witli the aid of this device. 

Rcflrcfion Pwpcriics of fhc 
Parabola and the Ellil>sc 

Projects involving rcllection properties of the 
parabola and the ellip.se aie good starteis for 
students who have dillicnliv choosing a topic 
for a project. Only a few suggestions are needed 
to hel]) students get started making displays 
of parabolic reflectois. Demonstrating the rdlcc- 
ticm property of a parabola is a little harder. 
One boy con>tructed die "pool table'" shown in 
Mgnre 10.27 to demonstrate this j)roperiy. 

^I'he cushion has the .shape of a parabohi. .All 
chaiuiels aie parallel to the axis of thi.s parabola 
and the pocket \> at its focn.s. A i)all rolled as 
indicated hi Figure 10.27 will bounce oil the 
cushion into the pocket. 

'Y\\Q elliptical "billiard table/' on which a 
ball "-rarted from one focus will always rebound 
through the other focus, can be used to c'ljmon- 
stratc the rcllection property of an ellipse. The 
device shown in Figure 10.28 can be used to 
explain why the ellipse has this property. The 
string looped around two nails is threaded 

FiGtn<K 10,27. Device for (U'mou.\lraiiii^ I he 
reflcetion l)rolHirly of a junahohi 



FiGURK 10.28. // taugcnl of an cUilysc at any point makes equal angles 
u'iili the focal radii. 



through :i vcniciil phunb ih:u holds :i Mniighl 
\Wrc in Iion/()m;iI posiiioiK As the plywood disc- 
is rolled die phnnb iriiccs out :in cllip.sc. ;iiul 
it c:ni be .seen ih.it ihc l;:ngciu lo ihc curve :u 
;iuy |)oini ni;ikcs ccjual aiw^dcs \ciili the foc:d 
radii. 

Exfxmculial Cunws 

Curves of ih)s kind and ihcir applications aic a 
rich sonrcc of projcris. The catenary is one .such 
(llrve. It ha.s the .shape of a freely hanging diain 
or flcNibh* cable (Figine 10.2!)) and ^">ks dccep. 
lively like a parabola. KlnVli is the odier curve 
.shown in die picime. 

Fiouki 1().2W» Coml)atis(jn of a catena?) {chant) 
and a pauibola (black cun>e) 
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Fuudaainilal Pr'nicij/le of CoiDil'nig 

TIk* projecis piciurccl in Fij;urc.s I0.*5() :iikI lO.Bl 
scincd uiili ill! :i.ssij»innciU to :i .scrond-ycin' alj*c- 
hra cla.ss to (ollcct ilhi^t rat ions ol applications 
in\ol\inj( pcinnitation.s and a)nd)ination.N. One 
.stiidcni (anic across an illustration ol a (ond)ina> 
tion lock that is .supposed to have existed around 
\r>i>i).' His (Ii.s((nei\ led to con.stiiK tion of the 
Avoodcn combination lock .si i own in l''i<;urc \i)/M). 
The lock th.u is illu.sti .ited has one fiNcd (\lindei 
.uul loui nioval)k' (vlinder.s. Painted on the out- 
side ol each tn()\al>le c\lindei ate ei^ht .stiipe.s of 
(liilerent (ohn.s. Ol tlic 1.0% possible .dignnicnt.s 
ol* stripes, e.^acih' 1 opens the lock. 

2. rciiikliii \V. Kokoinoor. Mathematics in lUwutn Af- 
fairs ^Ncu- Voik: Punii(c-n:ill. 1912). p. 188, 



l-'i_!»uie M).*>l .shows an electrical dexicc that 
j»rew out of rhe same suident a.ssi<»innent as the 
wooden conibi nation lock. Of the l."!5l possible 
.settin<»s of the tlnce switches, csactly I will turn 



on the liirht. 



Prohahilifx 



Piodudion ol .i piol):il)ilit) niadiine is alw;iys a 
popul.n pioje(t. H'he ino\einent of the .shot ioll> 
inj> down .i board and the lesulting appro.xinia- 
(ion of .1 nonnal nn\e ne\cr (ease to attiact 
spectators .uul <nouse e.\(itenieni (I'itjuie 10.32). 
In ihc dexice shown in the pittuie the configura- 
tion of channels ju.st below the reservoir ai the 
top was created by gluing hexagonal cer.unic 
tiles to a piece of plywood. 



FiGtiRK \{VM). Wooden comhiriaiiou loch 
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The pcniu board in I'igurc l().3*-5 shows a con- 
ncciion hctuccn Uic expanded form of 
(// -J. /)" 

for // = I. 2. *5, 1 and ihc possible oinconie.s of 
lossing // pennies. Consider die la.si ecpniiion on 
(he ])enn\ i)oaul. By (be I)inoniial (heorcin 

(// /)" = //» -I- 'lli't -f I)/'-/- 4 -I/// ' -f- 
Shown below is an expansion of (// 4- /)' wrii- 
icn \vi thorn ii.sini; exponents and wiiboui com- 
binin.i( "like" terms. 

(// '{^ ty - hhhh J- /////// ////// -i- ///// -J. //// 
-h /////// 4- + ///// 
4- /////// htht 4- ///// 
4- /////// 4- ////// 4- ///// 
////// 
4- huh 

The five lectangidar arrays of pennies in the 
right-hand niend)er of die hist ecpiation on the 



penny boaid tonespond to the Ihe sets of "like" 
lenn.s in the above eX])ansioM with a penny 
"head'" lor // and a "lair" lor /. The sixteen 
lows in these arrays are exactly the possible 
on iconics of a .single toxs of four pennies. The 
n\e anay.s on the penny board (orrespond to 
the following events: 

/:,',: (Jetting I heads 

Getting;) heads and I tail 

Ey. (Jetting 2 heads and 2 tails 

/;,: (Jetting I head and 3 tails 

A'-: Get ting -I tails 
I'roni this and a delniition of probability it fol- 
low;> llK.l /V(/:,)=^. /'»•(/•,) = -X. l'r{li)=^,. 
I'y{I-'i)=T^ and l'>{Er,)=^. 
If you turn tlic book to look at the i)icturc bot- 
loni side lip, you can sec a lii.stogram that ap- 
proximates a normal curve. 



FiGURK IO..'5;5. Penny board 
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Trisrciliig <ni /biglc 

The problem of iriscnisij** an angle conies np for 
(lisaiysion perennially, and any hint ihat such a 
consiniciion is not pos^'hle with an unmarked 
.straiglueclt>e and com parses only serves lo chal- 
lenge some siudeni lo attempt the impossiI)lc. 
The skillful teacher will know how to icdircct 
elfons ol this kind into fruit ltd projects involv- 
ing a history of the trisect ion problem, proof that 
a classical ron.st ruction is impossible, and pro- 
duction ol triseciion devices. Figine I0.3'l illus- 
trates the use of a triseciion device that was pro- 
duced by a tenth-grade student of geometry. 



Figure 10.34 

The 'UomulunvkJ' a simple angle 
t rise dor 



Non-Euclidecoi Geometry 

Non-Euclidean geometry is another topic that is 
rich with possiI)ilitics for projects. Fig me 10.35 
.shows a crude model of a pscudosphcrc, a sin- 
face that has constant negative curvature and 
I hat can be generated by i evolving a tractrix 
about its asymptote. The asymptote of this 
.surlacc is a straight line (the axis of revolution) 
to which all meridians (curves of shortest 
length) are tangent at infinity. The model shown 
in the pictmc was produced by a student of sec- 
ond} eai algebra. He used the wire frames of two 
lamp shades wiiich to him suggested the desired 
leprescniaiion of a ])scudos])here when fastened 
together as illustrated in the picture. 



Figure 10.35 

Model of a pseudosphere 
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Maj) Projeciious 

The topic of map projections provides a range 
of pOb.sil)ilities lor pioject.s. I)y .stndcnts of vary- 
ino ability levels. Among the easier possibilities 
are projects involving niodeb that illustrate 
gnonionic projections (Kigure lO.^Jf)) and cylindri- 
cal projections (Kigme I0.:}7). The major prob- 
lems in\olved in making a map projection are 
thc»)C iwo; plotting points of a globe on a dc- 
velopai>le mu lace and < h;ir;u teri/ing image 
poims in tcruKs of preiinage points. 



KiGUKi: io.:5(; 

G)wuio}uc fnojcciion: o projection 
of the surface of a globe from iis 
cetiler onto a plane laiigcfii al l/ie 
^*norih pole*' 




ERLC 



iMGt^KK I0.:]7 

Cylindricai projeciwn: a projcclion 
of the surface of a globe froin Us 
colter onto a cylinder langeal to 
the globe al ils ^'eqnaiof' 



Sundials 

A study of sundials can be an intriguing project, 
and an intensive study involves some sophisti- 
cated maUiematics. A typical sundini consists of 
two parts, a gnomon for casting a shadow and a 
dial on which the shadow falls. There arc several 
kinds of sundials— equatorial, hoii/ontal, vertical, 
declining, and reclining. The name of each is 
identilied with the positioii in which the dial is 
set. The construction of a .simdial depends on the 
latitude of the observer as well as the intended 
position of the dial. 

The sundial pictured in Figuic 10.38 was pro- 
duced by a student of trigonometry who lived in 
Saint Paul. Minnesota (Intitiide ^^'^ 57' 19''). U 
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(oiisinirtcd lo bo used with the dial mourn- 
ed in a hori/oiual posiiion and h Uicrcforo re- 
fcncd K) as a hori/onial snndial. Alilioiii^h ii 
is not cvidciu From ilic picuire. the ,t;noni<)n is 
perpcndinilar lo ihc dial and inier.scds i( in 
ihc VI oVIork lino. The anj^lc formed l)y ihe 
n|)|)n cd<»e of ilie ^^nonion and die 12 o'clock 
liMv* is 1:")'^. Since die niea.sme of die an<L»lc l)C- 
iween die upper edj»c of die gnomon and the 
plane of ilie dial .should e<pial ilic latitude of the 
poini of ohseuaiiou. the student's error was 
onl\ 2' IT'. In the Nonlieru Hemisphere the 
12 oVIork line must point north. 

'i'lie position of any hour line h on a liori/on- 
lal dial can he detennined by using the formula 

tan = sin /. tan /^/,. 
Referring to the formula. is the degree mea- 
sure of the angle bctxoccu the hour lino // (being 




FiGUUK I0.:i8. Horizonial sundial 



determined) and th< 12 oVIock lino. is the lati- 
tude of the observer, and />,, is the dogiee moaMuc 
of the hour angle (15 times the nunibei of horns 
between noon and die hour < oiresponding to 
liom* line //). " 

A stnidial indicates local sun time, iXfean solar 
time <an ))e <oniputed from local sun time by 
using a rorrcction known as the e<piation of 
time. 

Mali in g Designs 

The beauty of nKuheinatics is often reflected in 
designs based on mathematical cmves or figmes. 
.Students frecpiently attempt to express the beau- 
ty of matliematics by means of projects involving 
curve stitching' or drawings. Even for students 
who may be poorly motivated in mathematics, 
the fascination of a design is olten .sufficient to 
generate enthusiasm for artistic expression (I'ig- 
ures ?(LH(). 10.10. lO.li. UM2. 10.13. and lO.M). 

c:arl N. .ShuMor '.\m\ I'icd I.. BodfonJ. I'trlil Wofh /» 
Mathcmntlcs (Now Yoik: Ainoilcan Hook Co., H):J5j (lis- 
U'ihuiod Ijy Voder Ikislitiincnis. r:dcsiiue. Ohio). |)|). 
88-80. 




FiGURK 10..^9. Polygon of eighteen sides and 
all possible diagonals 
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FiGUlu-: 10.12. Design fn-oduccd by 



shaditifz allcntalc 

by 3 cycle logarithmic 



giovs of a y 
grid 



rectangular re- 




Imguiu-s I0..|:5 and lO.'ll. Each of 
the two designs beloiv was pro* 
duced by rearranging four square 
regions of the logarithmic grid fyat- 
tern in Figurk 10.42. 
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A Hislorical Project 

Con^l^IClin,^ :i rit^lii ;iii<»lc with :i piece of rope 
tli;it is .Nep;iniie(5 by knots inio 12 piiri.s of ecpial 
length f;iM:in;ites .stndenis l)ee:^^l^e of ilie .sim- 
plicity of the con.stniction and hecinise of its 
hi.storic;il .significance. The girl who produced 
the display (Fig me 10. -15) .showing that .segments 
with lengths of :> units. I units, and :) units can 
be sides of a right triangle probably learned 
something^ of the hi.siory and lore of uiailie- 
niatics as >he researched her project. 



FiGURK lO.'lf) 

Layittg out a ris^Iit (UK^lc—lha stor\ of the 
"rope stretchers" 



Theorem Dcnionshaliou Models 

Many easy projects involving theorem demonstra- 
tion models are po.ssible. 'I'he .synunctry and reg- 
ularity of the c!)'clc make it a favorite topic for 
Mich project.s. The model in Figure lO.'Ki •'magi- 
cally" demonstrates au unusual theorem about 
angles iiKsciibed in a semiciide. .\t least one stu- 
dent thought so. To "show" that every angle 
in.srribed in a semicircle is a right angle, he eut a 
semicircular .slot in a piece of ?)lywood. .slipped a 
loo.se-litting bolt through the slot, and stretched 
a rubber binder around the bolt and the two 
nails at the ends of the diameter. 

The Pytlukgorean theorem is another favorite 
topic for projects involving theorem deinonsira- 
tion models. Two projects that illustrate intuitive 
approaches to this theorem are shown in Figures 
lO.'lT and lO.'lH. 



FiCUKK lO.^K) 

All angles Inscribed in a semicircle are rijrhl 
angles. 
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MATHEMATICAL GAMF.S 
AND Pl /.ZLES 
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A mailicni.iiical <«;amc h «i m«iilicniaiic<ill\ based 
aciixity that in\oI\c.s a set of "legal" nu)\cs, 
operations, oi rules, and usualh sonic kind of 
competition. Most uia thematic a 1 games are de- 
\i.scd for two or nioie persons oi teams, but 
man\ of these (an also be pla\ed b\ one per.son; 
and .some games aie intended foi one person, as 
is solitaire in cards. 

Some mathematical gajncs are puzzles. Kasner 
and Newman consider a pn^Je to be "an ingeni- 
ous game or problem."' The structure of a 
mathematical puzzle is characterized by .some 
"internal relationship between component ele- 
ments of the puzzle.""' Creators of puzzles u.se 
clever ways of complicating a basic internal rela- 
tionship by elaboration, restatement, addition of 
distracting details, and so on. The distinction 
between games and puzzles is not always clear, 
and the expre.ssion *\^ames and puzzles" is often 
used in a collective sense to refer to both. Solv- 
ing a puzzle means discovering the internal re- 
lationship that e.\i.sts between the components of 
the puzzle or inventing a scheme that will e.xpose 
the relationship. 

Games nnd puzzles can make a valuable con- 
tribution to a mathematics program. Tor ex- 
ample, they can be used to: 

1. Add interest to practice periods 

2. Teach mathematical vocabulary 
8. Teach mathematical ideas 

•1. Help studeiits develop elFective study 
habits 

•5. Provide motivation when beginning a new 
lopic 

(). Provide for individual differences 

7. Promote the development of a positive 
attitude toward mathematics 

8. Help students develoj) intuition in solving 
problems 



'1. K(h\'aul Kasner and James R. Newman, Mnlhcmnltai 
and I he /mn^hmiioti (Xciv Vork: Simon X: Sclnistcr. WO), 

pp. ir>7-r>8. 




II. (ii\c .siiKicniN an opponunii} lo cxcui^c 
ini:ii;ina(i()n 

M). .Sviiiiiiian'/c or icmcw a iiiiiL 

KxpOMiic U) j;ain('N .intl pii/zlcs shonld ouli- 
naiily l)c loi hiici |)cii()y'.>. (!aic iiiiinI cxcr- 
( iscd <hal ihc l-X( ilcnic.K*^ i»cnci'a:Cil docs iioi 
(lilinsc .siiidcni aiicniioii.^ \ <;ainc oi* a pii/zlc 
(an. ol conr.sc. be nscd a.s ilic l^aM.s of a Ic.sson. 

C'-anics and pii/zlcs (.ni he (icaicd l)\ (caclicr.s 
and .sindcnis: however, a ,t»rcai many are a\:iil- 
ahle fioni (onnncidal .soinccs. .\ dip (o :in\ 
major dealer oi j;ames and loys will convince 
leachcLs and .sindenis of ihc wide variety ihai is 
available. t\ li>( ol names o! piodnccrs and (lis- 
(lihnioLs i.s<;iven a( (he end of (his chap(er. 

The binary sy.s(em of numeration serves as (he 
basis lor a ninnber of <L;ood game.s. One example 
is (he well-known j;ame of Nini. The s(ra(egy for 
winnin<^ widi (his ][;anie involves practice widi 
niadieniatical opera (ions. 

Anodicr game that involves (he i)inary .s\.sii'm 
is (he Tower of Hanoi. This game consis(s of 
(Inee pegs .seemed (o a base with a number of 
(lists oi diileient (liame(cr.s placed on one peg in 
Older o) si/e. widi (be sniall('s( on (op (l-^'gmc 
10. ID). I'o win (he game one nins( (ransler all 
(Uses fioin one peg (o a se(on(l peg by moving a 

FlGUKE 10.49 




.single disc at a time and without ever |>laciug a 
larger disc on a smaller one. The game as pro- 
posed by M. Clans (Lucas) in 18S:5 involved eiglu 
discs. bn( fewer (an also be u'^cd.'* l*he mauipnla- 
(ion involved (an I)e simplif.ed b) using (hxs on 
a sheet of paper ins(ea(l of pegs, and coins in- 
s(ca(l of discs. 

An interesting example of a pir//le is one tha( 
involves arithmetic operations in which letters 
are used as numerals. The challenge in such a 
puzzle is to (le(erminc the (ligi(s diat correspond 
to the let(ers. Below aie several examples of this 
kind of puzzle: 

SEND 
MORE 



M EAT 

M EAT 

M E A T 

M E A T 

M E A T 

I- I S H 

WEEK 

EVE 



M O N E Y 



(AB) X(AB) = CDDD 



= . 1' A L R T A L K . . 



D ID 

Magic .N(piares arc anodier kind of puzzle. Var- 
ious construction mediods can be found in books 
on recreational mathematics. Those with an odd 
number of entries are usually easy to construct. 
Students enjoy constructing magic scpiares for 
special occasions such as birthdays and anni- 
versaries. Figure 10.50 shows an example of a 

6. Waller William Rouse WiiW, Mathcmat tea! licocatiom 
and I-lssays (London: Mannillan Js: Co., 1905), p. 107. 
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14 


4 


15 


8 


11 


5 


10 


13 


2 


16 


3 


12 


7 


9 


6 



Imoukk 10.50. Eslremcly magic sqiunc 
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111:11*10 s(|n;irc invciiicd by Hciij:Mnin Friiiklin. 
In ihi.s s(|u;u c vaiiou.s C()iui)iii;iii()ii.s of four on- 
irics have :i sum of :M. For cxaiiiplc, ilic cnirics 
at ilic lonr (orncLs add 10 :M. Ii is imcrcsliiio 10 
FukI jiisi lr>w iii.iiiy coiiibiiiaiioiis ol' four ciiirics 
have a siiiii of :M. 

Caiaiii |)iol)lcins from clciiicniaiy number 
ihcoiy ran be prcscnicd 10 Mudcnis as pu/zlcs. 
One sudi |)rol)lcui involves dcicnnining a nnni- 
I)cr by having a scndcni lollow a few easy in- 
si? uciions. For example, have ihe siudeni .select a 
pcsiiive iniei»er between I and (>(). Then give 
iusinidious for the rollo\vini>: 

1. Have him divide his number by and tell 
you the remainder. Suppose this lemaiiidcr 
is fi. 

2. M:ive him divide his number by 4 and tell 
you the remainder. Suppose this remainder 
is b. 

avc hiui divide his number by 5 and tell 
you the remainder. Suppose this remainder 
is c. 

Now divide 'iOrt -\- 45h + 36c by 60. The re- 
mainder will be the number the student selected. 
Fhis jnoblcm is an application of the Chinese 
leniainder theorem. An explanation of the solu- 
lion can be found in books on number theory. 

Number theory problems involving Diophan- 
tinc ecjuations can also be presented as puzzles. 



Consider, lor example, ibis problem: "Find a 
number, given thai the sum of the number plus 
the .sum of its digits is 7*5." 

Problems in\olving ideniificaiion ol Pvihairo- 
rean triples are still another source of pu/v.Ics. 
Fhe following example is illustrative: '*Jn what 
right triangle whose sides are a Pythagorean 
triple is the .sum of the legs a perfect scjuare?*' 

Pu/./les that involve manipulation of objects 
have a .stiong appeal. A simple puz/le of this kind 
is one that lecpiires the sej)aration of a tangled 
.set of wires into component parts. Various puy/les 
of this kind are on .sale at toy stores. A fairly 
.sophisticated wire puz/Je is the Chinese ring 
pu//Je. Solving this pn//Je involves the use of 
the binary sy.steni of nunieiation. 

Dissection puz/lcs have always enjoyed great 
popularity. These range from simple jigsaw type 
pir/vles that are suitable lor use at the primary 
level to dissection demonstrations of the Py- 
thagorean theoiem at the secondary level (Figure 
10.51). 




FicukK 10.51 

Given a ?7g/// iriauirlc xuith squares con- 
st met ed on its sides, it is possible to dissect 
the two smaller squares into five jneces that 
fit on ihe largest square. 



Triangle 
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Scparaiini* a piece ol cai(ll)oui(l thai has the 
.shape oi .1 (piach iiaieial iuio ioui pieces l)\ (ui 
ling ah)ni» lines joining ihe niidpoinl.s oI oppo- 
.siie sides gi\e.s n.s anoiher example ol «i (li.sscciion 
puzzle (I'igure 10./>2). The challen,i»e in ihis 
puzzle is 10 ananj'c the four pieces .so iluu ihe 
le.suhing li|i»ure ha.s (he .shape of a paKillel()<>iain. 

Pu/zle.s inxolvinj; ino.saics and lesscllaiion.s are 
sinn'Ln lo di.ssection puzzles. These call foi coni- 
biiiini* dillerenily coloied liles lo form desij*- 
naied lii»ines oi lo (o\er ihe plane. The ihcoiy ol 
te.s.sellaiions ma) be lound in a number ol texts, 
and articles on tessellations ha\e appeared in 
many periodic:; Is. 

I'he che.ssboaid can be used as a basis for a 
number of i»ood puzzles. There is. for example, 
the '"Mii>hi Queens" problem, which involves 
placing eight pieces on tiie board so that no two 
are in the .same lov;, column, or diagonal. This 
|)i obleni (an be solved b\ using determinants and 
matrices. There is also the problem of occupy- 
ing every .s(piarc of the board by making continu- 
ous legal moves with a knight. 

.Sources of games and puzzles are so \aiied that 
(he obscr\ant teacher can constanth iind new 
ones. Games and puzzles selected for use by a 




Figure 10.52. 'ilie figure on the left 
points of of)f)Osite sides eonnected by 
laterals are cut out, the f)ieces can be 
has the shaf)e of the f)arallelogram on 



ma (hematics da.ss shoidd be inuigning enough 
(o engage s(udeu(s' in(eK's( and just hard enough 
to pio\ idea lespectabh- challenge. A l)il)li()giaph\ 
ol games and puzzles is gi\en a( (he end ol this 
chapter. 

.V niajoi pioblem in using games and puzzles 
in a ina(heina(i(.s da.ss is (he linn'(a(i()n ol (ime. 
A skillful teacher will (r\ (o usc al(ei school 
hoins or hee time dining unschedided modules. 
In the case of (onipetitivc games, using a linuT 
helps keep game.s Iroui (aking too nnuh time. 
lMa\ing oid\ parts of games is another way of 
making elle(ti\e u.se of time that is available !<« 
competitive games. 

MATM K.M.Vr ICS CONTESTS 

.\ fat hematics contests can be an integial part of 
a school's uiatheniatits program. In some schools 
contests are conducted within a given class or 
subject aica with winners mo\ingon to compete 
in district or regional contests. 

Krecpiently. school teams arc formed lor the 
purpose of challenging neighboring schools in a 
( on test invohing competitive mathematical 
games. In conducting contests like these it is im- 




shoivs a (iiiadrilateral xvilh the mid- 
segments. If the four smaller qiuidri- 
arranged so that the resulting figure 
the right. 
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pouaiu (hat nilcs iiiul rriicria be esiabli.shcd 
beloichaiul and adhered lo .sirinly. Thcie nuibi 
be a ju(l<»e or leain of judges to i>er\ e ibroughout 
ibe conieM. Awards for winners nui.si l)e an- 
nounced and appropriate leeogniiion given lo 
all panic ipaius. Local .school and coiuniercial 
newspapers are generally willing lo publish ihe 
resnhs ol a well-organized coniesi involving 
niaibeniaiical games. 

A more sophisiicaied kind of conicsi is one 
ihai involves admini.srraiion ol cleverly con- 
sirucied paper and-pcncil lesis lo large numbers 
of.siudems meeting in well-conirolled testing sit- 
uations. Coiuests of this kind aic sometimes 
sponsored by local school districts. 

I*erhaps tiie most prestigious examples of con- 
tests involving papci-and-pcncil tests arc the Na- 
tional Migh School Mathematics Contest in the 
United States and the Olympiads of eastern 
Kuropc." 

Contests involving paper-and-pcncil tests arc 
generally suitable only for the better students; 
howexcr. other activities such as games, talks, and 
seminal s can be included in a day of contests, 
and these usually have a somewhat wider appeal. 
It is possible to make contests part of a mathe- 
matics field day with something for all who are 



inteiested in m,ahematics. regardless ol al)ilit\. 

A teat her tan tlo se\eral things to help prepare 
students for a mathematics contest. For example, 
old tests can be made availal)le. A well-siocketl 
lil)rar\ on man\ dillerent aieas of mathematics 
is \aluable. and constant encotnagement is a 
nnist. 

.As in the case of piojects. iccognition shotdd 
be given to all sttidents who compete, whether 
the) are winners or not. Contests can add a strong 
positive inlluence to a mathematics program. 

SUMMARY 

T\\Q challenge to teachers of mathematics is to 
prepare citizens who will be able to identify and 
solve mathematical problems that may not have 
been encotniterecl before. Since it is difficult, if 
not impossible, to predict the kinds of problems 
that futtne citizens will face, teachers must be 
concerned wiUi the development of skills and at- 
titudes in students that will give them confidence 
to cope with new proi)lenis. Mathematics proj- 
ects, exhibits, games, ptrzzlcs, and contests can be 
Used to help students develop such confidence 

7. UowoH I., (hiivor. School Mathc!n*uirs Contests: A 
Rrftoti (Waslun,t(ion. D.C: National Council of Tcachcis 
of MathoniaiicN'. ]%$). 
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Rl'KKRKNCKS FOR SIXTY-SKVKN PROjlXT TOPICS 



Li sled l)cIow arc sixiy-.scvcn lopics for which icIciciicca aic inchidcd. Rcicrcnccs for ihc dif- 
Icrciu lopics follow ihc list of topics. 



1. Ancient Computational Methods 

2. McasurcnicMit of Time 
Codes and Ciphers 

I. Computers 

T). Curve Stitching 

(). Numeration Systems 

7. Nomographs 

8. Measurement and Approjcimation 

9. Map Projections 

10. Linkages 

11. Magic Squares 

12. Paper Folding 

IH. Paradoxes and Fallacies 

M. Optical Illusions 

15. ApproxiuK.tion of tt 

1 (). Pythagorean Theorem 

17. Pythagorean Triples 

18. Finite Geometries 

19. Game Theory 

20. Fourth Dimension 

21. Algebraic Structures 

22. IVansfiniie Ntunbers 

23. Symbolic Logic 

2^1. Non-Euclidean Geometry 

25. Probability 

26. Boolean Algebra and Switching Net- 
works 

'^7. Statistics and Statistical Inference 

28. Topology 

29. Mathematics and Art 

30. Mathematics and Music 

31. Linear Diophantine Ecpiations 

32. Duodecimal System 

33. Linear Programing 
3'1- Congruences 

3.5. Inversive Geometry 



3(). Curve Fitting 

37. Trachienberg Sy.siem of Rapid Cal- 
culation 

38. Algorithms and Flow Charts 
.39. Abacus 

^10. Prime Numbers 

'II. Perfect Numbers 

-12. Figurate Numbers 

'13. Integers as Ordered Pairs of Natural 

Numbers 

'J I. Markov Chains 

'!5. Repeating Decimals 

'IG. Golden Section 

'17. Hyperbolic Functions 

'18. Continued Fractions 

-19. Trisection of an Angle 

50. Nine-Point Circle 

51. Complex-Number Operations by 
Geometry 

52. Snowflake Curve 

53. A Mathematical System of 2 X 2 
Matrices 

54. Mass-Point Geometry 

55. Lattices 

5(). Egyptian Computational Methods 

57. Greek Computational Methods 

58. History of Mathen'iatical Symbols 

59. Gaussian Integers 

GO. Curves of Constant Breadth 

() 1 . Women Mathematicians 

()2. History of the Slide Rule 

G3. The Four-Color Problem 

G4. The K<")nigsbcrg Bridge Problem 

G5. Development of Arabic Numerals 

GG. Fibonacci Numbers 

G7. Sundials 



M \ rilKMA'l'lCS PROjKCTS. KNIimiT.S AM) FAIRS. OA.\IKS. PIV7.1XS. AM) COX I'l-S'l S 



I. ANCIKN T CO.MPU'r.VnONAL 
MF.'llIQD.S 

\ii(lnM)n. Rajinond W. Homjnn*^ Unoii^^h Maihc- 

matiis. New Voik: Alficd A. Knopf, 1017. 
Cajori, I'loiian. // IIisKny of Muihciiudics. 2(1 cd., 

rev. and rnl. New York: .Macinillan Co., 1919. 
C:ro()k. W'chon j. Abacus Arithmetic. I'alo .Alio. 

C;alif.: I'adTK Book',. 19.58. 
K\cs. Howard. .•/// lnt)(uluctiou to the Uistoyy of 

Mathrnidtics. 'Ml cd.. icv. .New York: Moll. Rinc- 

hau Winsion. 1969. 
I'rchag. Anlun\ and llcna l'rciia<(. The Xinnbtr 

■StO)y. \\'a>hingion. D.C:.: Naiional Ciouncil ol 

TcachcK^ of .MaihcniaiiO). 1960. 
llcaUu Ihonias l.iulc. cd. Works [.'ncluding^ The 

Method of Archimedes]. 1897. 1912. Nci/ York: 

Dover l'ul)iicaMr)ns. 1953. 
MoglK-n. Laiueioi T. The Wonderful World of 

Mathematiis. Carden Ciiy. N'.Y.: l)oul)leday R; Co.. 

1955. 

joIniM)!!. Donovan .A., and XVilliani II. Glenn. Com- 

fnitino Devices. .Manchcsier. Mo.: \YeI>sier Vuh- 

liMiing Co.. 1961. 
Karj)lMski. Louis. IIisto)y of Arithmetic. 1925. Re- 

prini. iVcw Yf)rk: Russell il- Russell Publishers. 

1965. 

Kf)k()in()or. Franklin \\\ Mathematics in Human Af- 
fai)s. New Yoik; Picniice l lall, 1912. 

!.ai.sen. Ilaiold D., and II. Glenn Ludlow. Arithme- 
tic for Colleges. New York: iMacniillan Co., I96.B. 

Newman, janics Roy ed. The World of Mathe- 
matics, I vols. New York: Simon .Schusier, 1956; 
paper. 1962. Vol. I, pi. 2. 

.Sanford. \'era. // Short IIisto)y of Mathematics. Uos- 
ion: llf)Ughion Mifllin Co., 19.S0. 

.Swain. Roberi L.. and H. D. Nichols. Undcistandiuo 
Arithmetic, New Yoik: Holi. Rinchaii R: Winsion. 
1965. 

"rurnbull. IlcriKU \\\ The G)cat Mathematicians. 

New York: New York Universiiy Press. 1961: Simon 
Scliusier, 1962. 
Willcrding. .Maigarei. I'lom I'ingers io Comj)uie.)s. 

Pasadena, Calif.: Franklin Teaching Aids. 1968. 

2. MEASUREMENT OF TIME 

Asimov, Lsaac. The Clock We Live On. New York: 

.Vhelaid-Schuman, 1965. 
— 77/c Realm of Measure. Hosion: Houghton 

Mimin Co.. I960. 
UoUon. Lyndon, 77////; Measurc7neut. Princeion, N.j.: 

D. Van Nosirand Co., 1921. 
Ih-adley. .A. "The Day of ilie \Yeek for Gregorian 

Dales." .S'n//;/fl Mathemutica, ALirch 1955. 
limycloj)aedia liritaiwica, 1969 ed. S.v. "Calendar." 



Glenn. William II., Donovan A, [olniM)!!, /•'//// 
117/// .Mathematics. .Manchesicr. .\Io,; Wehsier Pul). 
lishing C:o., 1960, 

lohn^on, Donovan .\„ and William 11. Glenn. The 
World of .Measutement. .Manchesier, .Mo.: Wehsier 
PuhhMiing Co., !961, 

Kaufman, (;eiald, 77/6- liooh of Time, New Yoik; Ju- 
lian .Me^^ner. 19.'^8. 

Kiaiicink, .Maurice. Mathematical Keoeations. 2d ed. 
New Yoik: Dover Puhlicaiions, 195,B, 

Licks, II, Kecreatious in Mathematics. Princeion, N. 
j,: I), Van No^nand Co., 1929. 

Naiional Council of 'leachens of .Maihemaiicv ./ 
Sou)ee llooh of M.ithcmatical A l}j}lications. Seven- 
icenih Yearbook. New Yoik: Uuieau of Publica- 
lion^. 'Feacheis College, Columbia Uiiivei^iiy. 1912, 

O'Leaiy, V. "Calendar Piogiess." In School Science 
and Mathemati(S. January 195L pp, 22^26, 

SchaaL William L, "The Measurement of Time" 
(bibliogiaphy) , Mathematics Teacher, I'ebiunrv 
19515, pp, 115-17, 

Smiih, David Hugcne, Histoty of Mathematics. 2 vols, 
1923, 1925, New Yoik; Dover Publicaiioiis. 1958. 

:i CODES AND CIPHERS 

Baksi, .Aaron. Mathetnatics, Its Magic and Mastety. 

Princeioii, N.J.: D, Van Nosiiand Co.. 19.52, 
IJall, \Yalier \Yilliam Rouse. Mathematical liecrea^ 

tions and Essays. I lib ed., revised by H, S, M, 

Co.xeier, 19:^9, Reprinl, New York: iNracniillan Co., 

1960, 

Encyeloj)edia Americana. 19(58 ed, ,';,\-, "Crypiog- 
laph)," 

Encyclojmedia liritannica. 1969. ed. S.v, "Crypiology."' 
CJaniow, Geoige, One, Tjvo, Th)ec . , . Infinity: Eacts 

and Sj)eculatio}is of Science. Rev, ed. New York: 

Viking Press. 1963, P. 206, 
Kraiichik, Maurice, Mathematical Recreations. 2d ed. 

New Yoik: Dover Publications, 1953. 
Levine, J, "A Crypiogiaphic Slide Rule/' A//////6'- 

matics Magazine, Scpieniber-October 1961, 
Peck, Lyman C. Secret Codes, Remainder Arithmetic, 

and Mat)ices. W^isliingion, l),C.: National Council 

of Feachcis of .Maihcmatics, 1961. 

'i. COMPUTERS 

.Vdler, Irving. Thinking Machines. New York: |ohn 
Day Co,, 1961. 

Uakst, .Aaron. Mathematics, Its Magic and Masteiy. 
Princeton, N.J.: I). Van Nosirand Co., 1952. 

Berkeley, Hdniund. Giant Utains, or Machines That 
Think. New Yoik: John Wiley R: Sons, 1949. 

"Simple Simon." Scientific American, No- 
vember 19.50. 



C!IAPI'1:R IKX 



Bertisieiii. A. "Compnlcrb vs. Clicss IMaycis." Svicn- 

tific Ameriitw, IJ)58. 
Di'ebohi. Joliii. Aulomation: The Ativan of llic Aulo- 

mdlic I'dctojy. l^rniccloii, N.|.: D, Vau Noslrand 

Co., I<)r,2. 

Dindcinonr. A. '"l lie Role of llic Coinpulcrs." Scicji- 

lific American, Scplcinbcr 1952. 
Gardner, M. "Logic Machines."' Scicutific Ameiican, 

.\Iarcli 11)52. 

Gi neubeiger, F. "Use of Large-Scale Compniers.'' 
School Science and Malhcmalics, February 1954. 

Maga. H. ".\ History of Digital Conipnlers." School 
Science and Mathematics, March 1962. 

Newman, James Roy, ed. The World of Mathematics. 
•I vols. New York: Simon K: Schusler, 1956; paper. 
1902. Vol. K pi. 19. 

Reesp M. "Digilal Compiilers.'" American Mathemaii^ 
cal Monthly, June-July 1955. 

.Schaaf. William L. "'Modern Calculaling Machines.'" 
Mathematics Teacher, February 1952, pp. 110-12. 

'I'ompkins, Charles B. "Conipuling Machines and 
Automatic Decisions." In Insight i into Modern 
Mathematics. Twenty- third Yearbook of tlje Na- 
tional Council of Teachers of Mathematics. Wash- 
ington. D.C: "I he Council, 1957. P|). H72-I0:i 

r>. CURVE STITCHING 

Cundy. lleiny Maityn, and A. P. RoUett. Mathe- 
matical Models. 2d ed. New York: Oxford Uni- 
veisity Press. 1901. 

McCannnan. Claiol V. "Curve-Stitching in Geometry." 
lu Mult'-Sensojy Aids in the Teachint; of Mat he 
matie.^. Figiueenth Yeaibook of the National Coun- 
cil of "Feachers of Mathcm:itics. New York: Bureau 
of Publications, 'l"e:ichers College, Columbia Uni- 
veisity, 1915. Pp. 82-85. 

(). NUMERATION SYSTEMS 

Aitwejger, Sanuiel. Modern Mathematics. New York: 

Macinilhui Co.. 1900. 
B:ikst. Aaron. Mathematits, Its Magic and .Masteiy. 

Piin(eU)n. N.J.: 1). Van Nostrand Co.. 1952. 
Crowder. Norman A. 7"///.' Arithmetic of Computers. 

Gaulen City, NX: Doubleday Co., 1900. 
Davis. P. "Number." Scientific American. .Scpteuiber 

1905. 

Friend. John N. iVnniherj, Tun, and Tact. New York; 

Cli:u*les Scribners .Sons, 195*1. 
Fulkersou, Fiber t. "Writing a Number in DilFerent 

Bases."" Mathematics 'Teacher, Mav i960, pp. 301- 

00, 

Glcun, William II.. and Donovan A- Johnson. Num- 
ber Patterns. Manchester, Mo.: Webster Pnblishino- 
Co.. 1900. 



Mogbeu. Lancelot T. Wonderful World of Math^'^ 

matics. G;uden Ciiy. N\Y.: Doubleday Js: Co.. UK):). 
Johnson. Douon-jui .A., and \\"illi:un 11, Glenn, i n- 

dcistanding iXumeration Systems, M:uu*licj)ter. Mo.: 

Webster Publishing Co.. I9G0. 
Jones. Buuon ^\^ Elementary Concepts of Mathe- 
matics. *M\ ed. New Yoik: M:icnn*ll:m Co.. 1970. 
Keedy, Mervin. Xumher Systems. Reading, M:iss,: 

Addison- Wesley Publishing Co., I9t)5. 
Krauier, Fdn:i F. The Main Stream of Matheirmtics. 

Greenwich, Conn,: Fawcett Publiciuious. 1901. 
l.ar.sen, IJaiold D.. and II. Glenn Ludlow, Arithmr- 

tic for- Colleges. New York: M:icmill:in Co., 196:J. 
l.ieber, Lillian R. 77//; I-jlucaiion of 7". C. Mits, Il- 
lustrated by Hugh G. Lieber. New Y<nk: W. W. 

Noaon Co.. 19M. 
Meyer, JenMue S.. and Stuait llanlou. Tim icith the 

Nexu Math. New York: Fawcett \\"orhl Library, 

1901: Hawthorn Books, 1900. 
Moise, Fdwin F. The Number Systems of Elemen- 

tary Mathematics, Reading. .M::ss.: Ad<lison-Wes- 

ley Publishing Co., 190.5. 
Newnjan. James Roy. e<l. The World of Mathematics. 

'1 vols. New York: Simon R: Schuster, 1950: paper, 

1902. Vol. 1, pt. 3. 
Reid. Constance. Trom 'Zero to Infinity. Sd rev. ed. 

New Yoik; "1 iuMuas Y. Ciowell Co.. 1905. 
RiclKU'dson. Moses. Tuudamentols of Mathematics. 

:k\ ed. New York: Macmillan Co., 1900. 
Sh:n*p, Fvelyn, A Parent's Guide to the Neuf Mathe- 

riuitics. New York: F. P. Dutton Co., 1901: 

Pocket Books, n.d. 
Swain, Robert L., and K. D. Nichols. Understanding 

Arithmetic. New York: Holt, Riuchari is: Wiustou. 

1905. 

I waddel, Richard R. ".\ Look at the Base Nega- 
tive Ten."' Mathematics Teacher, Fel)ru:uy 190!$. 
pp. 88-90. 

7. NOMOGRAPHS 

Adan.s. Donghis P. "The Preparation and Use of 
Nomographic Chaits in High .School Mathematics."' 
In Multi-Sensory Aids in the Teaching of Mathe- 
unities. Fighteenth Veaibook of the National Coun- 
cil of 'Fc:Khers of Mathematics. New Yoik: Bureau 
of Publications, 'l"eachei*s College, Columbia Uni- 
veisity, 1915. Pp. 101^81. 

Brixley, John and R. V. .Andree. Tundarncntals of 
College Mathematics. New York: Holt. Rinelnirt Is: 
Winston, 1961. 

C;:ij<ni, Florian. A Ilistoiy of Mathematics. 2cl ed., 
rev., and enl. New Ycnk; Maunillan Co., 1919. 

lin cyclopaedia Ihitannica. 1909 ed. S.v. ".Nomog- 
laphy." 



M.vniKMATics pROjKcr.s. KNiMiins AX!) FAIRS. CAMiuS. in:/./.ixs. AND c:().vi>:sr.s 



387 



Nlcyer. Icioine S.. :mu\ Siiiaii Ihiiilon. I nn wiUi ihc 

Xrw Mtith, New York. Fawcctl World I.il»i:iry. 

Iimi: Mawihoni Hooks. \%G. 
Siniih. David l'M,i;eiic. IlisKny of M alhamUics, L' vols. 

II)L\S. WYlh. Xcw York: Dover rubllcaiioiis. IDjS. 

V<»l. I. 

Van Tasslc. Lowell P. "Noics on a \S|)idei' Noino* 
gra|)li/" Miithcuiiiiics Teacher, November Il)r»<). pp. 

Wylie. C. R.. jr. ••Noino<»)aphy." Miithenuitics Taich- 
n\ November 1%L p|). hWW^l, 

8. MKASURKMI'NT AND APPROXIMATION 
Haksi. Aaioii. /I /ijifoxinuilc dnnjiuUitiini, 'Pwelfrb 

Yearl)o<>k of Mie National Council of " Peach er.s of 

Maihnnaiics. New Yo)k: liineaii of Publlcaiions. 

'Pca<hcTs Collej^e. Columbia Universiiy. I *):{/. 

— Mathnnatics, lis Md'^t'c (nut MaUciy. 

Priiueion. N.j.: I). V:ni Nostrand 0>.. PJ52. 
Hanks, j. Ilousion. Elnncnts of Mothnnatics, L'd ed. 

lt<;Mon: Allyn Haton. |%l. 
Itenduk. Jeanne. Ilmo Mnch and Umv Many. New 

Yolk: M^Craw Mill Hook Co.. I1M7, 
Johnson. Donovan A., and William II. Clleini. Thv 

World of Mcasmrntcnl. .Mancliesier. .\lo. Web- 

Mer Piibllshinjr CIo.. 1901. 
Kokonioor. I'ranklin \\\ Maihcnuiih\< in Unman 

fairs. New York: Piemiced lall. 11)12. 
Larsen. Ilaiold D.. and 11. Glenn I.udlow. .iiithnm 

lie for Collcifcs, New York: Macniill.aii Co.. I!)()3. 
Sluisier. c::nl N., :nid I"i'ed I.. Hedford. rield Warh 

in Malhcnuilics. New York: Amerir:in Hook Co.. 

IlKSf), Disiribuied by Yoder insirmnenis, Kasi Pales- 

tine. Ohio. 

1). MAV PROJECTIONS 

Klexner, Willi.nji W.. and Coidon L. \V:dkcr. 

laiy and Xaval i\tal}s and Grids: Their Use and 

Conshnriion. New \'oik: Dryden Press. 11)12. 
C;ieenh()od. David. Rev. ed. Chicago: Uin'- 

vensity of Clhicii^-o Pi*e.ss. I1)(M. 
Creii/er. .Siunuel. lUnncniaiy Tolioiriuphy and Map 

Headino. New Yoik: .XhCraw-I lill Hook Co. IDM. 
Kelhiway. C;eoij«e P. Maj) Ptnjcrlions. New York: 

K. P. Dntton Co.. 11)19. 
.SclKiaf. William 1.. ''Map Projections and c:arto«;ra. 

phy" (bibliooraphy). Malhnnalifii Tmchtr, Octo. 

ber \%:\, pp. MO-l.^. 

10. LINKAGES 

G()ldber<5» Michael. 'I.inkiige.s in 'Phree Dimensions." 
In Mulii^Scnsofy ,lids in the Teaching of Malhe^ 
inaiics. Kighteenth Ycinbook of the N:itional Coun- 
cil of 'Peachers (d Mathematics. New York: Hurean 

o 

ERLC 



of Publications. 'Peacbei> College. Columbia Uni- 
vei>it\. I1M.'>. Pp. I(;0-(>:{. 
Yates. Robeit C. CconiehiidI Tools: ,/ Matheniatunl 
Sheleh and Model lloah. St. Louis, .\|o.: Kduca- 
tional Ptd)lisbers. 11)11). 

11. MAGIC SQUARES 

\dler. living. Miu^ii Home of Xnn.hcrs, New York: 

John Day Co.. 19.57. 
Andiew.s. \\\ S. el :d. Ma»ic .SV//mrc.v and Cnhe.s, 1917. 

New York: Dover PtibhVaiioiis, 19^0. 
.\iiema. Andiew .S. "Peifcrted Henjamiii Pninkliu 

.\I:igic S(pi:ues." Malhemaiics Teacher. |:uiuary 

i9.')r». pp. :{.'»-.:ui. 

Hall. Walter William Rouse» Maihenwiical Ketiea-^ 
tions and /:.vw/vv. I Itli ed.. levised by II. S. .\I. 
Coxeter. Il):{9. Reprint. New York: .\I:u inillan Co.. 
I9r»(). 

Hernhard. II. "A Simple Method of Geiieiatiiig a 

.\I;tgic .S(piare of Doubly Even Older.* Scri/ita 

Matheniatie(f, September-Deeeinber 1919. 
I'riend. John N\ Xintiliets, /•////. and l-acL New Yoik: 

Charles .SVi'ibner'.s .Sons. Il).')l. 
G:ndiier. .\I;irtin. ed. The Scienlifie ,1 m erica n llaoh 

of Mathematical hizzles and Diversions, New Yoik: 

Simon is: Schuster, IDftl. 
Cnttiiian, .S. "A IViply M:igic Scpiaie." Scripta Mathe^ 

matiea, .September-December 1919. 
Ileaih. R. "A Doubly .\I:tgir .Scpiare." Scripta Mathc- 

matiea, March 195.'). 
Horner, W. •'Addition-.M ullipliealion in Magic 

.S<pi:ires ol Older 8." Scri/ita Mathematica, Mitrch 

I9.X). 

Hunter. J. A. II. Ilnnter*s Math lhain Teasers, New 

York: Hantam Hooks, 1905. 
Kr:n'tchik, Maurice. Mathematical Recreations^ 2d ed. 

New York: Dover Ptiblicatioiis, IDrK-J. Pp. 112-92. 
Licks. II. Recreations in Mathematics. Princeton. 

N.J.: D. Van Nostrand Co., 1929. 
Meyer, Jeioine .S., and .Stuait Ilaulon. /'//// unth the 

i\euf Math. New York: F:iwcett World Library. 

1901; Hawthorn Hooks, 1900. 
Posey. I.. "A General I"orinul:i for M:igie Squaies of 

Vat ions Orders. Hegiiining w ith Numbers Different 

fiom Unity." School Science and Mathematics, 

Apiil 1910. 

12. PAPER FOLDING 

Gardner, M. "Ple.v:igons.** Scientific American, De- 
cember 1950. 

Johnson. Donov:ui A. Paper Tolding for the Mathc^ 
matics Class, W:ishington, D.C.: N:itioiial Council 
of Teachers of i\Laihematics, 1957. 

Joseph, Maigaiet. "IIexahex:dleNagons." Mathematics 
Teacher, April 1951, pp. 217-'18. 



388 



CMAPI'KR IKN 



Row. I . Siiii(I:ir.i. (iromr/m Exrinu s in l^ajfn l-oM 

iiitf. Xrw Vitil: l)o\rr l^iMi< :iuoiis. I!H0. 
Saiipo. I'llicK "\ i'apcr Model for .Solid C;conich\/' 

\lnthrinuti(\ Tauhn, .Maidi IDK;. pp. IS.VSrJ. 
I ii^i;. "Cicoiiunx o| Paprr I'oldini;." I an<l 11. 

Sthuol Siinur aiitl Mntlirnifitii s, jxiiiv IIKM. l)c 

HinlMi 1*.0I. 

V.iirs. UoImi! C. "l»apn l-oldiii*;.*' In Miilti Sni\on 
> III tlir Tritiliiii;^ oi MtilUcnuil'ivs, l'j<;li((.'riilli 

^'^all>ook ol y\\v Naiioiial (;otiii(il ol 1ca<liris ol 
Mailicinati< N<*u' ^o^k: Uiircati ol Ptilditaiioiis. 
IVadiris (.'(dlc^r. (^oliiiiil)ia nnivcisiu-. 11)15. I'p. 

\X r.\RAI)C)XKS .AND FAI.LACIHS 

I'akM. Aaioii. Mnlliniintns, Its Mutrir (iiul Mtistr\\, 

IMiiHcloiK N.j.: I). Van Nostraiid Clo.. I<)a2. 
I'ricnd, jolni a\\ X it hi hoi. \, I'lm. niul I'tut, New ^'olk: 

Oliai lr> .S(i'ilinn\ .Sons. \%\. 
K;iMK*r. K<l\vaid. aiul j:nnr> R. NewmaiK Muth^'nnitns 

tiiul tlw liiiiiiiiiiiitii)ii, Scw Vork: Simon K: .S( Inisicr. 

ii»:»:;. 

Kli«<*. Mollis, Mntlii'inatii \ in iVtwtnn CitUnyt\ New 

Vtt)k: On I OK I Univt'i>ity l*ic>s, llKMt. 
Kiai(<liik. .Maiiri(c*. Mntlirnnitnnl Unn'atiitns, 2<l cd. 

Xcw ^^)lk: Dover IMitdi cat ions, ID.'i^J. 
Li<ks, II, Rmrntion\ in Matlirnnith\, Priinctoii. 

N.j.: I), \\iii Nosirand Co.. li)2il. 
M<*\ei'. Jcioine .S.. and .Stiiau 1 laidon. h'nn u*itli tin' 

Sni' Matlu New Voik: l'aw<cn World l.ihraiy. 

1%!: llawihoni r.ooks. imn 
Xoithiop. l-noenc 1*. Rhitllrsi in Mntlinnatirs, TriiKr- 

ion, N.j.: 1). \'an Nosiran<l C^).. 11)1*1. 

I I. on ic;.\h iKDUsioNs 

r>aksi. .\aioii. MiitlirnnitiiA, Its Mii^iir tind Mustoiy. 

PiiiufioiK .N.J.; 0. Van Nostrand C:o.. \%*2. 
Urek'i\ .Vclson 1\. and I'Vanklyn I»ranlcy. Ilxjini- 

nimt'i in Ohtitnl lUnsinns, New Voik: Thomas 

V. Crowd I Co.. ID.jI. 
Krandcs. L. C. "Optind Illusion*;." School Si inn r niul 

,\hithi*intitirs, Geo her 1<)51. 

ir». AprRoxiM.vnoN oi- ii 

Uaravcllc. llcnnan von. "TIic Number r." Mntht 

unities Tcticht^r, May 1<).'>2. pp. ;M()w|8. 
Cajori. I'lorian. A lliuoiy of Mathciiintiis. 2d cd.. 

rev. and enl. New Vork:Macn.illai> Co.. 11)1!). 
Cainalian. Walter 11. "l*i and Probability." Mothr 

nuitirs T'uichri\ Kobniaiy I9.5:*s pp. fi.'i-fifi. 
l)an(/i^. Tobias. i\'iiinhrr, the Loii<inn»c of Sciciin\ 

•lib ed..' lev. ami cid. .New Vork: .Mncmillan (^o.. 

IDal; l)oiiMo<lay X; CUh, Anchor Hooks. \%(k 
Kvos. llowani. /In Intyodnction to the l/istoiy of 

Mdthcinattcs, I5d cd.» rev. .New Vork: Holt. Rine> 

bait Winston. IJIf)!). 

ERIC 



l''i<'<*lMn\. II. A. \ lli\tii}\ o\ Mathi inntn \. .\e»\ ^olk. 

Ma^nnllan c:o.. llKil. 
C*<'lfoiid, \. (). Tinnst rntU'iitiil nntl lliirii,*,^ .\ ;jj?f 

ffriu riansl.iK'd h\ I . I-. Iioion. .\<'W ^''olk: l)o\<-i 

Piihli<a(ions. VMMl 
lloi»b<*ii, L.iinelot I'. Mntht ^^hifitx }ot the MilUmis 

N< \v ^'olk: ONbiid rin\<'isii\ Pi<ss. IIIM. 
.Miiir. jane. Of Mm nml \niiihri\, ^ork Dodd. 

.Mead Co.. 111(11: Dell riildtsbiiiv; (.<».. VMVL 
.\rwman, |aiiH s' Ro\.<«<l. 77/r II o//J ui Mutht umtus, 

1 \o|s. .New ^o^k: Simon S( blister. ll)ri(i: p.iper, 

mm \'oi. 1. pts. 12-:;. 

Oie. Oystein. Xninhri Throi\ ninl lt\ llisttnw .\<»\\ 

^olk: .M<CraU'llill r>o<ik Co.. IDIS. 
Shanks. I),, ami j. Wu>n<li. jr. "CaUnlaiioii <d r to 

100.000 !)(>< iiii'ils."' Mntht'inntit \ ol (Unnjtntnintn, 

janiiary. I1)(>L'. 
Smith. David Kn>;en<'. Ilistoi-y of Mtithcnintit 2 vols. 

i;)2:S. 11)25. New Vork: Dover lMibli<atioiis. I1):»S. 
Strnik. Dirk j. ,\ Contisc lliston oi Mtithmintits. :U\ 

I'vv. e<l. .New \'oik: Do\<'r l*iibli<ations. liHu. 

Uk TIIK PVTIIACJORKAN TlluORK.M 
lieri^er. Ijnil j, '.\ .NIod<'l loi XMsnali/in*; the Puba 

i;oieaii The/ n em." Mnthrnintus Inuhcv. April 

lO.M. pp. 2I(;-'17. 
(•lenii. William U.. and l)(m(»vaii A. johnscm. Tin' 

l*\tlWf^ou'nn Tln'oi'nii. .Man Chester. .Mo.: Webster 

Piiblisbiii.i; Co.. IlKiO. 
l.oomis. l*!!i^ha Stolt. Thr Pytlun^oimn Pio/iosition. 

2d ed.. ID 10. Wasliin<;ion. D.C.: .National Cotm< il 

of TeaclK'is ol .Mathemati<.s, lOOS. 
S<h;i:if. Wiibain I.. "The riieorem ol Pytba<;oras." 

MiiihnnntUs Tnulin, December Ili.M. pp. OS.'i-S.S. 

17. PVTMAC;ORKAN TRIPDK.S 

Piowl. I!. "Pytba^'oiean Nunibeis." .S'r//rt/;/ .SV.V//^/* nnd 

MnthnnntirA, l'ebrii:ny ID.V.). 
Dant/ij;. rol)i;is. Xnnihn\ thr lMii<^iinirr of Sarin r, 

«lt)i ed.. lev. ;ind enl. .New Vork: .Ma^niillan Co.. 

10.51: Dotibleday K: Co.. .Xndior Hooks, mil 
Drc's(k'n. Arnold. //// Invitation to Mtithoiiiatirs, ,\ew 

Voik: lloh. Rinehaii Winston. 10.10. 
Mart, Philip j. "Pytha;;ore:in .Nnmbers." Mtitliruuitns 

VVv/r/irr. j:inu;ny 10.^1. pp. 10-21. 
[ones. Piuiloii W. Thr Throiy of Xninhris. New 

Voik: Holt, Riiiebart Winston. WKkk 
Klein. Felis. I-Jcinrniniy Mathrnmtirs fioni an Atl 

vniunl Point of T/ne. Tianslated from tU\ C<eim:in 

ed. by K. R. lledriek and C. .\. Noble. 2 vols. New 

V<nk: l)ove< i'ublitaitons, 1021. 
l.on<r. C:ilviii 7*. FArinenUny liitiodiution to Xnnihri 

rin-oty, Uosioii: 1). C. He:uli k Co., 1001. 
.Nferriinan. Gaylord .\f. To Discover Mathrmatics. 

Now Voik: JoIni Wiley k .Sons. 1012. 



MA^niKMATICS PROJKCTS. KNIIIIilTS AM) FAIRS. (JAM KS. IH7./.I.i:S. AM) CO.Vn-Sr.S 



.\nks:i. hVaiuis I.. "\ Tiibk* ol lnicv;r:il .Sohuioiis ol 
a'' 4. /;'- ^ I - }-/' Molhriiuiiics Trarhrr. April 

!!):>:>. |)|). 251 -:>:>. 

MoslKtii. Ufii. ""Pi iniiiivf P\Uki>;oic:iii 'rrmlcs.*' 

Mathniuitiis TnnJw). November l!);V.). pp. Till— IT), 
Oie, OxMeiii. Xninhrr Throty and UtAinyy. New 

Vork: M(C:i:ivv.| lill liook Co.. IIMS. 
l<:i(leni:Klicr. Ihtiis. :iiu\ Oiio Toeplii/. 77/r hjijny- 

Weill of MdlhaiiKitits. Vx'wuxum. N.[.: Princeton 

UniveKsiiy Press. \{):u. 
Sle\v:ni. Bonnie .M, 'llun^y of Siiiiibc}\\. New Yoik: 

M:i(niill;in Co.. I!).'>2. 
Wilson. John. "A llenrisii( .Vppro.irh lo P\ih:it»ore:tn 

Triple.s." Mtiihriiiali(s Tnirhcr. .\|:iy pp. I?:')?- 

()(). 

IS. FiNri K (;i:oMrrRii-.s 

IJri.Kcy. John. :nwl R. \'. .An dree. Fiiii(Uitiiciittih of 

CoHi'iir Miithciii(iti'r.\. New York: I loll. Rinelnin 

Winsion. Iimi. 
I'lennd. |ohn K. /I Moilnii hitititlitrtimi tn MaUir. 

iiuiiics. lln^lewood C.lills. N.J.: Pieniice l l:ill. 
l.ieher. Lillinn R. The Ediictilioii of 7". C. Mils. Ilhis- 

ir:jied by lhij;h C. Lieber. New York: W. \\\ No>-. 

ion K: Co.. lOM. 
Meseive. linue K. I'lnitUiiuriiUil Conrrltls of (Iroiii- 

i'Hy. Rendhig. .M:iss.: .Addison Wesiev Pnblishini; 

Co.. I 

Norton. .Monie S. I'initr Mtithciiitiliail Sysiriiis. Hx- 

plorini;; M:u!R-nKiii( .s on Yonr Own series. New 

York: .M( Crnw l lill l5ook Co.. I!)r>:?. 
Siiwyer. W. \V. Pirlinlc tn Molhrnuiiics. l>:diinioie. 

Md.: lVn<;uin l)Ook^. I!)5:'>. 
.Stabler. K. R. .'/// Jiitinduriiou in Malhciiitilictil 

Thom^hl. Rending. M:iss.: .XddisonAVe.sley Publish' 

in*;; Co.. I!)').'). 
Y.irneile. John K. l iiiitr Mtiihviinitti nl Stmriun-.K, 

IJosion: I). C. Ile:nh Jv: Co.. 11)01. 

ID. GAME THF.ORV 

Ul.ickwell. I).. :ind M. .A. C.er.siiick. Thrnrx of (hwirs 
and Sloti\tinil JhrisiouK. New \'ork: John Wiley Jv: 
.Sons. IDfrl. 

GlicksuKin. .\br:i!)ani M. An Inlinductinu in I.inrnr 

I*}otrinniniinir and ihr Thcmy of Cnntrs. New York: 

John Wiley Jv: Sous. V.m. 
Kenieny. John O., J. I.innie Snell. :ind G. I.. 'I honip. 

.son. //;/ fntrodnrlion tn Fiuilc Mnlhanntus. 2d ed, 

Knf^Iewood ClilFs. N.J.: Prenti(edl:dl. IlKiO. 
I.nce, Robert I).. :ind II. R:iiir;i. Canus and Derisions. 

New York: John \v iley S: Sons. VJiil. 
■ .M OS teller, l-iederick. "Op timid I.enoth of IM.iy for a 

Uinonnal Game."" Mnthcmntics I'nichcr. October 

\m. pp. 111-12. 
Newman. James Ktiy. ed. 7 V/r World of Mtdhtunntirs, 



I vols. .Now Yoik: Simon X: Sdnister. P.)3(J: paper. 

I%2. \ o|. 2. pi. r>. 
Ri(h:ndson. .\b)ses, l-nnditntrninU of Mnlheninlu\. 

:>(l ed. .\fw York: .Macnn'Ilan Co.. I%(>. 
Willi.ims. John I). 77/r (:nnil>lrnt SliatriirJ, .New 

Yoik: .M(Graw-llill Hook Co.. Iim.'>. 

20. I-OUR Til DI.MENSIOiN 

\bI)oii. I'd win A. I'lnllnnd: .1 Unninncr n( Mnn\ 
ninu nsinn.s. ed. New York: U:irne.s .Noble. 

I!h;:>. 

ISak'st. .\aion. Mnlhcntntirs. lis Mnyiir nnd MnstriY. 

Prhneton. N.J.: I). Van N'ostrand Co.. \iK}2. 
C.aniow. C.(oii;e. Onr, 7";co. Thrrr fnftnitY: 

I'nris nnd SfirmlnlinnK of Stirnrr. Rev*, ed. New 

Yoik: \"ikiii_i; Pre.ss. WHYA. 
Kasner. Kdwaid. and Jame.s R, Newman, ,U,7///<> 

ninlirs nnd ihr Innix^inntinn. New York: Simon X: 

S(hnster. 

Kline. .Morn's. Mnlhnnntics iu Wcstaru Cnltnir. Xrw 

Yoik: Oxfowl Universiiy Pie.ss. M^k?, 
Kramer. Hdna M. 77/r Mniii Strrnni nf .Mnlhannlics. 

Gieenwich. Conn.: Kawcett Pnblieations. \iH\\. 
Liel)er. Lillian R. 7 V/r Kdnmiimi nf T. C Miis. Ilhis- 

traied by Hni;h G. J.ieber. New Yoik: W. W. .Nor- 

ton Co.. I!M I. 
.Manninn;. Ileiny P. Ccnnuihy nf h'nnr Diniensinns. 

New Yoik: Dover Pnblicaiioiis. I!)l l. 
.M:niiiin<tr. Ileiny P.. ed. 77/r h'nnr th })inirn.\inn .Sim- 

ffly hl.xfdninrd. WW. Reprint. New York: Dover 

Pnblieations. WH'Al 
Yonn;;. John Wesley. Ixchnrs on b'nndtnncutnl Cnn' 

rrfils nf Ali^rhm nnd Oennichy, .New York: .Ma/- 

niillan Co.. I!MI. 

21. ALGI-BRAIC: STRUGI URKS 

\(ller. Irvin*;. 77/r iVrii' Mnthnualics. New Yoik: New 

.American Library. 11)00. 
Allendoeifer. Cail I!., and C. O. Oakley. Pyinrildts nf 

Mathcmnlirs. Hd ed. New York: k\(cGravV'llill Book 

Co.. Mm. 

ISnsh. Creoi«;e C.. and P. \\. Obre:inn. Knsir CniiccfjlA 
nf .Mnihrniniiis. .New York: Molt. Rineh.n t K: Win. 

NtOII. MHKi. 

I In. S/e T.sen. Intindnciinn lo Cnntcnijinuny Malhr, 

ninlit s. Sww l"ianns(o: Mohlen Oiiy. HUiG. 
.M(Coy. Neal II. Jiilmdurtinu tn Modnu .'th^rhrn. 

Boston: Allyn X: Uacon. I%(). 
Me-serve. Buire K.. and Max A. Sobel. Mathnnniirs 

for Srcondnty .School Trnchcrs. Knj^lewood ClilFs. 

N.J.: Piciiti( eMail. 111(12. 
Mooie. John T. hllcntrnts nf Abstract Al^irhru. New 

Yoik: Macinillaii Co.. I%2. 
R icli a rd.soi I . Ah >.ses. J'n n da ni cn tn Is of Mtit h miniirs. 

'Ml ed. New York: Macinillaii Co.. 1900. 



390 



ClIAPri-R TKN 



S:i\v\cr. W. \X. Ptclmir in Mnlht uuitks. IJaltiiiiorc. 

Md.: IV'ti<(inti Uooks. 
Sniblcr. K. K. ./// hihtidnclinu lo Mnlhnnaiiail 

T/inir^hi, Rciidiiij;. .M:ins.: A(I(liN()ii-\\'c.>lcy I^iblish- 

III*; Co.. I *)•>;>. 
\\'c!%>. M:inV 1.. Uov Dubiscli. llU'lu-r Ahtibni 

inr ifir Umlrfi^nninalr. 2(1 C(I. New Voik: lohii 

W iky K: .S():;s, 

22. TRANSI'INITE NUMBERS 

UlitiiiciKlial. I.c(>ii:ii(l M. ./ Modem I'trw of (Iroiu- 

rlty. Saw IVaiu isco: \\\ II. I'rcciiiaii X: Co., IIHU. 
(!:inu)i'. Ocorj;. Croiun'hiinoiis to FoutuUug of a Tfiroty 

of Ti'anxfim'tt: Xiiiiibrrs. New York; Dover Puhlica- 

I it) MS. I1)I.^>. 

(u>urant. Richard, and HcrliCit R()l)l)Iiis. 117/^// /.^ 
Mtilhcuuilic.<? New York: Oxford University Press. 
IDII. 

Du-Mlen. Arnold. ./// luvilalion lo Malhcuuilic.^. New 

Yt)ik: Iloli. Rinehait .^v Winston, IDitfi. 
(faniow. Georj;e. Otic. Tuut. Three hifniily: 

Fads mid Slwciilalioiit of Science. Re- v. cd. New 

York: Vikin;; Press. mVi. 
Kasiier. I-dward. and James R. Newman. Mtilhciiuilic.\ 

tiud l/ir Innnrinatioii. New York: Simon ,^ Schuster. 

MKkk 

Newman. [:nnc.s Roy. ed. The Woihi of Mailiciiialicjt. 

■I Vols. New Yolk: Simon X: Scliusier. W'tCy. paper. 

Il.r»2. Vol. Vk pt. W. 
Reid. Cion.stance. Ftom 'Aei'o to hifiiiily. m\ lev. ed. 

New Yolk: Thomas Y. Ciowell CIo.. !*)(»:'>. 
hilioiliiclioti tit Higher Miiihctiialics for 

ihr Criieuil Haider. New York; Apollo Kd it ions. 

IIHJ2. 

Yainelle. John K. .//; hiirodiiclioii to I'uiii.s finite 
Mnlhnnali(.s. P,osi(>n: I). C. Heath Co.. I9(M. 

X.ippen. I.eo. L',u\\ of Infinity. New York; Random 
MouNC. Iim2. 

SYMBOLIC LOGIC 
Mlendoerfer. Carl \\. Deductive .Merhods in .Ma die- 

mati(s."" In Insights into Modem Matheiiuitic.s. 

Tweuty-tliinl Yeaihook of the Nationid Council of 

Teadier.s of .Mathematics. \Yashiiit;ton, D.C: The 

(:i>nu(iL ia'>7. Pp. Tk)-!)!). 
Alleudoerfer. Carl 15.. and C. (). Oakley. Ftincil»le.^ of 

Mathenintirs. '^d cd. New York; .McGraw-IIill Kook 

Co.. mil 

IJauks. J. IIoiiMon. I-Jeiiient.^ of Mathennitic.i. 2d ed. 

Hostoii: .\IIyn X: Bacon. MHW. 
Chiistiaii. Rohert R. f.ogir and Set.w I>o>ion: C;inn Jv 

Co.. HMo. 

I)ui)i.scli. Roy. Lattice's to Logic. New York: Holt. 

Riiieliait X: Winston. I<HH. 
DuiM. I.iiKoIn. The (naniiiiar of Mathriiiatics. Read- 



inj;. Mass.: AddiM>n-\Vcslc\ Piiblishiii^ Co.. \\H\\). 
Kxner. Roheit .M.. and .Myron V. Rosskopf. Logic m 

I'lleinentaix Mathennitii^. New Yoik: .McCIrawd lill 

Hook Co.. WMK 
johuNou. I)(»m»vaii A. Logic a*id Reasoning in Mathe- 

iiuitii.<. New Y(uk: .McGiaw-l lill Book Co., 190:5. 
[ones. IJuiton \V. Hienicntarv Co;;rr/i/.v of Mathe- 

ma tits. :U\ ed. New Yoik: .Ma(niill:ui Ci>.. 11)70. 
Kemeiiy. John C. J. Lauiie Snell. and C. I.. 'rhomp> 

M>u. Intiodiictioii to finite Mathematics. 2d ed. 

Un-lewood ClilFs. N.|.: Pienti(e-I lall. V.n\i\. 
Kenelly, John, lafoimal l.o»ic. Boston: .\ll\n 

B:icon. I;H)7. 

Kline. .Moiris. Mathematics in We.steni C. nit inc. New 

York: O.>crord University Press. I!).")3. 
Liehcr. I,iIIi:in R. i\///v. Wit^.aiid Logic. :k\ ed. Illus- 
trated hy llu.i;h C. I.ieher. New York: W. W. Noiv 

ton Js: Co.. 11)50. 
PfeilFer. K. "Syudx^Iic Ij)gic."" Scientific .1 m erica n. 

Decend>er M)r>(). 
RiclKirdson. Moses, l-'nndmiivntals of .Mathematics. 

'M\ ed. New York: .M:iMniIIan Co.. \%G. 
.Stabler. K. R. .»/// latiodiiction to Mathematical 

Thoaght. Rcadini;. .M:iss.: .Addisoii-Wesley Publish- 

iuj; (."o.. I*).5;{. 
.StoII. Robert R. .Sets, Logic, and .'Ixiomatic Theories. 

.San I'nnicisco: W. II. I'leeinan Co., lOfil. 
Suppcs. Patrick. Introduction to Logic. Princeton. 

N.J.: D. V:ui Nostrand, H).')7. 

2-1. NON-KUCLIDEAN GKOMETRV 

I>onol:i. Robeit. Son-I'.nclidcaa Ceoiiictiy. New York: 

Dover Publications. I!).^>l. 
C(H)Iey. Mollis R.. and II. K. Walilert. Intiodnction to 

.Matliennitirs. 3d ed. lioston: I Iou<^iuon .Miflliu Co., 

i*h;s. 

I\;isner. I:dw:ii(l. and J:unes R. Newiium. Mathe- 
matics and the liiiagination. New York: Simon X: 
Schuster, 

Klein, Felis. lilnnentaty Mathematics fiom an Ad- 
vanced Point of View. Tiatislaied fioni 'Ml Gcnn:ni 
ed. by K. R. lledrick and C:. A, Noble. 2 vols. New 
York: Dover Public-itions. PJ2I. Vol. 2. 

Kliue. Moiris. "Gcouietiy." Scientific American, .Sep- 
(end>er \\H\\. 

Mathematics in West an (I nit are. New York: 

O.Kford University Piess. 
I.ieber. I.illi:in R. The Edmntion of T. C. Mits. Illus. 

trated by Ihi.i;Ii 0. I.ieber. New York: W, W. Nop 

ton Co.. M).II. 
Soii'l'.nelidain Cvomctry. New York: Galois 

Institute of Mathema:i(.s and .Ait, 1905. 
.Mainiin;r, Henry P. Ceometty of Four Dimensions. 

New York: Dover PublicatioiKs, \{U-[, 



ERLC 



MA rilKMA'l ICS PROJKC'IS. KNIIIIU I'S AND KAIRS. GAAIHS. I>177.I.K.S. AM) CO.VI'KS I S 



Moise. Kdwin K. Elrmcuttny Grontcity f}otn an .'hi- 
rutnal Slandlufinl. Kciulin!:;. M;iss.: Addison-Wcs. 
Icy hiblMiiiij; C:o.. !!)():?. 

Ncwi 11:111. J :inRs Roy. cd. Tin: \\'i)rl<l iff MatUcmal'us. 
I \dls. New ^■ol'k; Simon K: .Sclnisicr. V}:)C}\ piipci'. 

VMYi. Vol ins. II 17. 

!\i(li:iuUoii. Moses. l-uudamcuUtls of Mallinnatics. :k\ 

cd. New York: Mncniillau G).. 11)00. 
Sawyer. \V. W. Ptrltulr to Mat hematics. UaUimorc. 

.\I(I.: PcM<{iiin Books. I!).vr). 
Wolf. Ilniold. Intjudnrtioii to Sou-Euclidrau (»cont. 

r/;v. Ncu- Voik: lloU. Rinc!i:in i^: Winsion. I9I.'>. 

2r>. PROBABILITV 

Baksi. Aaron. Mathematics. Its Ma^^ic and .Maftciy. 
Princcion. N.j.; I). Van Nosirand Co.. 19.52. 

Jacohy. Oswald. How to h'ii^nic the Odds. Garden 
Ciiy. NA'.: l)oid)lcday Co.. H)I7. 

Jones. Uniion \V. Elrmcataiy Coucclfts of Mathe- 
matics. :kl ed. New Voik: .Macniillan Co.. 1970. 

KaMier. Hdward. and [ames R. Newman. Mathcmati(,\ 
and the Imagination. New York: Simon S: Scluisier. 
11)53. 

Kenieny. John C. J. I.am ie Siiell, and G. I.. Tliomi). 
son. .7;/ Inti'odnction to Finite Mathematics. 2d ed. 
Knglewood ClilLs. .\.J.: Premice-I lall, 1900. 

Kline. .Morris. Mathematics in Western Cnltnre. New 
York: O.xford University Press, I95!i. 

Kokomoor. Franklin W. Mathematics in Unman Af' 
///m. New York: Preniice-llall, 1912. 

Kiatner. Iidn:i K. The Main Stteam «/ Mathematics. 
Greenwicli. Conn.: lawceu Pnblicaiions, 1901. 

Newman. J:mies Roy. ed. 77/6- World of Mathematics. 
I Vols. New Yoik; Simon X: Sclnisier. 19.50: paper. 
11)02. Vol. 2. pi. 7. 

Noillnop. Ku<;ene V. Riddles in Mathematics. Prince- 
ion. N.J.: I). Van Nosnand Co.. I9!J. 

Kidiardson. .Moses. Fnndanientah' of .Mathematics. lUI 
ed. .New York: M:icinillan G).. 1900. 

Kobbins. Ilerbeu. "''riic 'I'heoiy of Probabiliiy."" In 
Insights into Modetn Mathematics. "IVeniy-iIiird 
Yearbook of ihe N:i(ion:tl Council of Teacbers of 
.Mailiem:iiic.s. \V:isbin'rion. D.C: 'I'lie ComiciL 1957. 

\Ve:iver. \Y. "'Probabiliiy." Sciettdfic American, Oc- 
tober 19.50. 

20. liOOLKAN ALGEBRA AND 

SWITCHING NETWORKS 

Alleiidoerrer, C:ni B.. :m'! C. O. 0:ikley. hina'lfles of 
Mathematicy. M ed. New York: M(Gr:iw inil Book 
Co.. 1909. 

\ndree. Ridiard \'. Selcitions from Modem Ahstiact 
Ali^elna. New York: I loll. Rineliari Js: Winsion. 
H);5S. 



\rnold. Brzidfoid I!. and lioolcan Ali^ihta. 

^.n.^lewood Clilfs. N.J.; Premicc-I lall. 1901 

B:iksL A;u()n. Mathematics. Its .Ma^iie and .Mastery, 
Princeion. N.J.: I). V:in Nosirand Co.. 19:52. 

Bell. Kric T. 77/<; Devclol)ntent of Mathemat\s. 2d 
ed. New York: .McGraw-Hill Book Co.. 191:5. 

C:.dlowa\. Jean .M. Fandamentals of Modem Mathe- 
matics. Re:ulinir. .\I:un.: .\d(b\on-\Vt\sley Publishing 
C:o.. 1901. 

CInKiian. Rnberi R. l.Oi^ic and Sets. Bosion; Ginn 
Co.. 190.5. 

Dnbisdu Roy. Lattices to l.o^^ie. New Yoik; lloli. 

Rineluiri X: Winsion. 1901. 
Glicksnian. .\bi:dian] M.. :nul I l:niy Riiderman. 

Fnndamentals for .Idxranced Mathematics. New 

York: lloli, Rinebari iv: Winsion. 1901, 
llu. S/e T.sen. Intiodnction to Conteml)ota)y Mathc^ 

matics. .San Francisco: Molden-l):iy, 1900. 
Kemeny. Jobn C;.. J. Lamie .Snell. and G. L. Tbomp. 

.son. //;; Intiodnction to Finite Mathematics. 2d cd. 

Kn!:;lewood ClilFs. N.J.: Pieniice-IIall. 1900. 
.Newman. J:mics Roy. Ivd. The Woild of Mathematics. 

•I vols. New Yoik: Simon is: Shnsler. 1950; paper. 

1902. Vol. I. pi. 2. 
Ricli:n'ds(>n. .Moses. Fnndamentals of Mathematics. 

:k\ ed. New Yoik: M:iciiiillan Co.. 1900. 
Wliiiesiii. Join: I{. boolean Algebia and Its Ajfldica^ 

tions. Residing. Mass.: Addisoii-Wesley Pnblisbiii*; 

Co.. 1901. 

27. STATISIMCS AND STA TISTICAL 

INFERENCE 
Alleiidoerfcr. C:n'l U.. :md C. O. Oakley. Piincildes 

of Mathematics. 3d cd. New York: .McGraw-Hill 

Book Co., 1909. 
B:mks. J. Houston. Elements of Mathematics. 2d ed. 

Bosioii: Allyn B:icon. 1901. 
Uioss. I. I). Design for Decision. New York: M:ic- 

mill:ni Co.. 1905. 
llon;I)eii. l.aiueloi 'V. The Wonderful Woild of 

Mathematics, Garden C*iiy. N.Y.: Doiiblcday 

C:o.. 1955. 

Hiiir. Dan ell. I low to Lie with Statis'tics. New ^olk: 

W. W. Nouon Is: Co.. 19.51. 
Johnson. DoM(>v:ni A., and Willi:itn H. Glenn. I'ha 

World of Statistics. .M:nicliesier, Mo.; W'ebsier Piib- 

lisbini^ C:o., 1901. 
Kline, Moiri.<. Mathematics in Western Cultnie. New 

Yoik: Oxford Uiiiveisity Piess, 1953. 
.Moroney, .M. J. Facts from Fignres. Baltimore, Md.: 

Penguin Books, Pelic:m Books. 1950. 
Newm:ni, James Roy. ed. The World of Mathematics. 

•I vols. New Yoik: Simon Jsr Schuster. 1950; paper. 

1902. Vol. .S. ph. H. 10. j;; 13. 



CHAP TKR I'KN 



RiilKiuisoii. Moscs. Fuudameu tills of Miithcinatirs. 
:U\ c(I. Ncu- Voik: Maciiiilhin Cro.. mH 

28. TOPOLOGY 

Arnold. HiiidfoMl II. hitiiitivr Coiircl)ts in F.lcmcn- 
tiny l'i)l)i)li)gy. Kn^^lcwood CAWh. N'.j.: I'rcinicc- 
II:dl. I!)(52. 

liinj;. K, II. "Poim .Sci 'r<)po!o<^y." In Itni^ht.\ into 
Modern Miithcmatics. Tu-cniy-iliird Ycarl^ooL of 
I lie N':iti(>iKd C^)imcil of Tench crs of M:ahcin:iiiis. 
\Vashin,j;ioiK D.C: The Ciouncil, ID.')?. Pp. .^OO-.lf). 

Bushau'. Donald Wayne. Elements of (ieni-nil Tof)- 
oIo<i\\ \cu- Yoik: John Wiley Js: Sons, 

Comant. Richard, and llcihurt Rohhins. IVhiit I.s 
Mil them lit lis? Ncu- Yoik: Oxford Univci.siiy Pi ess. 
MHI. 

Knlcr. I.. ■'Konij;sl>cii( r>ritli»Cs."' Seientifie Amejiiiin. 
July \[):>X 

Ganiou". Cu(>ij;c. One, Two. TInee Infinity: 

h'dct'i and S/tccnliitions of Science. Rev. cd. New 
Yoik: Viking Pi ess. VMV.l 

(ianhier. Maiiin. Xew Miithcmiitieul Divejsions fiom 
Seientifie /Iniejiciin. New York: Simon X: Sclinsier. 

wm. 

Joiinson. l)r>novan .-V.. and William II. Glenn. To/)' 
oloi^W MaiiclieNier. .Mo.: Wehster Ptiblishiiii>^ Co.» 
I !)()(). 

JoiieN. liuuon W, I-'lementmy Coneefits of Miithe^ 
mil tics. :U\ ed. New Yoik: Madiiillan Co.. 1070. 

Kasiier. Kdward. and James R. Newman. Miitlieniiitics 
and the iniii^^iniition. New York: Simon Jv: .Stiiiistcr, 
!<):■>:}. 

.Me.seive. Hruee "To|)oloj;y for Secondary Schools."" 
Matlieniiitics Teiichcr, Novcniher l9r>.S, pp. -Kifwi. 

Moise, Kdwin. and Ployd Downs. Ceoniet)y. Reading. 
Mass.: .Addison Wesley Pnldisiiiiig Co., 1906. 

Newman, James Roy, ed. The World of MiithcmiiUcs. 
4 vok New Yoik: Simon }v: S( liiisier. I95G; paper. 
Vol. I. pi. 1. 

Nonlirop. Eu!;ene P. Riddles in Mtitlicmatics. Prince- 
ion. N.J.: D. Van Nosirand C:o.. lOM 

Sieiiihaus. IUi<»o. Miithemiiticiil Sntil)sIiots. 3d .Aiiieri- 
can ed., lev. and eiil. New York: Oxfoid Univer- 
sity Pi CSS. 1%!). 

Pucker, A. ""Topolo«»y."' Seientifie /Imetiean, |:inu:n'y 

2iK MATMOIATICS AND ART 

Kline. .Morris. ""Piojcciive Geometry."" Scientific Anu-r- 

ieiin. January l!)r>.'>. 
Miithemiitics in ]Vesteiu Culture. New 

Yoik: O.xford University Piess, I<):").H. 
Newman. James Roy. ed. The World of Mtithcviatics. 

4 vols. New York: Simon X: Sclinsier, 1950: paper. 

11)02. Vol. .1 



Sch.Kd. William I... cd. Otn Mnthemiitiiiil Ueyitotie: 
/vvvrivv on the \'iitn}e and Cnltmal Shj^nifiioni e of 
Miithemiitiis. Rev. cd. New Y(nk: Collier Hooks. 
I!H)0. 

Schilliiiocr. Joseph. Miitheniiitieiil Hums of the Arts. 

New ^'oik: Johnson Reprint Corp,. M)I8. 
Weyl. Ilerm:nin. Symmetix. Piiiucion. ,'n.J.: Piiiuc- 

ton L " n i \" ei .si I y P ress. I ! ):">2, 

.'{(). MATIIKM.ATICS AND MUSIC 

C:ooley. Mollis R.. and II, K. Wahleri, Intiodiiction 

to Miithemiitics. 'M\ ed. Uosion: IIoii«;hioii .Miillin 

Co.. I DOS. 

Cidvcr. Chailes .\. Miisieiil Aeoiistiew New Yorl: .Mc 

Graw-llill liook Co., H)50. 
Kline. .Morris. .Muthemntiis in Westetn Cttltnre. New 

York: 0\f<n(! Uiiiveisiiy Picss. n).').S. Cliap. 19. 
Newni:ni. Janus Roy. ed. 'The Wotld of Miitheniiities. 

I \ols. New Yoik: Simon Schuster. I9r)0: paper. 

1902, Vol. 2. pt. ■). 
Pinkerion. R. "hifoimanon Theory and .Melodv.'" 

Seientifie Amerieim. Fehniary I9:")0. 
Rideont. Tlieod(ne C. '".Selmiiaii and ilie Wolf." 

Miithemiitics Teacher, I-ehrniny 19:;.^, pp. vS'1-80. 
Steiiilians. I hi!;o. Miithematiciil SniifKshots. 3d .\meri- 

(an ed.. rev. and eiil. New Y(nk: ONf<nd Univeisiiy 

Pi ess, 1909. 

:^i. ijni:ar diophantink i:qu.\i'ions 

Uell. Kn"( T. Miithemiities, Oneen and .Scnmnt of 
Science, New Y(n'k: ,McGraw.| lill Book C"o.. 19.51. 

Beriihaii. A. "Km lid's Ladder."" Okliihonui Vnivosity 
.Newsletter, .M:iy I9.')9. 

CiiM'inichael. Roheri D. Dioffhiintine Analysis. New 
York: Dover PubIic:iti'ons, \[)\:>. 

Theojy of iXumhcrs. New York: Dover Pub- 
lications'. 191'L 

Comant. Richard, and Herbert Robbiiis. What Is 
Mathematics? New York: Oxford Univcrsitv Press. 
191 1. 

Dickson. Leonard. Modern Elemcntmy Theory of 
Siimhos. Chicago: University of Chicago Press. 
I9.S9. 

Gelfond. A. O. 'The Solution of Equations in lute- 

i^cts. I ranslaicd by J. U. Roberts. San Francisco: 

W. IL Freeman X: cl>., 1901. 
Jones. IJnrion W. The Theory of iX umbos. New 

York: Holt, Rineliart Winston. I9r>;). 
.\ reserve, Bruce K. Tundamental Concel)ts of Ccom- 

etty. ReadiiiJ^, .Mass.: Addison-Wcsley Publishiiii; 

C:o.. \%'f. 

Ni\eii. Ivan .M.. and Herbert S. Zucketiiiaii. An In- 
hoduetion to the Theoyy of iVinnheis. 2d ed. New 
York: John Wiley S: ,Sons. ll^GO. 



MA'niHMA'I'ICS PkOJKCTS. KNIIllUTS AM) FAIRS. GAMHS. PUZ/l.KS. AND COX 1 HS'l'S 



Oic. ()\Mcin. Xnnthcr 'Vhnuy ojul Its IHUoyy. New 

Voil: McGiaW'llill Wonk Co.. !!HS. 
U.spcnslvv, J;niR's \'.. .ind .M. A. Ilcnslcl. liU-wcnUnx 

Suwbrt Throiw Xcw York: .McCJr.iu-l Irll l5<)oL 

C:<).. VXMX 

Voiinj*. |;i<ol) W'iiiinni Albcn. cd. MonoiJixilihs on 
7"o/>/V a of Mode) II Mdtlicmotics Rclnnntt to the 
FAnncutoyy I'irld. 1911. New York: Dover l*iil)lica- 
lions. I!)')'). 

y>. 11 IF. l)uoI)^:c:l^^ALSY.s']•I•:^^ 

An(!i<'w.s. I". "An KxcinsioM imo Niinihers.** Atlatttk 

Monthly, ()(U)l)er 11)3!. 
liiiiik*.. j. IIoiisioM. Elnunits of Mothnnatlrs. 2(! ed. 

Hosion: Allyn liiKon. ITUI. 
IIiiLslioiM. John K. Ihisir Coucclits in Modern Mathc- 

ntotics. keiuliii';. .Mii'^s.: .Addison Wesley I*ublisiiini; 

Co.. lOGI. 

l.ansen. II. "An Applicuion of DuodecinKils.'" School 

Sfienrc and Mnthrnndics, |unc 1955. 
l.;ir.scn, I laiold 1).. W. Glenn l.ndlow. Aiithme- 

tic for Collri^rs, New York; .Macniilhni Co.. 196:^. 
.Mcl.crui. Robeu C. jr. "Dccinnils :nui Duodecini;il.s, 
. . . oi .-1 00." Mathematics Teacher^ November 

I9.'>9. |)|). 570-71. 
.Morion. Robert L. "Decinnd and Dnodecinial Reel- 

pKuals." Mathematics T(Ui(h(n, .\iay I9(>.'5. pp. .'5;5;i- 

.:59. 

.Mueller. Fiands J. Arithmetic: Its Strnctme and Con- 
ccfds. 2d. ed. Fnglewood GiifFs. N.j.: IMentice-I lall. 
1901. 

:53. LINEAR PROGRAMING 
Avilal, .Shnuiel. " The l-nndaniental Theorem on Lin- 
ear l*ro«;ianwnini,'."' Mathematics Teacher, Janii- 

aiy 1901. pp. 25-20. 
Glicksman. .\braham M. An I nt induction to Lincai 

Ptoi^yantmini^ and the Theoiy of Games. New York: 

John Wiley Sons, I90.S. 
l.ichtenher';. Donovan, and Marilyn Zwcng. "Linear 

Tiogrannnino Problems for Fiibt-Yoar .Algebra." 

Mathematics 'I'eachei, Mimh 1900, pp. 171-75. 
Panwalkar, S. *M.inear Progrannning." Oklahoma 

University iXewslettcr, Spring 1908. 

:h. c:0N'GRUences 

Allendoerfer. Call B.. and C. O. Oakley, hinci/tles of 
Mothcntotics. cd. New York: McGraw-Mill Book 
Co.. 1909. 

Andice. Ridnnd V. Selections from Modern Abstract 
Algebra. New York: Holt, RInehart R: Winston, 
1958. 

Gohhinith. N. ".A General Test for Divisibility by a 
!*nnie."" School Science and Mathematics, April 
1951. 



jonos. B. W. Modaloj Anthmetn. Walth.nn. .Mass.: 
Blaisdell rublishing C:o.. 1901. 

Law. C. "Arithmetical Congruences with Practiral Ap- 
plications." Mathematics Mav^azme. .Maw h^Apri^ 
1958. 

.Me.ser\e. Bruce F. inndamental Concejjts of (ieom- 
rtiy. Reading. .Mas>,: AddiMmAVcsley Publishing 
Co., 19,')5. 

Row/'. I). ".Algebraic Congi uence." Oklahoma Vni- 
^''e;Jt\ Newsletter. December 1959. School .Matlie- 
niatu.s Study Cioup. Kssays on .\'amber Theoiy. 2 
\ols. l*asadena> C::dil.: A. C. \iomans. 19: Vol, I. 

Wei.^s. .Marie |.. and Roy Dubisch. Higher Ahj^eJna foj 
the rndeiii}adnate. 2(1 ed. New York: [ohn Wiley 
X: .Sons. 1902. 

;J5. INVERSIVE GEOMETRY 

.Adler. C:iaire l-'isher. Modem (ieonietiy: An Integrat- 
ed I-'iist Cowse, New York; .McCJraw-l lill Book Co., 
19.58. 

Couit. Nathan .Mtschiller. College Geometry. New 

York: Barnes Nobles, 19.52. 
"Notes on Inversion.'* Mathematics Tea(h- 

cr, Decend)er 1902. pp. 05,5-57. 
Davis. David R. Modern College Gramctiy. Reading. 

.Mass.: Addison Wesley Publishing Co.. I9i9. 
Fves, Howard. A Snn/ey of Gcometiy. New York: 

Holt. Rinehait f^: Win.ston. 1903. 
Johnson, Roger A. Advanced I'.ncUdean Geometry. 

New York: Dover Publications, 1929. 
Spencer. RiclKird. "M)i.scovcry of B:i.sic Inversion 

'Fheoiy by Gonstrnction,*" Mathematics I'eacher, 

May 1901, pp. :50;U0. 
Taylor. Fdson II.. and G. C. Bartoo. ./)/ Intiodnction 

to College Geomet)y. Rev. ed. New Yoik: Miicnn'l- 

Ian Co.. 1919. 

30. CURVE FITTING 

Brixey, John, and R. V. Andree. I'nndamentals of 

College Mathematics. .New York: Holt. Rinelnirt 
Winston. 1901. 
Cell, John W. Analytic Geomehy. New York: John 

Wiley R: .Sons, 1900. 
Duncan. M. Practical Cnwe Tracing. New York: 

Longmans. Green R: Co., I9'I0. 
llart. Willian). College Algebra. Boston: D. C. Heath 

R: Co., 1900. 

I.anclon, Melvin V. "Curve Fitting." Mathematics 

Teacher, May 1900, pp. .^^9-52. 
Milne, Willi:un. i\himerical Colculvs. !*rinceton, N.f.: 

Princeton University Press, HH9. 
Morton, B. R. Nameiical AI)l)ioximations. New York: 

Dover Publications, 1901 
Richardson, Moses. College Algebra. 3d. cd. Enjrle- 

wood ClifFs, N.J.: Prentice-Hall, I960. 



.SamncT, I<)^cph F. "'A Xoic on Curve Viiuwr," MaUir. 

ttuUtcs Tenrhcr, May 11)03, pp. 218-21. 
'fhoniaj). George li.. Jr.. Calculus and An (ily tit Qcom^ 

ch\\ Reading. .Mass.: Addisou-Wesley l*iil)lisliiiig 

Co.. IDC)?. 

Tt. T\ \V. TRACHTENBERG SYSTEM OF 

RAPID CALCULATION 
Cmlcr. Ann, and Rndolph McShanc. The Trachieu- 

bc)» System of Sjteed Maihcmalics. Gaiden City, 

N.Y.: bouhleday Jl- Co.. I960. 
Tra(hieni>eig. Jakow. "'Any Hoy Can Be a Cloinpmer: 

Trachtenbeig Speed System/' 17 May lOO.'J. 

:58. ALGORITHMS AND FLOW CHARTS 

AiUUluiual MtUhemal'us. Kniebbe Mathematics Series. 
Newton. Mass.: Kdncatlon Development Center. 

School .Mathematics Study Gronp. Algorithms, Com- 
Jtututious. and Mathematics. Pasadena. Calif.: .A. 
C. Viomans. H)(>(>. 

Tiakhtenhroi. Boris A. Al<io}'ithjns and Automatic 
Ctnnl)Utinir Machines, Boston: D. C. Heath S: Co., 

'Ml THE ABACUS 

Cajori. Floriaii. // History of Mathematics. 2(1 ed.. 

rev. and enl. N'ew York: Macmillan Co., 1911). 
C>H>()k. Welt on [. Abacus Arithmetic. Paio .Alto. 

Calif.: Pacific Books, 19.58. 
Glenn. William 11.. and Donovan A. Johnson. Ex- 

fdoriug Mathematics on Yout Oxiru. Manchester. 

.Mo.: \VeI>ster Pnhlishinj; Co., 1963. 
lloghen. Lancelot T. Mathematics for the Millions. 

New Yoik: Oxford University Press, 1951. 
Karpinski. Louis. History of Arithmetic. 1925. Re- 
print. New York: Russell & Uusscll Publishers, 

1905. 

Kojima, Takashi. The Jafmnesc Abacus. Rutland, Vt.: 
Charles IL Tnitle Co.. 19.55. 

Newman. James Roy. ed. The World of Mathematics. 
•1 vols. New York: Simon & Schuster, 1950; paper. 
1902. Vol. 1. pt. 3. 

Sanfoid. Vera. A Short History of Mathematics. Bos- 
ton: Houghton Mifflin Co., 1930. 

\Vi Herding. Margaret. From Fingers to Comlrutcrs. 
PasJ'dena. CaliL: Franklin 'leaching Aids, 19GJ^. 

'H). PRIME NUMBERS 

Bell. Eric T. Mathematics, Oucen and Sen/ant of 
Scieme. New York: McGraw-Hill Book Co.. 1951. 

Coniant, Richard, and Herbert Robbins. What /? 
Mathematics? New York: O.vford Univeisity Press. 
19H. 

nain/ij>. 'f obias. Xumber, the Language of Science. 



•Idi ed., lev. :uid enl. New York: .M:uniillan Co.. 
1951; Doubleday Co.. Anchor Books, 1950. 
Cianiow. Geoige. One. Two. Tluee Infinity: 

I'atts and Slre( ulations of Science. Rev, ed. New 

Y<nk; Viking Press. 196:^. 
. Gardner. .M. ■".Mathematical Games." Scientific Anieru 

can. March I9GI. June 1901. 
Kasncr. Kdwaui. :md Jiunes R. Newm:in. Mathe- 

ttwtics and the Itjtagination. New York: Simon J^- 

Schuster. 1951}. 
Newmini. Jame.s Roy. ed. The World of Mathematics. 

'1 \ols. New Yoik: Simon .Schuster. 1956; paper, 

1962. Vol. 1. pts. 2-3. 
Niven. Ivan .M.. and Heibert .S. /.uckornian. An Intio. 

duetion to the Theory of lumbers. 2(1 ed. New 

Yoik: John Wiley .K: Sons. 1960. 
Ore. 0\.stein. .Xuniher Theoyy and Its History. New 

Yoik: MtGi-aw-Hill Book Co.. MM8. 
Rademacher. Hans, and Otto Tocplit/. The Knjoy. 

nient of Mathematics. Princeton. N.J.: Princeton 

Univei^sity Press. 1957. 
.Sos. v.. "Prime Nunibeis in die Bible." Scrijyta Mathe- 

matica. June 19*19. 
Stein. Sherman K. Mathematics: The Man Made ihii- 

verse (An Introduction to the Sfririt of Mathe- 
matics). 2(1 ed. San Francisco: W. H. l-reeuKUi il- 

C:<).. 1969. 

Tallman. .M. "A .Se(iuel to Eratosthenes." Scriftta 
.Mathemattca, Maicb-June 1950. 

\\. PERFECT NUMBERS 

Andiee. Richard V. Selections from Moder^n Abstract 
Algebra. New York: Iloh, Rinehart J?: Winston. 
1958. 

Dant/ig, Tobias. The Magic Numbers. New York: 

Macmillan Co., 1962. 
Jones, Burton \Y. Elementary Conccfyts of Mathe^ 

matics. 8(1 ed. New York: Macmillan Co., 1970. 
LeVeque. William J. Tofncs in Number Theory. 

Reading, .Mass.: Addison-Weslcy Publishing Co.. 

1956. 

Niven, Ivan M.. and Herberts. Zuckerman. An Intto. 
duetion to the Theory of Numbers. 2(1 cd. New 
Yoik: John Wiley .Sons, 1966. 

Nortlnop, Eugene P. Riddles in Mathematics. Prince- 
ton, N.J.: D. Van Nostiand Co., 19^M. 

Ore. Oystein. Number Theory und Its History. New 
York: McGiaw-Hill Book Co.. 19'18. 

Rademadier, Hans, and Otto Toeplitz. The Enjoy- 
ment of Mathematics. Princeton, N.J,: Princeton 
Ihn'vei.sity Press, 1957. 

Reid, C. "Perfect Numbers."' Scientific American, 
March 1953. 

.School Mathematics Study Group. Essays on Number 



MA'niKMA'l lCS !>ROJi:c: ! S. l-KMMUTS AM) FAIRS. GAMKS. !>U/.Zl.i:S. AM) CON I KSTS 



Thoo)\\ 2 voK. ra>:i(lcHa. Calil.: A. C. Vioinans. 
!%0. Vol. I. 

Siiiiili. David Ku<;cnc. IIhto)y of Mathematics. 2 vols. 

I92:{. 192:"). Xcu- York: Dover Publicanons, 19,58. 
Wriohi. II. i\. rhst Course in Themy of Sumbers. 

New York: John Wiley JC- Sons. 1939. 

•12. FIGURAT1-: NUMBERS 

l5owcKS. Henry, and Joan liowers. /Inthnictical E.x. 
a(K\iom. New Yoik: Dover Publicaiions. 1961. 

Dodge, Winsion K. "'Leuer lo ihe Kdiior." Arithme^ 
tic Teacher. October 1966. |>. '173. 

Kraiicbik. Maurice. .Mathematical Hec) cations, 2(1 ed. 
New York: Dover rublieaiions. 19.53. 

Rippey, Robert M. ".Some Challenging Series for 
Gified \ \\\rh School Suidenis.** Mathematics Teach- 
er. January 1961. pp. 8^1 1. 

IN TEGERS AS ORDERED PAIRS OF 
NATURAL NUMBERS 
l"raeiikcL Al)rahani Adolph. Intet^eis and Theoty of 

iVumbets. New \'ork: Academic Press Inc.. 19.5,5. 
I-evi. Howard. FAements of Alirehia. Bion.K, N.Y.: 

Clielse:i Publi.shing Co.. 19.56. 
Waisnianu. Eriedrich. Introduction to Mathematical 
Thinking, Tianslaied by T. Benac. Nc\\- York: 
Tiederick Ungar Publishing Co., 19'>1. 

'i'l. iXfARKOV CHAINS 

Kemeny. John C. and J. Lamie Sneil. Finite Mar- 
kov Ckains. New Yoik: Liuon Educational Pub- 
lis!ier>. Van Nosirand-Rcinhold. 19.59. 

Kemeny. John 0.. j. Laurie Sncll. and G. L. Thomp. 
son. //// Introduction to Finite Mathematics. 2d ed. 
Knglewood ClilFs, N.j.: Prentice-I lall, 1966. 

-15. REPEATING DECIMALS 

Adier. living. The Ncur Mathematics, New York: 

New .\nierican Lil>rary, I960. 
Allendoeifer, Carl 1$.. and C, O. Oakley. Pnncil)les 

of Mathematics. 3d ed. New York: ^^cGra\^^I lill 

Book Co,. 1969. 
Andrews. 1'. "Dark Ages of Arithmetic.*" Atlantic 

Monthly, July 193.5. 
Bakst. Aaion. Mathematics. Its Magic and Mastoy. 

Princeton, NJ.: I). Van Nostrand Co,, 1952. 
Banks, J. Houston. Elements of Mathematics. 2d ed. 

Boston: Allyn R: Bacon. 1961. 
Courani, Richard, and Herbert Robbins. What is 

Mathematics? New Yoik: Oxford University Press, 

m\. 

Dresden, Arnold. //// Invitation to Mathematics. New 
York: Holt. Rineliart Js: Winston. 1936, 

Hardy. Godfrey H.. and H. i\f, Wriglii. An Intioduc- 
tion to the Theoty of Numbers. 'Itii ed. New 
York: Oxford University Press, 1960. 



Jones, burton W, 'FheyFheo)y o( .Xwnhos, New 
Yoik; Holt. Rhiebait Winston. 195.5. 

Kasner, Kdwaid. and Janice R. .\ewiiiaii. Mathe- 
matics and the hnai:^ination. New ^*ork; Simon 
•Sdiuster. 19.53. 

Klein. Felix. Flementa)y Mathrmaties f)otn an Ad^ 
vanced Point of View. Translated fioiii .3(1 Geiman 
edition l>y E. R. Medrick and C. A. Noble. 2 vols. 
New Yoik: Dover Publications. I9L'I. Vol. I. 

May. KenneUi O, Flemenfs of Modem Mathematics, 
Reading. Mass.: Addi\oii-Weslev Publishing Co., 
19.59. 

Meiriniaii. Gayloid 7V; I)L\eover Mathematics. 

New York: John Wiley Jl- S(m.s. 19-12. 
Oie. Oysteiii. Number Theoiy and Its Ilistoyy. Ne^v 

Ymk: .\[( Graw-1 lill book Co.. 1918. 
Ridiaidscm. Moses. Fundamentals of Mathematics. 3d 

ed. New York: Afacniillan Co.. 1966. 

-K). THE GOLDEN SECTION 

Bell. Kric T. 'Fhe Develojnnent of Mathematics. 2d 

ed. New Ycn-k: McC;raw-Hill Book Co., 191.5, 
Coxeter. H. "The Golden Section. Pliyllotoxis. and 

Wyihof's Game.*' Scrifita Mathematica. [une-Sep- 

teniber 1933. 

Jose])li. Margaiet. "Golden ,Secti(m Compasses."' 
Mathematics Teacher, May 19.5-1, pp. 338-39. 

Natiomd Coimcil of Teacheis of Mathciiiatics. // 
Source Book of Mathematical Alifilications. Seven- 
teeiith Yearbook. New York: bureau of Publica- 
tions. Teacheis Collcoc, Columbia University 
HM2. 

Newman. James Roy. ed. The World of Mathematics, 
•1 vols. New York: Simon il- Schuster. 1956: paper, 
1962. Vol. I. pt. 2. 

Nortlnop. Hugcne P. Riddles in Mathematics. Prince- 
ton, N.J,: 1). Van Nostrand Co., 19'bb 

Raab. Joseph A. "Golden Rectangle and Fibonacci 
Sefjueiice. as Related to the Pascal Triangle.'" 
Mathematics Teacher, November 1962, pp. .538-'l3. 

Smith. David Engeiie. Ilistoiy of Mathematics, 2 vols. 
1923, 192:5. New York: Dover Puhlicatioiis, 1958. 

Stephen. Sister Maiie. O.P. "The Mysterious Number 
Phi.** Mathematics 'Teacher, March 1956, pp.200-. 
20 b 

47. HYPERBOLIC FUNCTIONS 

Brixey. John, and R. V. Andree. Fundamentals of 

College Mathematics. New York: Holt, Rincbari 

R: Winston, 1961, 
Smith, David Eugene. History of Mathematics, 2 vols, 

1923. 1925. New York: Dover Publications, 1958. 
Yates, Robert C. // Handbook on Cuwes and Their 

Piojierties. Ann Aibor, Mich.: J. W. Edwards, 

19-17, 



396 



18. CON TINUED FRACTIONS 

(^ajori. I'loiian. A Histoty of Mathrtnati(S. 2(1 cd,. 

lev. :nul cnl. New York: Macniilhni Co., 
Cour.nii. Richard, and Herbert Robhins. What Is 

Mathcmatus? .New Voik: Oxfou! llinversity l^iess. 

11)11. 

Dant/ig. Tobias. Xionha. the lMn<!:^i(aifr of Sricncr. 

•hli ed.. rev. nnd cnl. New York: Mannillan Co.. 

10.')'} : noiibleday X: Co.. .Anchor Books. 19.70. 
Kve.s. Howard. ./// IJitXHluction to the Ifistoty of 

Mathematics. .Sd ed.. rev. New York: Holt. Rinc- 

ban X: Winston. 1%9. 
Hall. Henry S.. and SanuicI Knij;ht. Higher Algehia. 

New Yoik: Macniilian Co., 1%I. 
.\looic. (iharlfs (I. "(^'ntiniied 1-ractions." Mathe- 

ffiatu^s Teacher. April P.MVi. 2r)()-()3. 
Olds. Carl H. Cnntiuued }h actions. New York: Ran- 
dom Ilonse. 11)08. 

•11). TRKSECTION OF AN ANGLT. 

Uerger, I:nn"l J., od. "A Trisect Ion Device Based on 
the Insinnneni of Pascal." Mathematics Teacher. 
A|>rll 11)'>2. j>|>. 287. 21):i. 

HntlcT. Charles Henry, and l*Vank Lynwood Wren. 
Trigonametiy for Secovtla)y Schools. 3cl ed. Bos- 
ton; D. C. Ilcaih 1^- Co.. 190:i. 

Kasncr. l-'clward. and James R. N"ewm:m. Mathe- 
matics and the Imaginatioti. New York: .Simon & 
.Schuster. 11)53. 

Kokomoor. I'ranklin \V. .Mathematics in Hionan Af- 
fairs. New York: Prentice-Hall. 11)12. 

l.eo. Biother. O.S.K.' '"An^'le 'i'riseciion: An l;\amplc 
of 'Undepaumeniali/ed' Maihomaiics." Mathemat- 
ics Teacher, May 1951), pp. 315--.'o. 

Merriman. Cayloicl ^\. To Disrouer Mathematics. 
New York; John Wiley R: Sons, 1912. 

i\feyer. Jcionie S,. and Smart llanlon. h^un 7eith the 
.\'euf Math. New York; 1-awcett World Library. 
1901: Hawthorn Books, 190(5. 

Mock, Alex J. "Trisecting .Any Angle."' Mathematics 
Teacher, April 1959. pp. 2'15-'10. 

Ore, Oystein. JSUonher Theoiy and Its Histo)y. New 
York: McGniw-llill Book Co., 1918, 

Pickett, Male. "Trisecting an Angle." Mathemaiics 
Teacher, y.uninry 1958, pp. 12-13. 

Robnslo, C. Carl. "Trisecting* an .Angle." Mathematics 
Teacher, .May 1959. pp. 35B-00. 

Sackman, Bertram S. "The Ton^aiiawk." Mathematics 
Teacher, April 19.')0, pp. 280^81. 

Todd. Werner S.. Jr., "Trisecting Any .Angle." 
Mathematics Teacher, October 1950. pp. 27«S-79. 

Yates. Robeit C. "Trisection." In Midli'Se)iw}y Aids 
1)1 the Teaching of Mathematics. Eigiueenth Year- 
book of the Nationnl Coimcil of Teachers of Mathe- 



matics. New York: Bureau of Pid)Hcaiions. 'IVacb- 
eis C^olltge. (lohunbi.i Uni\er>ity. 1915. Pp. l'!()-53. 

_ The Trisection P)ohlem, 1912. Rei)rini 

(Clas.si(S in Mathematics Kdiuation M-iies. \<)1. 3). 
Wahhinoton. D.C.: National Comuil of Tcadicis 
of M:ttbC!natic.s. 1971. 

50. rUK NINE-POINT CIRCLE 

Da\ i.s, David R. Modern College Geometry. Reading. 

Mass.: AddiM)n-Wc\slcy Publishing Co.. 1919. 
M(Nabb. William. Mathematics II. Skokie. Ml.: 

Banks Cpshaw Jl- Co.. 1959. 
Satterb. John. "Another \ppioach to the Nii-.e-Poini 

Ciide." .Mathematics Teacher. Januaiy 1957. pp. 

53->l. 

51. CO.MPLEX-NUAHMai OPER.ATION.S 

in- CEO.METRY 
Additional Mathematics. Hntobbe Mathematics .Scries. 
Newton. .Mass.: Mcliuation De\ t'lopn^cnt Center. 
1907. 

Advanced .Mathematics. Entebbe .Mathematics Series. 
Newton. Mass.: l-cliuation De\e!oj)ment Center. 
1907. 

Soi nito. Jiian E. "Vetior Rc-ptesent:uion of .Mtdtipli- 
(ation :ni(l Division of Comple.s Nmnbeis." Mathe- 
matl(s Teacher. May 1951. pp. 320-22. 

n2. THE SNOWELAKE CURVE 

Echr. Ilowaid l'\ Secondary Mathematics. Boston: 

D. C. Heath l^: Co,. 1951. 
King. Bnicc W. "Snowflake Curves."' Mathematics 

Teacher. April IDO'l. pp. 219-22. 
Newman. J.inics Ro\, ed. The \Vo)ld of Mathematics. 

•1 vols. New York; Simon X: Schuster. 1950: pap^^r. 

1902. Vol. 1, pt. 

53. A MATfUv.M.VTlCiALSYSTE.M OE 

2x2 MATRICES 
Adler, Irving. The New Mathemntics. New York: New 

.\merican l.ibnny. 19(>0. 
Allcndoerler. Carl B.. and C. C). Oakley, rrineijdes 

of Mathemaiics. 3d ed. New Yrnk: McCrawdlil! 

Book Co,. 1909. 
Belb Eric T. Mathematics, Queen and Semi tit of 

Science. New Yoik: McCiaw-lliil Book Co., 1951. 
B Ian ton, Eloyd. and J. E. Perry. Modern College 

AlgrJna. New York: ^fcGraw-Mill Book Co., 1903. 
Dokiani, Marj P.. et al. Modon Intioductojy Analy- 
sis. Boston: Houghton Mifflin Co., 1970. 
Lang. S. A. Linear Algebra. Reading. Mass.: Addison- 

Wesley Publishing Co., 1900. 
Perlis, Sam. Theoiy of Mat)ices. Reading. Mass.: Ad- 

dison-We.sley Pid)lisln"ng Co., 1952. 
1'aylor. llowaid E., and Thomas L. Wade. Univasity 



M vi iii-MA i ics I'Rojr.cr.s. KNiiiiirrs a.\i) fairs, gami-s. 1'U7./j.i:.s. a.no con ri-srs 



397 



I-U'shman Mafhrmalks. New York: )ohn Wiley Js: 

.Sons. nm. 

51. MASS.POINl' GKOMETRV 
SiionuT. Il'.iny. "M:is^ I'oinis/' Malhcniatia Stitdrnt 

/ounial. NovcinluT 1907. pp. 1-1. 
Vuificd Madnn Mathnnailrs. Course 2. pi. 1. .Sccon- 
(hiiy Srliool .Mnihcinatics Curriculum luiprovcnicni 
Stud). Xcu- rciuhcis Coll<;gc Prc^s. C'oluni- 

l)i:i Univcrsiiy. |<)n7. 

55. LATTICES 

IJiiklioir. CJ.'uicii. and Saunders .MacLanc. A Stmuy 
of Modrtn /llirchra. :k\ cd. .\cw York: .Macniillan 
Co.. \9(Ky. 

Ore. Oyslein. Xmnhcr Throty and Its History. New- 
York: M(Oraw.Ilill Hook Co.. 191B. 
.Siabier. K. R. .In hit) od action to Mathematiad 
Thotr^ht. Kea(lin<». .Mass.: Addison- Wesley Publish- 
in iUh. \%*.\. 

5(). KGVin iAN CO.\fI>UTATIONAL 
METHODS 

C'ajori. I'lorian. .•/ IIistO)y of Mathematics. New York: 

.Macmillau Co.. 1957. 
Cordrcy. William A. ".Ancieni .Maihemaiics and ihe 
Development of Primitive Cuhure." Mathematics 
Tcuihcr. February 19.S9. pp. 5l-(>0. 
I)ani/i^. Tobias. S umber ^ the Language of Science. 
■lib ed.p icv. and enl. New York: Macniillan Co., 
M)51; Double-day J^- Co.. Anchor Hooks. 19.'>(). 
I'Mcyclopaodia liritannica. 1 909 ed. .S.v. '*Hj»ypt'" (.An- 
rieni Civili/aiion and Cnliure: 7. .Science, Medi- 
cine, and Ti:clm()I()j»icaI Processes). 

.S.v. ".Maifiemaiics ilisiory ol"" (Egypi). 

Ih\t>ben. l.anceloi T. Mathematics for the Millions. 

New York: On lord Universiiy Press, 1951. 
Hooper. Alfied. Makers of Mathematics. New York: 

Random House. Modern Library. 1958. 
Ore, 0\su-in. Xu^nber Theoty and Its History. New 

York: .M(Gr::w-l Mil liook Co., 1918. 
.Smilb. David Kn^ene. }Iisto)y of Mathematics. 2 
vols. I92.S. 1925. New York: Dover Publicaiions. 
1958. Vol. 2. 

.Siruik, Dirk J. // Concise iJistoty of Mathematics. M 
rev. cd. New Yoik: Dover Publicaiions. 1967. 

57. GRi:i'K CO.MPUTATIONAL METHODS 
Bell. Kiic T- The Development of Mathematics. 2d 

ed. New York: .McGraw-Hill Hook Co.. 19-15. 
Cajcni. Kloriau. // Histoty of .Mathematics. 2d ed.. 

rev. and enl. New York: .Macnu'llan Co., 1919. 
Hcalb. Thomas l.ittle. Histtny of Greek Mathe- 
matics. 2 vols. London and New York: Oxford 
Ihiivci^siiy Pjess. 1921. 

ERIC 



llcalh. Thomas l.iiile. ed. \Vo)lis [including The 
.Method of .-Itchiniedes]. bS97. 1912. .\\ •w Yoik: 
Dover Publicaiions. 195.*^ 

Smilh. Da\id Eugene. Histoyy of .Mathematics. 2 vols. 
I92.S. 1925. New York: Dover Publications. 1958. 

58. IHSTOR\- OF .M.ATMEMAI'ICAL 

SYMBOLS 

Bell. Kric T. The I)evelo[)ment of Mathematics. 2d 
ed. New York: .\lcGraw-llill 15ook Co., 1915. 

Cajori. Florian. .»/ Histoiy of Mathematics 2d ed.. 
rev. and enl. New Yoik: .Macniillan Co., 1919. 

I):nil/ig. Tobias. Xumbei, the Language of Science. 
■lib ed.. lev. and enl. New Y(nk: Macniillan Co.. 
195-1: Doubleday i^- Co.. Audior Books. 1956. 

Hooper. Alfred. Makers of Mathematics. New York: 
Random llou.se. .Modern l.ibniry. 1958. 

Karpiuski. l.oui.s. Histo)y of .-Irithmetie. 1925. Re- 
prim. New York: Russell J^- Russell Publishers. 
I9(i5. 

Kokoinoor. Franklin W. Mathematics in Human .*\f- 
fai)s. New York: Preniice-I lall. 1912. 

.Sanford. Veni. .•/ Sliort History of Mathematics. Bos- 
ton: H(Miohton .Miiriin Co., I9.S0. 

.Smiiii. David Eugene. Histoty of Matkeniatits. 2 vols. 
192;^. 1925. New York: Dover Publicaiions. 1958. 
Vol. 2. 

WiLson. }. '".Slaking Out New Ground in High .School 
.Arilhmeiic."" School Science and Mathematics. .April 
1951. 

59. GAUSSIAN INTEGERS 

Oie, Oyslein. Number Theoiy and Its IIistO)y. New 

York: .\[(Graw-Hill Book Co., 1918. 
.School .M:i I hem a lies .Sludy Gioup. Kssays on .V umber 

Theoty. 2 voh. Pasadena, Calif.: A. C. Vromans. 

I9()0. 

60. CURVES OF CONSTANT BREADTH 
Ilazaid. William }. "Curveii of Consiant Breadlli."' 

Mathematics Teacher, Februaiy 1955, pp. 89-90. 
Radeiiiaelier, Hans, and Oiio 'Foeplii/. The Etijoy* 
ment of Mathematics. Princeton, N.J.: Princeton 
Uiiiveri>ity Press, 1957. 

61. WOMEN MATHEMATICIANS 

Bell. Eric T. The Dexfelopnicnt of Mathematics. 2d 
ed. New York: .\I(Graw-I lill Book Co.. 1915. 

Cajori, Florian. // Histoty of Mathematics. 2(1 ed., 
rev. :m(l enl. New York: Macniillan Co., 1919. 

Colbdge, J. "Six Female .Maihemaiiciinis." ScrifHa 
Mutko/iatica, .March-June 1951. Encyclojuwdui Iirit> 
atmica. 1969 ed. .S.v. ''.Agncsi, .Maria Gaeiana.*' 

Jones. Phillip S. 'Women in American .Maiheniatics 
2()lh Ceulury." Mathematics Teacher, May 1957, 
[)p. :57C^78, ' 



CIlAril'R IKiV 



.Sniiili, David Mni>cuc. History of ^lath<'nlatic^. 2 vols. 

H) 2;{. 1925. :\eu' York: Dover IMiblicailons. 11)58. 
Vaics, R<»hm C. .1 Ilamlbonh on Cnrocs and Their 

1*1 <>l>n tics. Ann Arbor. .Mich.: |. \V. Kd wauls. 
HM7. 

()2. II!S'^OR^■ OF THE SLIDIi RULE 

C^ijori. rioi'ian. // ni^(o)y of Muthcmatks. 2(1 c(!., 

icv. and cnl. New Yovk: .Macniillan Co.. 
Joiics. Pinllij) S. ""langible Ariilnueiic I: N:"»|)iers 

and C'rcnaille'.s kods." MutUcnuitla Tvachcr, Xo- 

vcinber VXy\. '182-87. 
Slinsiei. (;.nl X. "C!onsiru( iinj» Ciiaplis wiili the Slide 

Rule.'" Mathrintitics Teacher, jainKuy 195K pp. 

8-10. 

^ "A Xoic on the Use of ihe .Slide Rnle in 

I) !vi>ion/* Mathematics Teachet. Xoveinhci* 10.52. 
p. 512. 

'niE FOUR-COI.OR PROBLE.M 
Hall. Waller William Ronse. Mathematical Hccrea- 
(ion.s and lissays. 1 hh ed,. revised by II. S. .M. 
Coxeier, I D.JO. Reprii:i. Xew York: .Macniillan Co.. 
11)00. 

licrnhan. A. "The Konr-Color Riobleni." Oklahoma 

rhtver.\ity Xewsletter, .March ll)5:J. 
(.'oinani. Ridiard. and Ileibcn Robi>ins. 117;^;/ l.\ 

Mathematics? Xcw York; Oxford University Press. 

H)ll. 

Coxeier. II. .M. "Wlap Coloring Problems." .SV/';/>M 

Mathematim 2.'^ (1957): 1 1-2.5. 
KadinKni. C-lifioii. ed. Fantasia Mathematica. New 

York: .Simon J^r Schnsier. 19.58. 
Ililbeii. David. :uul\Slcphan Cohn-Vossen. Geometry 

and the Imagination. l5ronx. X'A'.: Chelsea Pub- 
lishing Co.. 1952. 
Kasner. Hdward, and James R. Newma:!. Ma the* 

mntics and the Imatiination, iXcw York: Simon 

.Srhnsier, I9.\i. 
Ra(lcm:i(her, Hans. :nid Ono Toeplii/. The Enjoy' 

oient of Mathematics. Princeion, N.J.: Princeton 

Uni\ersiiy Piei>s. 1957. 

(H. THE KONICSHERG BRIDGE PROBLEM 
Itall. Waller William R^;nse. Mathematical Uenra- 

tions and Essays, llih ed.. le vised by II. S. .M. 

C:oxeier. I9:i9. Reprini. Xeu* Yoik: .Madiiillan Co.. 

I1)()0. 

Huler. L " The Konigsberg liridge." Scientific /Imeii- 

ain, Jidy I95.S. 
Xc'wman. jimirs Roy ed. The World of Mathenmtics. 

\ vols. Xeu Yoik; .Simon Sdmsier. \%C>\ p::pe?, 

1902. 



05. THE DEVEI.OP.MENT OF M'lIE 

.AR.VBIC: XU.MERALS 
IJaksl, Aaion. Mathemati<.\, lt.\ Matrit and Ma\te}Y' 

PriiKcion, X.j.: I). Van Xo^rand Co., 1952. 
Cajori, I'lorian. // Ilisioty of Mathematics. 2d ed.. 

rev. and enl. Xeu- York: .M:uniillan Co., 1919. 
D:nn/ig. Tobias. Xnmbcf, the l.aniiuaiie of Seiener. 

•lili ed.. re\. :md enl. Xeu- York; .Macmilbm Co.. 

I95I: Doublcday Co., Andior Uooks, 1950. 
DeWili. C. "The Origin of Our Xnnicr.d Xoiaiion." 

.S(hool .Science and Mathemati<s. Xo\'end)cr 11)17. 
Iloopei'. .Mfied. Mahets of Mathetnaii<s. Xeu* York: 

Raiidom House, .Modern I.ibnnvp 1958. 
l\ar[)inski. Lonis. Ilistoty of Arithmetir, 1925. Re- 
prim, Xeu- York; Russell Russell Publishers, 

1905. 

l\ok<Mnoor. l'V:nikl!!i W. Mathematics in Unman Af- 

(aits. Xeu- York: Preiiiice-I lall. 1912. 
Oie. Oy^sieMi. Xumber Theo)y <nid Its History, Xc»\v 

York: .MiCraud Ii|| IJook Co., 19)8. 
Smith. D:ivid l-'ugcne. History of MatheinatifS, 2 vols. 

Il)2:t. 1925. Xew Yoik. Dover Public:iiions. I9."8. 

Vol 2. 

Wilson. {. **.Si:ikiug Oui Xeu* Gionuci in High .^\fio<)! 
Ariihmeiic." School Science and Mathematics, .April 
1 9.') I. 

()(). FIBONACCI NUMBERS 

A II red, Bi other U. .'/// Inttoduction to Fibonacci Dis» 

tove)\\ .Si. .M:u'y\s College. C;dif.: Kibon:ic^ i Asso- 

( i;ili(>n. 190:*). 
K\'es. Howard. //// Inttodnction to the llistoiy of 

Mathemaiics, \U\ e<l.p rev. Xeu- York: Holi. Rinc* 

ban Winsioii. 1909. 
Freund. John E. // Modern Introduction to Mathe- 
matics. Eiigleu'ood C:iills, N.j., PreuuVrHall. 1950. 
Meyer, jeiome .S.. and .Siu:ni Ibnilon. /•'//// with the 

Xeie Math, Xew Yoik: Fawceu U^)rld Ijbnny. 

1901: llawihorn Books. 1900. 
Oie. Oy.siein. Xnmbrr Theoty and Its Ili^toty, Xc-w 

Ynik: .McOrawdlill book Co.. 1918. 
Rippey. Robei'i .M. "Some ClKdIeuging Kc;ies for 

elided High .School .Smdenis.'" Mnthematus Teach' 

ey\ jaiiuaiy 1901. pp. 8-1 1. 

()7. SUNDIALS 

(!ouId. R, H. Sundials. Kure:iu of Siaiuhu'ds C^*iind:ir 
no. 102. Washingion. D.C.: Coveinmoni Priming 
OKxe. I9.U 

.Mavall. R. Xewioii. :m(l M:ir<iai*ei I., .Mav.ill. Sun- 
dials: Hon* to Know, L S(\ and Ma he Theui* Xcw- 
lon Cenier, .Mass.: Charles 'F. Bnmford Co., 1938. 

Shusler. Carl X.. and Fied I„ bedfoKl. held Work 
in Malhematics. Xew Yoik: American Book Co.. 



M VTIIKMA l lCS I'ROjl-C r.S. KNIII IJI I S AND l-AIRS. OAMK.S. I'UZZl.l-S. AND CON l l-S I S 



399 



PalcMiiie. Ohio. 
W.ihl. M. SiocNNCI. "Wc Made It :im(I It Woiks'.': 
Hit' ('hisMooin (^>M^ll'u((i<>n of .SumliaK." .//////mr- 
Zi^ Tnirhn. A\m\ MW. |)|). :iOI-'l. 



Xon.: Ilistouiul I'offu.s for Otc MutUcmutiis Chw 
ioont, 'l*hin\.[iiM Vi-arhook of ihc X:iii<>ii:il ('oinicil 
of 're:i<hci> of Miithciii.incs (\V:l^hill^«>ll. D.C:.: Tlu- 
CouiKil. \%{)) (<»Mt:iins so iim(h in;m;n:il [or i!ic 
piojcct to;>i(N lisicd ; i>ovc ih:it it is Mot iii( hided 
under :iny ol ihi* iiidivi(hi:d hc:idiM<»>. CioiiMiIt \hc 
i:il)If ol (ontcnts or Uic index of Utstoritnl I'upiiS 
:is a ^i;nidc to suhjcds ol 6|)c(i:d tMlclc^t. 



PRODUCKRS AND DLVPRI IH'TORS 

Ol- matmkmatk;ai. (;amks and 
przzi.Ks 

AvdIoM Mill Co. 
Chnna^c Hntci pi i>>cs 
Cjeaiive Mui)Ii(aiion> 
(^nisciiaiic (:<i. of Anuuci. Iik. 
Ideal S(h<iol Supply Co. 
Kduciiional Fun C:aiiic> 
Inioui Arilhincti( Drill C:unc> 
Kalah Game Co. 
Krac'; C;aule^. Inc. 
jaiiu-s \V. Laii*; 

Paiker IJioihois. Iik. (Soma Ulo(k,>) 
Rcnt'wal Produds. Ini. 



A SELKCTKO IUBLI()(;RAI>HY OK C;AMKS AND I>Uy;/l .KS 



Allen. Layman K. " 'rouaid Amotelic Learning of 
Mathematical Lo^jii."" Mathnmitua I'ciichcv, Janu- 
ary IDG.L pp. 8-21. 

Kali. Walter William koust:- Mathnnatktd Ucant' 
/loiK (tnil f\\sti\s. Nth ed.. revised hy II. .S. M. 
Coxeter. \iW. Repriiu. Xew York: .Macmillan Co.. 

\m). 

lirandes. Louis CJraiil. '"C'ross-iVuniher l*u//les: .V 

Teadiin*; Aid for C'lasses of Geneial .Matlieinatt(s." 

Mathnn(t(ir.\' Tntrhrr, l)e<einl>er pp. r>G7--Gi)- 

C<)\etei\ 11. S. .M. hitnfiluciion to Gromcny. Now 

York: John Wiley R: Sons. IDOL 
Clundy. Ilciuy .\lait\n. and A. V. Rolleii. Molhnimn' 

(til Models. 2d cd. Neu* York: Oxfoid Univcisitv 

IVeNS. l!)(;i. 

Dudeney. Henry Mrnest. Jmmrmr/;/.? MniheiinUicw 

1017. New York: Dover Pithlications. IO.')S. 
C(iiitr*!oi)y Ptizxics and Other Cnnoiis 

l^tol/lnns. 'Ith cd.. rev. and enl. New Yoik: Dover 

Ptil)li(atious. 11)58. 
Duiuan. Dewey C. "rcn .Matlieinatiral RelscshmeiUs." 

Mdlhvmniirs Tntchrr. Kehruaiy liX)'). pp. I02-S. 
Kvcn. Ilowaid. .til Jiitiodmtiou to the Uistoiy of 

Mathewotirs. ;!<! ed., lev, New York: Holt. Rine- 

liaii Winston. \iH\il 
Caidiier. .Xfaitin. Mothemittics, Aht}^ir. and Mystcty, 

New York: Dover Puhlirations. Il)5(). 
ilairis, !»atritia Ann. ■■.\3athematital Uinj»o." Mathc- 

maths Teacher, Novemher \^M)\. pp. ;">77-78. 
Ilillman. 'fhomav P.. and Haihara Siiois. "In the 

Name of Oeometiy." Mathematics Teacher, Mauh 

1 1)08. pp. 20!-0r). 207. 
Johnson. Donovan .A. "Hridgei. an Algehra Card 

ERIC 



Came."" Mathematus Teaehei. Deccinher li).'>8. pp. 
(ill-ir>. 

- — ■Christmas in tlie Mathematits Classioom. " 

Mathematics Teacher. Novemher li)r)8, pp. :):i*^-:ri. 
Johnson. Donovan A., and Clarence Olander. ■.Xfatiie. 

inatical Games Kuild Skills." Mathematics Teacher. 

April mi. pp. 2i)2-i)L 
Jones. Phillip S.. ed. "Ali^ehraic 'rick-Tack-Toe." 

Mathematics Teacher, " imiary l!).5l. p. Ki. 
Kiiu'trhik. Mauriie. Math i,mtical Uccieatious. 2(1 cd. 

New York: Dover Puhlicaiioiis. 
Loyd. S:uii. Jlest Mathematical Pnzzhs af Sam I.oyd. 

Kdiied hy .Martin Gaidner. 2 pts. New Yoik: Dover 

Puhlications. 11)00. 
.\ lei rill. Helen A. Mathematical /\xatrsions. New 

York: Dover Publications. Il).')8. 
Niven. Ivan M.. and llerheii S. Zutkernian. //;; hitro^ 

dnction to the Theoty of Xiimhers. 2d cd. New 

Yoik; John Wiley .Sons. 11)00. 
() l5eirne. 'V. II. Puzzles and Paradoxes. New York: 

Oxford Ulnve!^ity Press, IDO.";. 
Parker. Jean, -'rhe LNeof Puzzles in 'IVacIiin«r .\fathe- 

inatics.*" Mathematics Teacher, .April ll).').o. pp. 

218^27. 

Risin*;, Geiald R. ".Some Comments on a Simple 
Puzzle. " Mathematics Teacher, .Apiil 11)50. pp. 207- 
01). 

Scripture, Nicliohis K. /•///)' Mathematical Pnzzlcs and 
Oddities. Princeton. N.|.: D. Van Nostrand Co.. 
IDO:^. 

Vau<»hn. Willi:un D. "'Scmie Drill Teclmicpies for 
.\rithinelic." Mathematics Teacher. October 11)57. 
pp. ■L^0-.S7. 



OBJECTIVES 
ESTABLISHED? 



YES 4 



MODES 
OF INSTRUCTION 
DETERMINED?. 



.YES 4 



STRATEGIES 
DETERMINED? 



YES 4 



METHODS 
OF INSTRUCTION 
SELECTED? 



YES 4 



MEDIA 
SELECTED? 



NO 



NO 



NO 



NO 



NO 



ESTABLISH 
OBJECTIVES 



DETERMINE 
MODES 



DETERMINE 
STRATEGIES 



SELECT 
METHODS 



SELECT 
MEDIA 



YES 



A SYSTEMS APPROACH TO MATERIALS SELECTION 



401 



CHAPTER II 

A SYSTEMS APPROACH 
TO MATHEMATICS 
INSTRUCTION 

by 

Jack E. Foruks 
Pmthic Uiiivcisity. Calninct Campus, Haiiiiiiond, Indiana 

Jamus F. Gray, S.iM. 
Marianisi Provincialatc, MaiyclifT, Glcncoc, Missouri 




Chapter 1 1 begins with a brief introduction to the general 
concept of a systems approach to-problem solving. Then the 
use of systems analysis in the solution of educational probk-nis, 
particularly instructional problems in the mathematics 
classroom, is discussed. Applications of "systems thinking" 
to both the analysis of materials and classroom management 
are explored. Consideration is given to the various roles of 
the teacher in a clearly defined instructional system and 
to possible roles of an electronic computer in such a system. 
Finally, a detailed example of a systems analysis of a 
particular instructional problem is presented. 
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11 \ .SVSn-MS AIMM^OACII I ( ) M A 1*1 1 !• MA I K .S l\M RI C J loN 



riCNM!("iil Jolni (..iilicM oiuv spoke oi ilic i<lc:il 
iiiNiMK lioii.il sxnU'Iii :iN :i ho\ on one v\u\ ol :i lot; 
w'hU M:iik Hopkins on the oilier. 

Ill llu" MHnsc' ol (inic iliis Niniplc MNlcni h.is 
i;io\vn roMiplcN. \\V li:i\(' donr niosi with die loj^. 
irnnslonnini; ii into ilic nniliiooonn nl nnxlcrn 
M hool :ni<l < hiNMooni. \\V li:t\c' lc:n nnl k-.ss :il)oni 
ihc l)o\-:ihhonj;li. nhcr liiivinj; (lc:ih u'iUi liini 
lor :i Von;; linic in l:nj»c' nnnihcr.s. u'c :nv now 
;i,i»:n'n ::ncnipiint; lo icadi Inni a*; :ni in<li\'i<lnal. 

M<vM ol ns arc noi Mark I lopkinsc.s. hni mod- 
ern ic<lnioloi»\ an<l icsranli lia\f done nni< li \o 
niak<- a\ailal)l<' !o all ol ns die kin<ls ol knowl- 
(•d,i»<- Maik IKipkins poNsc'sNcd ahoni ilic hoy. die 
learner. an<l ulnm whai is u> he learned. 

The simple ho\ -lo<»-Mark llopkin*; s\Meni has 
l)e<(Mne nionnnicnialh <onipli<aied in ioda\'.s 
< laNM'ooms. .\hIionj»li we ma\ I:m k d>e insuin ii\e 
Renins of a Mark Hopkins, we. as learheis. may 
.si ill leaiM iniKli ahoni optinii/ini; die learnin*; 
siiiiaii<ni ol onr sindenis h\ lau'ii^ die Uu \ dial 
oiir modem learliint* en\iroiimein is a (oiiiplex 
iiiNtnn lional .sysiem- and learnin;^ lo aci on ihis 
ki m'le<li;e. 

W IIA r IS A SV.STKM.S AIMMU).\(;il 
TO IX.S TRPCTIOX? 

ro<la\ lelereiKes lo "svsiems." "svsseuK aiiahsis." 
and a "s\sienis ;ippioarli"--<on<epis dial have he- 
eome so coninion in ihe fields ol hiisiiiess and gov- 
erninein-aie appearinj; in ihe lield ol ediuaiion. 

Onr i^oal in ihis<hapier is noi die exiension 
of die dialoi»ne j;oiii<^^ on loday ahoni N\sieiiis. 
Ivailier. ii i^ lo hriii^- (o die iiiaihemalirs < lass- 
room learher. in a disnnsive and deseripiivc 
railier lliaii a I'vhnical way. an explaiiaiion of 
wliai is nieaiil hy .t s\s(rm\ nl)l)Y()ac}t lo insirm- 
lion. pnriicnlnrly ivhai a sysieins approach lo his 
own ( lassrooni iiiNlUK iion mii;lii he like prescnily 
and in die iminediaic fntinc. 



Wild! /.\ a Sr\lrnt^ 

The leiiii A\\\trttt seems luvpieiiiK i<» he w^vd 
wiihoiii an\ dehniiion. iiinler die assumpiioii 
iIki! ii is ;i priiniii\e < <in<epi ihai w<miI<I he nn- 
deiMood !)\ all. Where iliere are aiienipjs ai 
delniiiioii. ihesc \ar\ < onsi<h:ial)l\. In la< i. ilieie 
ine seveial uses of ilie lerm .\\\\tnn. some of wlii< h 
are .so eioseh relaied iliai. in die same <liM iissi<in. 
die leiiii .sliilis from one relereiii lo aiiodier. 

We .shall <»i\e one delinidon. iheii k^miiii io a 
diseinsive approiM'ii lo iliis iopi<. The Ameriraii 
Assodailon <»r.SVliool Adniinisiraiors has <le(ine<l 
a s\siem as an "arrav of resoni<es <lesii»iie<l and 
de<li<aied lo achieve an <ihje<iive a<<or<lin<; lo 
.some plan o| a<iioii. Il <oiinoies oi<ler. iiiiiix. 
pinpose. aiiaiii»<'meni. and plan."* I his <lefiiii* 
lion is pni lonli neidier as ihe hesi nor as die 
inosi appropriaie uoi as i/ie one u'e shall eveniii- 
all\ adopi. However, ii seenis a ^<mmI Maiiiiiii 
poini: for ii is siaied in laiiiiliar lan.i»naj;e an<l. 
I)e<anse ol iis soiir<e. has coiisi<leiahle ediua- 
lional auepiahiliu. \\V .shall resisi die lempia- 
lion lo iniiodiK e ihe pleihoia ol oilier defniiiions' 
dial appear. Their relaiionsliips lo ihe given 
deliniiion var\ umsiderahly. Some are meieh 
liiit;iiiMir inodirKaiioiis: oilieis diller in inipor- 
lain wa\s. Iiisiead. we shall de.snihe and diller- 
eiiiiaie he wicn iwo raiher familiar uses <»f die 
woid s\sU'm, MMieii we shall explain whai a sy.s- 
leiiis approach lo classroom iiisirnciion and syv 
lenis ihiiikini; on die pan of ihe classroom 
leacher mean lo ns. 

Commonplace iisai»e helps hn Io nndeiMaiid 
ihe s\sieiiis (omepi il we iioie die use of ilieieriiiN 
sohr system, wihiuty systrnt, Dovics'lUirhcU sys- 
tern of school btmd nKnntgrmrniJirU I'rlcphonr 
system, Chiafgo school s\'strtn, human system, 

1. ami tlic Sclioul Aflitiinisluilm , A\ .inIiiii^ioii. 

1).C:.: Anion' ran Awuiaoon of SVhooI A<ltiiitu\h:iUMN. 
I1J<»7). p. If. 
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Croicii \y,\tcni (ol hiidi^c l)i(l<liii<>). sywtcnt fo) 
hrcahing the haul: at Monte (Itirlo, Drxrry drd- 
mti! .system (loi lil)r;ii\ < Li.ssific.iuoii). .iiid doublr 
entry ho()hI;cej)inir system, 

These .sy>((;ii:.N into two <|uitc di.stiiirt 

t.itc:<»oiic.s. 'I'lic wokI system is bciiii; ii.scil in two 
ic!aic<l, l)iit <|tiitc (lillcicnt. .scn.sc.v 

In the plna.scs solar system, railicay system, 
Hell l elejihone system^ Chi(a*^o school system, 
human system, the .s\.stcni is :in existential svstcin 
--.I <oni|)lcN. (lyn.nni< sitnation in the ical worhl 
in\oI\ing physical objects. intcKK (ion.s among 
these plnsical ol)jc< t^. an<l hasic law.s thal<»o\crM 
these in tci art ions. Ainon<» these existential s\.s- 
teni.s, some (hke the solar system) are iiatmal. 
an<l some (like the liell Telephone s\.stem) aie 
not. Man made .svstenis ha\e two < hara< terisiiis 
not romnion to the natnral .svstenss. ^I hey ar^ 
designed to achieve certain goals, nsnally slated 
in teims of l>eh:ivioral ontconie.s. They ;dso in- 
chide a ninnagenient component whose fnnction 
is to determine opeiaiing policie.s and rnles ol 
procethne .so as to achieve the objectives of the 
system in an optimal fashion. 

.An airline sy.stem provides an example of an 
existential system that is niaiMnade. Theie are 
goals: the transfer of people and freight at eco- 
nomical (O.St levels, in ade<pi;ur comfort and 
with various .services, sncli as meals, so as to de- 
rive a p roll I. The.se goals are often stated in 
highU spcM ific behavioral terms. Ver\ .specilic ar- 
ii\al lime.s. ior example, aie stated in timetables. 
Often specific goals in terms of mininnnn per- 
centage of piolU arc established. 

Tlie airline .system, in addition to the specific. 
l)ehaviorally sjated ohjeetives, involves a \ariety 
of things (e<pn'pment and people, in thi.s case) 
and various operations and interactions of ilie.se 
things (such as the operations of Hying, ticket 
.selling, landing, .servicing). All these intcnn lions 
aie governed by laws and rnles of procedure that 
regulate the manner in which tlie various re- 
sources arc combined and the operations cariie<l 
oiu for the achievement of tiie goals. Finally, 
there i.s the management, who.se function it is to 
set up these rides of procedure and these oper- 



ating poli< ie> to best .i< < oinplisli tlie objcv lives 
ol the .s\.siem. The) keep highly infoimni on the 
lnn< lioning ol the .s\.sieni. stn<l\ the v.n ious ahei 
native combes of action, and nn<lei(ake the de- 
< isioii making that pro<hi<es a nioie eflcviive 
pni.suit ol the ol)je< ti\e.N. In fa<i. the l).isi< .s\Meni 
is in a co!istaui state of ie<lesign as management 
attempts to pnt it into an optimal .Mate l)\ iniro 
du< ing new things (betici plaiie.s) .nnl new inter- 
actions that aic inoie piodnctive of the goal 
,\i hievenient (< uibstone bagg.ige < he( king .speeds 
up the handling of (ustonieis. makes s< Iie<hilcs 
moie elie< ti\e. an<l pi<)<hi<x*.s < n.stomer .satisfat- 
lion and hen<e gieater use an<l gieater piofu). 
The ba.sif. Iaw.>. operating poli< ies. an<l rnles of 
pio(e<lnre aie often modilIe<l to the .same eii<l 
(stcwaide.ss-pilot cooixliiialion ioa\o!d hijacking^. 
changcMl s<*I;v<luling lo avoid .sia<'kiiig ovei busy 
aiiport.s at busy hoin.s). This example of an air- 
line svsteni < leaiK lit.s the <leluiition of a .sx.sieni 
as .staicMi b\ the .Viiierifaii AsMx iaiioii of .S< liool 
.Vdinini.strators. 

This <liscn.ssion of existential s\si ems— whether 
inaiMiiade or natnral— covers only certain of the 
systems mentioned in the intio<lii<*tory listing of 
commonplace ii.ses of the word system. What can 
we .say of systems such as the Cioren .system of 
bridge i)idding. the .sy.stem for bieakiiig the bank 
at Monte Carlo, the Ocwey decimal .system for 
library cla.ssilication. the Davie.s Hrickell sy.stem 
of .s( liooi boaid man.igemem. oi the <lonbleeniry 
bookkeeping .system? Mere the word system refers 
not .so much to the underlying leahty— the <*oin- 
plex dynamic situation that certainly is present— 
as to a particular approach to the haiuiliiig of 
that dynamic situation. The system is the par- 
ticular oigaui/ation or strategy for handling the 
inicrauing entities that arc ptesent. Tins ii.se of 
the word i.s illustrated by die following example: 
Two people are faced with the .same phy.sical 
reality or duiamic .situation. One of them .says. 
"Yon go ahead and n.sc your sysieiii: I am going 
to stick to my own .sy.stem/* With the same reality 
(here aie two .systems, tu'o means of approaching 
the problems connected Kith this ba.sic reality, 
two ways of handling or managing the sitnation. 
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Sy.sicin.s (lcMTil)c<l by .sense of ilie word ;ire 
referred lo :is mami*amt:nt .sy.sieins. 

Tlieie is ;in obvious rehiiion.shi]) between 
rxhtntluil .sy.sleuis .11 id winuv^ancnt .sy.sienis. Vox 
the o|)ei:ition of one pinlinibir eNis(enti:d .s\.sieiu 
tliere ni;iy be .scvciid in:iii:i|[*euient .sy.sienis. The 
(liHeientc lieiween these two n.ses of the woid 
sysinn and the interrehition.ship of the.se two 
ty|)es of .systems c:ni he .seen in the exjuiiple of 
the<;:inie of brid«;e. The i^iinie it.self is ;ni exJiniple 
<if :in exisientinl .sy.steni. There :ne entiiies— 
people and cirds— hiterartin,i; under codified hiw.s 
tli;it govern the pl:iy of the i^anie. .specify penal- 
ties for tlieir infrin<;enie:it. and nwaid points for 
v:nious possible oiuconics. C.'eitainly bridi;e has 
veiy .sperifi< beh:ivioraI objectives, from the over- 
all one of !;cttini; a liiirher .score than the op- 
ponent.s to the inoie specific ones of takin<r enon,^h 
tri<*ks to fidfill a contract (or to .set one!), reach- 
ing a slam contract if it is makable. atlemptini^ 
to make a particular fine.s.Ne. and .so forth. A 
l)rid«^e ;»auie is a contest between two watnigo 
mcnt groups, each atteniplinjij to manage the 
existential.sy.sieni. the game it.self. to its advantage. 

The methods usc*d by each management group 
ilhi.strat(: the idea of a matiugr.mt tit syMcm. One 
of the two .sets ol partners may be n.sing the 
Cioren .system of bidding for i)est achieving the 
goals of the game. T'he other pair may use the 
Italian sy.stein. hoping for the same kind of re- 
sults. Here die woid system does not refer to the 
l)a.sic game it.self or to the interplay between the 
people and cards. It lefers to the management 
approach to the game. Thus it does make .sen.se. 
within one and the same game of bridge, with its 
inflexible laws of procednre. to bring iwo difFer- 
cnt management .sy.stems to bear in oider to try 
to optimize the achievement of the goals estab- 
lished within the existential system. 

Because of the tight interplay of these two 
types of sy.siems. one find.s the word sy\tnn being 
used iu the .s.une di.sc ussion, in alm(xst .succeeding 
scnteu<es. first to refer to the exi.stential .sy.steni 
and then to lefer to die management sy.stem. 
T'hough care should be exerci.sed in .such dual 
u.sage. it is rarely as confusing as it may soimd 



hecau.se the context iu which the term is used 
shouhl tell the careful listener or reader the .sense 
in which it is i)ciiig u.scd. 

.Many s\.siems that exist in Innnan allairs o[>er- 
ate with their managers making a (ountle.\s suc- 
cession of deci.sions without ever truly being 
aware of (he man\ alternatives a\ailable to them 
in their decision-making role or of the many 
tools lor (heir use iu the conscious pursuit of 
optimal decisions. A systems approa<ii to man- 
agement ol exisiential sy.siems is a way of think- 
ing on the part of managers of such systems that 
makes them keenly awme of being involved in 
an exisiential s\.siem an<l alive to the ra<t that 
they <an do nmch to optimize the pursuit of the 
ohjective.s of the sy.siein by paying conscious 
attention to the system they are managiiig and to 
it.s potential by analyzing its functions and by 
entering into the decision-making process in a 
highly aware manner, using whatever modern 
tools are available. 

Syst OILS 171 Educahou 

TJie establi.shmeiu of a management system for 
an aliead\-fiuictiouing existential system is one 
thing. To .start with a //w/:— such as the education 
of the yoimg— and to establi.sh a management 
.system for both the design nnd the operation of 
an existential .system to cairy out this task is, 
although not e.ssentialK dilfeient. sureU bioadcr 
in .scope. 

In the field of education, many a|)|)ly a .sy.stems 
approach to this broad task of the education of 
the young. Their concern is with the .specification 
of the general educational objectives of the cul- 
tine and with the roles to be played by various 
.structines in .society in the attainment of the.se 
ol)jec(ives by learners. They view not oidy the 
ecbnational e.stablishmeiu but all other fornuil 
and informal institutions that coiurii)nte to the 
edina(ional proce.s.s— family, peer grmip, church 
gioup, conuunnication media, and .so fordi—as 
snb.sy.stems of their overall .sy.stem. In short, their 
existential system contains whatever in the culture 
contribiues to the education of the young. Their 
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role Us (lc.si<;MCi.s and MKin:ii;crs of thi.s .s\.stc>n is 
to .scitc in .specific icrnis what (he ciiltnre nieinis 
l>\ :in "ednciied aduli/' to deieinuiie lor various 
sul)s\stcin.s the lole.s tliey arc lo |)ln\. and to 
(oiisirnci a niana;^enient .sy.steni lo laciliiaie the 
ci\n inu iinerac (ion of Miese .suh.sx.sienis U) ensure 
thai all ie(|niied _t»oals are achieved hy learners. 

OtheiN lake ihe educational establislnnent it- 
.sell as their cNi>.iential N\.sieni. rhe\ taciiK or 
ex|)liciily a.ssunie ihat ihe overall i^oaLs lor this 
.system have iK'en as.sii»ncd. They construct a 
inaMa<;enieni sy.sieni to deiertnine which agencies 
wilhin ihe e.stahlislnnent .should he i;ivcu the 
lesponsihility lor indnciui; ihe achievement of 
which t;oal.s. 'J'hey also concern themselves with 
the development of ihe (inmicial and adnunis- 
iraiive strucinre.s necessary to ihe operaiion of 
ihesc ai'cucies. 

Si ill others concern themselves with the appli- 
caiioti ol a systems approach tc; the manai^ement 
of a .siiii;le school di>;irict or building, l^nally. 
oihers apply ihc technicpies of .s\siems analvsis 
at the classroom level. 

Our concern in thi.s chapter U with this last» 
admittedly limited, application of a systems ap- 
proach. In locusint; on ihis. we do not mean to 
ii^noic ihc imporiance ol s\ .stems anal}.ses ol a 
hroadei' naiure. it is merel\ ihai our iniercM and 
(we assume) that of our readers centers at the 
cla.sstoom level. It is at this level that the class- 
room teacher acts as clesi,i;ner. manai;cr. and com- 
ponent of an instructional system. 

Whenever a teac*her accepts an assi,i;^mneiu to a 
class he accepts these design, manaiL^enicm. and 
component roles. His choice is not to accept or 
leject them hut rather whether he will exerci.se 
them conM'iously and effectively to provide opti- 
nnim instruction or will let the existential .sy.stein 
that is his responsibility operate sotnewhat "on 
its own ' and hope for the best. 



KiGtrRK I 1. 1. Flow clunt rrlali}i{rxjarions levels 
of the vdiKdtion ** system" 



SOCIETAL 
SYSTEM^ 



EDUCATIONAL 
ESTABLISHMENT H 
SYSTEM 



LOCAL 
SOCIETAL^ 
SYSTEM 



SCHOOL 
DISTRICTS 
SYSTEM ^ 



SCHOOL 
BUILDING^ 
SYSTEM I 



GEN. INSTRUCTIONAL 
OBJECTIVES AS 
OETERMINED BY 
SOCIETY 



DETERMINATION OF 

THE AGENCY IN 
SOCIETY TOWHICH 
EACH OBJECTIVE 
IS ASSIGNED 




DETERMINATION OF 
PARTICULAR INSTITUTION 
WITHIN THE EDUCATIDNAL 
ESTABLISHMENT TO WHICH 
OBJECTIVE IS ASSIGNED 




ADAPTATION OF OBJ. BY 
LOCAL SCHOOL CONTROL: 
ASSIGNMENT OF SPECIFICA- 
TION TO PROFESSIONALS 



REFINEMENT OF DBJ. AND 
ASSIGNMENT TOVARIOUS 
ADM. UNITS 
(ELEM.. SEC. ETC.) 



SPECIFICATION OF OB- 
JECTIVES AND ASSIGN. 
OFGRADE'LEVEL 
OBJECTIVES (BY SUBJECT) 



SELECTION OF BASIC 
MATERIALS FOR 
INSTRUCTION 



ESTABLISH ADM. 
STRUCTURE FOR ACHIEVE. 
OF OBJECTIVES; PROVIDE 
ADD. INSTR. MATERIALS 



ACHIEVED BY 
OTHER 
AGENCIES 



ACHIEVED BY 

OTHER 
INSTITUTIONS 
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A s\sicMiiN a|)|)ioa(h to (l;i>>i()()ni in>(ni((i()ii 
will iioi cnsinc siuccss. Ii docs not [novidc a 
nK)(;i(al >ci ol rules (ha( will opiinii/c oppoun' 
niiicsioi Ic.irniiit; l)\ sindnus. h is noilnno inon^ 
nor less than an oii^ani/cd approach (odcci.sion 
niakini;. \\\ .spelling; out ihc .stages in derision 
niakinir ii csiahlishcs a Iranicwork in w hich "hcst " 
decisions can he ckierniinccl. 

The icMcher |)la\s a role a.s .sxMcnrs cle.s[i»iier at 
I wo levels. A> pan of emricnhnn coniniinees he 
connihiites lo the assi.i;nnicMU and .statement ol 
ohjec lives lo he achieved I;\ leameis In his dass- 
looni s\.siein. In this he applies the "fn.si axiom" 
ol systenrs~desi<»n: 

1. Objeetises to he ol)tainecl within tiie .sys- 
tem must he stated specintally. in terms ol 
hehaviors to he e\liil)iiecl hy I earners as a 
lesidt ol their presence in the .system. 

An part ol njaterials-seleetion committees he 
applies two other "a.xioms" ol systems clesii^n: 

2. A sxstem clesi,t»necl to achieve speeifie objec- 
tives nuiM he designed w ith these ohjectives 
in mind, and the loles of components w ith- 
in lhes\stem must he specincally stated. 

That is. materials .selection Follows the es- 
tablishment oi instructional objertives. Any 
material select eel lor use shot del contribute 
directly to learner-achievement of some or 
all objectives. A s\siem cannot be cle.sii>ned 
wiihom both the learneis and the objec- 
tives beint* consicleiccl. (Cloocl materials? 
To do what? I'\)r whom?) Kint her more, 
consideration nv)i only of the isolated value 
ol materials biu also ol how they will fit 
with others as components of the ovcrull 
sysienj of insirtiction is an important a.s- 
pcjct of svsiems thinking. 

3. No sy.stems clesion can be consiclea-cl fmal. 

.\ system is a dynamic ihini». The design 
nmsi include piovi.sion for frecpicni moni- 
toring of its operation and for moclincation 
of management or design to improve its 
functioning. Tims, materials nu tst be se- 
lected and a plan established to provide 
this feedback. 



Within the classroom iisell the teaJier a.s de- 
signer-managei anal\/es lecdback and moclides 
the oiij-inal system design. The teacher coin- 
ponent asMunes i esponsibilit) loi inducing the 
adiievemeni ol certain o!)jecti\cs b\ the learne!. 
The experience in all ol these roles is catalogued 
loi Use in his next assiginnent to ctuiicuhun oi 
materials'seiec tion connnittees. 

\\)\\v cla.ssUiom /,v an instructional system. \ o\\ 
aie in\ol\ccl in the design and management of 
that s\siem. These iacts aie not inlluencecl ^\ 
whether oi not \c)u (ffyoatc with conscious lecog- 
nition of the system's existence and opeiation. 
Systems thinking is meieb (mnrcnr.^s of the furl 
ihni the .sv.>/cm exists and l\ fumtionini^. It is 
recognition of the fact that you. as teacher, aie 
pan— a managerial pait-of the system. Sy.stems 
thinking iec|uires continual attentlveness to the 
specific objectives of the system. It inciudes an 
awareness oi the wide variety of po.ssible re- 
.sources and of their relation.ship to the objec- 
tives. It is a habit ol a mind that will think 
openly and creatively about the possible alter- 
native pathways for pitrsuing objeciive.s-a mind 
that is open to feedback and mocliricaiion of 
plans to improve effectiveness. It is awaieness 
that decision making is a constant proce.ss in 
the chrssroom. one that often takes place in an 
inertial. drifting manner bin that should be a 
con.seic)Us process that overlooks no good aherna- 
live. it is an attitude that seeks to idcniify 
problems: to obtain the data to make decisions 
thai are called for; and to bring to the implemen- 
tation ol these decisions the most appropriate 
oi available re.somces in strategy, media, proce- 
chne, and software. 

This is a hasty and iniorn^al description oi a 
s\yenis appioach to cla.s.srooni instruction. It is 
deliberately so— a general opening sketch in 
lannliar terms to provide a connnonalii} o[ 
baekgroimcl. 

In what follows we shall add greater detail to 
this rotigh sketch. In die next section we .shall 
cliscu.ss biiefly various components available for 
u.se in instructional sy.stem.s. and sonic of die 
iniicpie cpialities tlie.se components pos.ses.s. Then 



\vc rcinrn (o Uic (I\n:inn( siuKiMon ol Mic ic;k1i 
cr-ni:in;i_i;c(l ( hi.ssiooin Ibi ;i more dcuiilcd look 
:ii (he j)o.ssil)iliiic.s :i\;iilnl)lc (ochiy lo a systems* 
on'eiued readier. Ncxi. we (onsidei ( ompniei - 
maiia<^ed iiistniciion. h'inally. we illnsdaie a 
s\s(enis a{)|)ioa(*li to iiistniciion. nsiu;^ a par- 
licular U)|)i( in niaihematics as our example. 

ANALYSIS ()!• SVS ri-M COMPON K N TS 

riie concept oi an insiuiciional sxsicni iccpnie> 
thai the system clesii>ner assit^n the acconipMsh- 
menl ol speciHc instructional objectives to spe- 
cific materials, devices, procedures, and people. 
I'luis it is important that the clesij^ncr have both 
a knc)wlccl<»e ol what components are available 
lor use and an miderstandini; oi the particular 
capabilities ol each component. In pievious 
chapters v.nions possible components ha\e been 
cliscnssecl in detail l>nt in relative isolation. 
Here wc shall \iew each in terms ol its role in 
an overall system. 

Human Comfwiicnls of ihe Syslcm 

A major role ol the teacher in a classroom in- 
structional s\stem is. as it has always been, that 
ol mana,^er ol the system. This role will be dis- 
cussed later. In addition, the teacher is a com- 
ponent—a niajoi leachint; device— of the system. 
The presence of other components broadens 
rathct than nanows the teacher's role as com- 
ponent. In a teacher-textbook system, without 
other components, the teacher must be person- 
ally involved in essentially all of the tcachin;^- 
Icarning activities. This limits his role to that of 
lectmer, discussion leader, or monitor, working 
with fnll-dass activities. 'J lie availability of ad- 
ditional components oi instruction toi;ethet with 
newer methods oi class c)r,t;ani/ation and sched- 
idino; broadens his lolc to include the followint;: 

1. Lectiner. in team teachini; situations 

2. Discussion IcNidcr, or tutor, with small 
j^roiips or individuals (supplementing 
team teachint^ lectnics) dinino office hours 
in open sdiechilinir structures or. in a self- 



coiuaincd cla.ssioom. with other compo- 
nents ot the >\sieni suppl\ini< insirticiion 
lor the remainder of the class 
I**\aluaic)i. in a nioic detailed manner than 
in the past. 

With a \aiiei\ ol modes ol in>tutctiou 
a\ailabie to induce the achievc^mcnt o( 
each c)l)jec ti\c and with inipioved lols and 
devic es lor nion itc)i'in<> student perloriuancc 
and clia<;nc)sin<> student problems, the role 
ol the teacher ase\aluator takes on added 
dimensions and importatue. Instead ol 
siniph cleierniinin^L^ who learned and who 
did not after ./» fact, a well-desigued s\s- 
jcm will piovide the te.ic hei-e\ .duaior with 
the abilii\ to select lor each inclixiclual 
learner the stratc<»y. inethodolc)i;\. pioce- 
clme.s. and media ol instrucliou that will 
a j))i<))i maxim i/c his chaiues of learning. 
It will make pos>ible close monitoring of 
his piogiess and prec ise cliagMo>is oi learn- 
ing problems il these arise, in short, the 
leaclicr-evabiator in a well-designed in- 
struc:tic)nal system will have the* oppor- 
tuiiity to pic^.scribe the "best" instrtictiou 
lor <'<irli le;n'ner— and period icall\ to re- 
assess and mociily the original prescription 
lo assme the achicxcmcnt ol ilu' goals ol 
the insirurtion. 
^re.un teaching :incl open scheduling siruc lines 
piovide the opportunit\ ior se\c;ral leaclieis to 
shaie the \arious roles dc^sciihed al)o\e in the 
iiistutction ol a single (perhaps l<nge) class oi 
stiideiUs. Mow the roles .ne assigned to individ- 
ual teachers will, no doubt, depend upon the 
paiticiilai training, experience, iiitc!iests, and 
competencies oi those iiivobecl. 

.Much has been written about the iniicpie 
coniribntion ol teaclieis to the iustt iic tioiial 
pioccjss. We shall not repeat an\ ol that here, 
noi shall we eiig.ige in the iinencling debate be 
tween "lunnanists" and others who claim this or 
that device will better perform essentially all ol 
the lunctions usually assigned lo biuiian teach- 
ers. We shall onl\ coiiimeiit that whate\er lunc- 
tions teachers aic to carry out can surely be 
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UvAic) (iiMh.n<*c(l 1)\ (cjduis ()|)cia(ini> uidiiii 
ihc (i.'MDCwoi k ()[ A caiclnlly dcsigiicd insiiuc- 
lioiial N\Nicin as described in the incccdin*; 
NC< lion. 

iV.'iclici.s do not (onsiitiiic ihc oidy iiiMiKMi 
(oinponcai ol .iii insii iiction.d nnnIcim. In nmn) 
NVsU'ins [he hninan (oMiponaus iiuludc icachcr 
aides a>sii>nc*(l to a class on a ic<;Mlar hasis. 
riicii assisiaiuc in (he inan.ii>rnu*in Iniuiion as 
well as in (he iiKorvd and e\ahia(i()n linudons 
deMTihed .il)(>\e |»()\ides e\en nioie oppoi (inii- 
lies lor ihe (earlier (o make hi.s be.si piofessional 
(oii(ril)n(i(>n (o s(ndent leainiM,i>. 

'I'he nse ol \i>i(in<> le(((neKs liom widiin (he 
vhool or (onnnnni(\ as well as Iroiii (ollei»es 
and nni\eisi(ie> adds Mill anodier luinian (oin 
poneni (o (he s\sienK Far hexond (he en(ei lain- 
nien( valne ol sndi appearances is (heii ednc.j- 
(ional \ahie. These (an he plainied and limed 
eiihc) (o m.ike leal (onM ihiKioiis (o (he achieve 
ineni o( s|)e( ilic insd ik lional ol>je('(i\es or to 
aid in |>H>\iclin(> .1 meanin(>fnl en\ironnien( in 
which s|)CYili( ohjcr lives can he achieved, 

i'^'nally. (he leainei' himself is a Inimaii com- 
poneiu ol (he s\s(em. N'o( only docs he j)ro\ iclc 
the Intel nali/ed chan<>es dial arc his Icarnini;. 
hnl also he conlribnies lo his own learnini; and 
I ha I ol 01 hers as .1 (|uesiionei' and discnsNani. 
In (|ncsiionini; and cliscnssin(> he panic i pales in 
hoih ihe piesemaiion and e\alnaii()n roles. In 
certain dasscondnci picxechires he also con- 
irihnies lo classroom man:i<>en)eni. In small 
.i>i()np work he ma) ad as discussion leader. He 
may ser\e as mioi-pariner wiih a less a hie sin- 
den I. In die lea rnei -t entered elassioom he ma\ 
select some of the materials he will use, decide 
which ol several modes of iMstrnction he will 
nse. choose the sirate*>y or niedimn of instruc- 
tion he piefeis. .nul make decisions as to whic h 
nonhasic objectives iie will achieve or on which 
parts ol basic instruction he needs nioie work. 

Prill fed iMcdiinii Coinpoiicnls 

There was a time when a discussion of printed 
maien'als used in a mathematics classroom would 



ha\e be<;un— and rv/c/rc/~wiih coiinnents on the 
textbook assi<;ned lor use in the conrse. Today 
that is raiel} the case. This fact has been recoil** 
ni/ed h) companies producing textbooks, foi" 
most now present ■ packa^^es" (ohen called 
Icni.s) in(lndin«^ basic texts. to«^ether with man) 
other materials in printed and other media. 
Some of these are desi^^ned loi- teacher use; 
otheis for use l)\ iiicli\idnal students. We shall 
Use these c lassilic ations— te.tc her use .nid .studeni 
Use-in diNcussin<;^ printed (and other) compo- 
nents ol ail instructional s\steni. 

Printed Componnils for Trnchcr r.sc. 'The 
textbook and accompan\ini> leac hei 's mannal 
comprise the primary printed component for 
teachei nse in most instructional s\stems. How- 
ever, tlie teachei s manual of today is usually a 
great departine liom tlie "answer book" of a few 
ycar.s ago. Ii is likely that the manual will in- 
c lucle aiisweis. statements of objec ti\es. connnents 
on methods and strategies, some bac kg round 
niatheniatics. suggestions foi eiiiicliinent a(ti\i- 
ties, lists of supplementary materials, and so 
forth. It may. in fact, be essentially an outline 
for .1 complete instructional s\stein ol which the 
accompanying text is but one coniponent. 

In any case, the text usually cleliiics the sco|)e 
and sec|uence of the basic content to be preseinecl. 
It serves as the basic "die tiouai*)" of terms. It 
may tend to limit or e\eu to deieimiiie the 
c hoices of iiisti uciional sir.itegies that can be 
used. It does not cleterniiiie the objectives of a 
coinse— teachers olten teach "up. clown, or out" 
bom a text— but it will cletciinine to what de- 
gree other components (inchicling the litunan 
ones) nnist be used to achieve the course 
objectives. 

Other teac her-use components in printed form 
are alternate texts: backgiound books; pictmcs, 
cliagKuns. and charts for classroom display; 
spii it-duplicator masters (piepared or blank): 
and diagnostic and achievement tests. The ever- 
incre:tsing mathematical sophistication of both 
elementary and secondary teachers h:ts produced 
the eclectic :tttitucle that makes alternate texts 
and backgunind books .ii)out mathematics and 
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i(s aiions ini|)()r(;Mii ( oniponciK.s ol a .s\s* 

icin. The use ol <li.s|)l;i\ iiKHcrinIs gives pre- 
views ol coniin,i» topics, presi ius < oiisiaiu rovicu-s 
()[ iinponam (acts, and illusiraios ilic wide va- 
riety of < oiiMcciions of iiiailK'iuaii< s to ilie "real 
world." riie availability oi well <lesii;ne<l tests is 
essential to the exp.Muled evahiaiioii that i> a 
> basic part of a modern instrn< tional svsteni. 

This incieased sophistication of teachers, to- 
j»etlier with the inne.isin^K piolessional role ol 
ihe leachei made possible l)\ the a\ailal)ilit\ of 
other components ol tiie system, has expanded 
the iole ol the spirit chiplicator from its tiacli> 
tional one as a printer of tests to inc hicle the 
prinhno ol a wide variety of materials Irom 
commercially available or teacher- pi epa red mas- 
ters. With tests to cliaj»nose stndent needs, 
knowledge ol what is necessary to satisfy these 
needs, and time to nse tiiis knowledge, the 
amotnit of snppleinentary materials for individ- 
tial or class-wide use piepared and printed l)\ 
teacheis has incieased umil the spirit chiplicatoi 
rivals ciialk as an adjnnc t to instruction. 

Primal Components fo) Student Vsc. Again, 
the piim.n) piinted component is the textbook. 
Ilowevei, it is accompanied I)\ teachei -prepared 
piiiued materials and l)\ workI)ooks (or addi- 
tional drill. Piogranjecl texts prc)\iclc extra in^ 
stniciion on basic topics, reteaching for le- 
mediation, and presentation and teaching of 
enrichment topics on an individtial or small- 
group basis. Alternate texts give stndents the 
opportnnit} to irse cliffeient strategies to achiexe 
objectives. Books aI)ont mathematics, applica- 
tions of mathematics, and mathematicians con- 
tribute to an en\iionment for learning by plac- 
ino' what is to be learned in a context that is 
relevant to the learner. 

Most piinted (and other) m.nerials for student 
nse .nc designed to satisfv the needs c)f iiiclivicliial 
sttulents l)\ pH)\icling foi diffeiences in amount, 
time, strategy, oi medium of instrtiction. It is 
stich stticlent mateiials. regaidless of the mecliinn 
in which they are piesented, that are central to 
the concept of an instrtictional system— that the 
instruction nnist i)c sufTiciently flexible to pro- 



\icle the oppoi tunit\ (oi all lo .ichie\e the spe- 
cific objectixes ol the instrtic tion. 

Audio and l^isutd Co))i Jx^ioils 

Under this classification we include chalk and 
chalkboards, overhead pi'ojectors and tranparen 
cies. ^liclc^s. filmstrips, films (lOinm and 8-nnn 
"loo|)s"). atidiotapes. tele\ ision. .md c c)nd)ina' 
tions of these. It i,s in the consideration ol these 
conipouents that the financial i^straints on the 
system designer become very impoitani. Thus it 
is essential that the designer have an miderstand- 
ing of what each component can oi cannot do to 
aid in making decisions about the balance be- 
tween instructional gain and cost. 

Audio and Visuid Com l)on ants for I'cachcr 
Use. Cihalk and chalkboard aie the traditional 
\ istial c omponents ol c lassroom instrtic tion in 
mat hematics. The extent ot the lole ol the 
chalkboard in all phases c)f instrtiction could, 
we are .sine, be cstabli.shed I)n interx iews ol 
either mathematics teachers or owners of dry- 
cleaning e.stablisiiinents. IIowe\er. the oxeiheaci 
piojectoi is becoming almost as common an ac 
cessorv to instruction. Its lole paiiially o\eiiaps 
that ol the chalkboaicl bin also extends !)eyoncl 
it. In large classes its use as a replacement for 
the chalkboard pro\ ides impio\ecl \iewabili{\. 
The fact that the teacher can remain in one 
place, lacing tiie class, may be important lor 
acoustical reasons. In any class, the ability to 
tuni back to any pan of a long presentation 
(the part \ou'\e alwa\s just erawd in board 
work) may be importain. 

Achance prepaiation of transparencies con- 
taining diagrams, results to be used, and so 
forth, lor use in conjunction with either chalk- 
boaicl or "continuous ea.sel" cleail) extends the 
lole of the piojectoi bcvonci that of chalkboard 
leplacenient. The prepaiation of project uals c on- 
taining well c onstructed cpiestioiis for pei iodic 
Use dm ing pi esentations as t!ie basis foi "go on 
—go back*' decisions is an impoitant aspect of 
the inipro\ecl e\aluation function of a well- 
designed system. 
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riic (ncrhciid piojn (or Ills U'lulcd lo litnii 
ihc role ol slides and liliiiMi i|)s. Se ldom aic [hcsc 
used lo pH-snu dia^i.iins oi |)iiiucd iiiloMn.iiioii. 
lIo\\'c'\(r. ihc\ icniaiii the piiin.ny devices loi 
die |)r(sciuaiion ol |>i(U>iial i c|)i(\scmaiionN of 
sl:ni( siui:nions. As mk h dic\ aic dassiooin- 
cMcHsion d('\i(('s. hiiiii^ini; inio die dassioom 
IcaruiM'^ c.vpnieiK tvs noi .dread) picsciu dicre. 
I'lie) (an punide ade(|M;iie Md>sliluies lor ol)- 
servajions ol leal world >iiiiaiion.s. In (oinpaii^ 
son w idi |)nnied dispLi) pic inies. hoih slide.s and 
IdniMiips lM\e ilie ad\ainat;e.s ol e.rsiei view- 
al)ilin ol deiail .ind easier suna^e. Slides |)io- 
\l(le lle\il)ilii\ ol se(|nen( ini;. wiihonl di.sii ac- 
tions. l'ilnisni|Ks aie <;enerall\ easier lo nse. 
Kidiei (an he used in (onjinuiion widi ^nidio- 
ia|)e (onnneniai ies. 

When die d\naMn(s ol (hani>int; siuiauons 
laUicr dian die details ol sialic .siiiiaiions are lo 
he illnsiraied. uioiion pietnre lihns replace lihn- 
sirip.s or slides. Sixieen-nnilinieier " lull reel " 
films piovide over\ iews and rc\ie\\'.s and con- 
irihnie to nioiivaiion for learning. In main 
(a.se.s ihey are used hy icachers for reviews of 
(onieni or niediodolo<;y lo aid ilieiii in prepai- 
ini^ iheir preseiuaiions. 'I he\ olien (oiiiain (oin 
pleie developiiieiiis ol enrielnneni topics lor use 
hy a subset ol the elass while die icaeher lon- 
liiines hasie iiisinietion with ollieis. 

Singleeoncepi films (8-miii "loops'") piovide 
die iniiial coiilroniatioii with a problem inipor- 
lani to all iiisirnc tioii. The simplieiiy ol their 
nse makes ihem hoih a teaelier-iise «iiicl student- 
use component. 

A nmnher of maiheinai ical concepts have an 
essentially dynamic c liaraeteristie. Films make ii 
possible to show the cliaiii^e from iliinkino of 
individnal ohjeeis to ihinkin<; of a sel of objects 
or from tliinking of two seis to iliinkinj; of the 
one set that is their onion. 'I hey make j^ossible 
die visnali/ation ol ilie linntiii<» procedure in- 
irinsic to the cleienninaiion of die aiea cn* cir- 
cumference of a circle. Other components of a 
system can show discrcie steps in these processes. 
Only film can show the changes thai piodnce 
ihcsc sieps. 



A new dimension has l)een jildvil lo film 
hlnisiiip Use b\ the a\ailal)ilii\ of ■mi.vc-s" ol 
iliese media. A single him iiia\ (oiii.iin moiioii 
piduie sccpiences with pei iodic .nn<>malic-si<>p 
secpieiKc's loi filnisiiip ie\ie\\in<^ ol iinpoiiani 
liaiiies ol die film. 

\ndic)tape can be used b\ teacheis lo listen in 
on tlieii own leacliin,!^ and on class discussions, 
lo aid in iinpio\eiii(Mii ol Intnie pieseniaiious. 
Small ^roup discussions can be lapecl lor use in 
nioniioiin<; siuclem leainino. Diill tapes can be 
piodnced lo pio\icle oial chill withoni cliiect 
teacher iiuohemeiu. Tape.s ol pieseniaiioiis and 
discussions can save lioui.s ol leacher conduei ol 
nial v' iip or remedial work. 

Television has a lole as a pi eseniation device 
lor ceiurally locaiecl films or filmships. One liliii 
lil)iai\ in a lai^e school .susieiii wiili iiiuhicliaii- 
nel iele\isioii li aiismi.ssion lacililie.s pio\icles ini- 
inediaie availabilii) of this libiar\ to many class- 
rooms. Ill aclclitioiK televisic^n can he used to 
piovide die acl\aiitai»es of large gioup instruc- 
tion widioui die nece.ssit) foi pinsical together- 
ness of the gionp. Special iniereM topics can be 
piesenicd to a few students in each ol many 
classrooms. In large or ic\mdar group insiruc- 
lion. r\' can give each studeni a *1rc)iu row seal'" 
10 view details of visual preseniaiioiis. In some 
coiiipuier-iiianagecl sysiem.s, television is a major 
piesentaiioii and respoiise-accepiing component. 

Audio and Visutd Comfyoucnts for Student 
Use. Several of the uses ol such componenis by 
siudeiils 10 pio\icle incli\ idiMli/ation ol insiruo 
lioii were mentioned above. Studeni work at the 
(halkhoaicl is a majoi day-to clay means of evalu- 
ating siudeni progress in many classes. The 
availability of \icleotapes, films, films trips, auclio' 
tapes, and so forth containing key paits of pre- 
sentations is a source of additional or make-up 
instruction for individuaLs or small groups of 
sinclents. Remedial or enrielnneni packagers con- 
taining audio, \isual, and printed components 
arc valuable adjuncts to basic instruction. Au- 
diotape can be used by siudents to provide 
needed oial-siinudus drill. Beat-tlic-iape drills 
introduce time coniiol when this is desirable. 
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In sunir.i.in. oiismu led snbsv^iciiis am- 

i.iinini; .iiulio. xi.sual. .iiul oilier ( ()in|)()nciiLs cm 
l)c u.scd U) |)i()(ln(c lor oiK* or a lew sindrm.s 
.i|»|)ioNiin.ilc* K-|)li(.iMoMs ol wli.il lia.s ocdincd. 
oi would o((in. in ic.k lici ( oiuhu (cd in.snndion. 

Models, Mdfiilfitlalivr Devices, 
0)1(1 (fdiiie.s (IS Coiiiponeiils 

VUv use ol models and nianipnhiMvc devices lo 
imiodiue concepts and U) lorni Mie ha.sis lor 
ab.sUacMon.s i.s connnon. Tlicy lorm pan of hoili 
U'achei cleinonstr:nions and suulein eNperimen- 
laiion. rea( hei concinc U'cl t»ame.s in\c)lvinj» leams 
ol .suicleni.s are a major meihoci ot l)rini;int>; lime 
connol inio leainini;. (»ames iliat .simnlaie leal* 
world simaiions aie heconiin^i; impoiiani com- 
ponenl.s ol iiiMinclion in social sindies and 
olliei areas. !,iule ol lliis lias Inen done in 
niatliemaiics. Ilowexer. enriehmeni t;ame.s 
(■•Kcinaiion.s.' ".Sets;' "WI-l' 'N PllOOl-;' cic.) 
can pl.i\ an impoii.ini paii in ilie niatliemaiics 
cla.ssroom. 

Machines as Coiufxmoits 

Machines lia\e an impoiiaiii role .is preseiiialion 
tle\ices loi maiu ol ilie conipoiienis diseirssed 
pie\ ionsK. Ileic. relcieiice is lo maeliiiic.s iliai 
aie themselves ihe insirnciioiial coniponcni. In 
parliciilar. \vc .shall di.sciiss calcnlalini; maehines. 
(onipmei.s. .uicl m u hiiie.s cleNii»necl .spec ilic all) lo 
piovicle OI conirol leedhack loieacher orsUideni. 

(Nc ol' cahiilaiin<> machines can he hoih a 
means and .i t;oal ol insiinciion. In some eonrses 
one (»l I he tonise ohjec lives is learn in(> lo irse a 
cic-.sk caknialor. in some, desk udcnialoi.s are 
looks lot irse in piolilcm.s lecpiiiing leiigiln ccmi- 
pnlalions. The availahilii) of calcniaiors may 
allow ihe iniiocinc lion ol applied pioblciii.s thai 
aic- closer approximaiioirs ol realiiy (only prob- 
lems in niailiemaiit.s books ha\e "nice*" answers; 
ical world problems seldom do!). 

Some research indicaies iliai the use of cal- 
ciilaiois ma\ allow weakei siiuleiiis ilic oppor- 
imiily lo ciunnneni al<;c)nihniic 'blocks" and 



do some "icaT' malliemali< s. 1 his. in imn. max 
moli\ale theii leainint; ol basic lac is and 
ali;(M iihms. 

A latc-i sec lion ol this <haple) coniaiiis a clis- 
(itssion ol compnieis as mana^^^cisol iiisiinction 
al s\siems or snbs\slems. As a < oniiponeni ol a 
s\sieni a compnier is. liisi ol all. an ellicieni cal- 
cnlalint; machine, h can also be used lo simu» 
late e.xperimenialion l)\ piodncim;. on (oni> 
niaiicl. ihe (pianiiiaiixe .ispects ol eNperimeinal 
ie>uhs. lis speed ol compmaiion allow.s simn^ 
laiin^ ol cbnamic piocesses 1)\ pU)clucin<; r.'ipid- 
l\ occniiinj; clisciele lesulls. (l''or cw.miple. a 
(Oinpmer pic);*r:nnecl lo pioduce .i len-place 
pi inioui ol \ ainc-s ol 

/ I \" 

I' J 

loi inucMsiu!:; posiiixe inie<»ral \alues ol // .^'x^'s 
an impressixe example ol the limil picxess.) ( )l 
coinse. leamini; compnier pro<;iamin<4 and 
(onipuiei oiienied m.iihem.iiics iii.i\ he one ol 
ihe objectives loi' some couises in mathematics. 

In I he iiacliiional c lassiooni. knowledge o! 
siiicleiil pioi»iess was provided both ihe teacher 
and the .student iiilorinally. on a clay-io<day ba- 
sis: loi 111. ill). b\ pel iodic testint;. With the iutio- 
clnc tion ol boll !Mcli\ icin.ili/ecl .iiid l.ni;e i;ionp 
insliuction nioie .eiisilixe loim.il leedb.ick com- 
ponents ha\e become necessary. 

The earl) te.ic hint; ni.ic hines. loi use with 
inclix ichiali/ed insti iic lion, weie designed to 
pi o\ icie i mined i.ite com tolled leecll).ic k t<) the 
learner and a lecoul ol learner progress that 
could be monitored h) the leachei .is desired. 
Ihese lathei piimitixe. nsuall) m.inu.dK opei 
ated devices were the forerunncis ol ciniently 
.ixail.ible sophistic .it eel. dec li ic.ill) opci.iiecl ma 
c hines nsini; filmsirips and audiotapes in the 
piescnt.tlion ol m.neii.il and peniiittin<; wiiticn 
or oial lespoiises. 

I-'eecl])ack coinponenls loi l.ii,t>e i^ionp insiinc- 
iion are also cpiiie sophisticated. Al the mini- 
mum, t hey allow lec Hirers to cleterniine ini- 
mecliatel) ihe percent of .i c l.iss choosini; each 
1 espouse to .i mulii|)le c hoice cpiesiion displ.ued 
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Coutlc^y of Itnxlhcott Lrniuin^ S\\Uvni^ Couijutm 

KiciMu: 11.2. Combination antoinalcd and 
tnanuaU()j>rratcd laclrni used to control nntl- 
timcdin jn'cscntatlons and to accumulate 
studani'it\sl?onsr data on a ma*^natic tape 
recorder 



iioin :i iraiis|)aienr\ or slide. More clahoraic dc- 
vices pciinii the inoiiiioriiio of ihe responses of 
iiulixidual sindems (a "lij'ln l)oard" sliow.s 
whidi siiidenis are i»i\in<» whidi response), re- 
cording^ of in(li\i(hial lesponses on (onnicrs. or 
pro<essin<( of responses lor sioiai-e in ihe mem 
ory of a compnier. Addiu'onal nsc of compn^ 
er.s as Iccdbiick (om])oneius will be discussed in 
ihe .sen ion on (onipnier-mana.i'ed systems. 



I ka(:iikr.man.\(;ki) 

IXSI Rrc l IONAl. S^STKMS 

Now wx leunn lo ihe main iheme o! iIiIn (hap- 
ler. Willi the lusi seuion a> .i ^cnnal onilinc 
ol .svslenis ihinkini; and Mir second as a (aialoi; 
ol sNsieins (oniponems. we umsidcr as our exis' 
leniial s\sU in a single mailiemaii(s ( lass {M an\ 
i^rade le\el)-Mir physical eiuiionmeui. ihe 
learners, ihe conieni. and die leaeher: a leacher 
who is inieni on nsin,t» a sxsienis appioadi lo 
ma\imi/e ihc ellideiux of Icnrninj^ hv his siu- 
denis. 

Whai is ihe classroom leadiers lole in ihe 
design and mana,i»emeni of ilie classroom in- 
Mriuiional ,s\siem in which he normally finds 
himself? To answer ihis we musi sei ihe scene. 
\\"e piciuie a iypi(al school jear and :t leacher 
who has been assi^i^ned lo leadi maUicmaii(s lo 
a sei of siiuknis lor tliai Near. The ort»ani/a- 
lional siriKiine is ihe familiar self.<oniaine(l 
(lass ol ;ippro\im,iielv thiiu sindenis. A basi( 
I ex I has been seleded lor use. Knon^h moiicv is 
axailable lor some additional maieiials (dims, 
lilnisirips. models. ei< 

This iiisinuiional s\siem is leally a subsxsiem 
of a larger system. Heme we shall assume ihai 
ihe siudenis (ome inio this pariiddar course 
wiih a pasi hisiory of maihemaii(.s in which 
(eriain behaxioial ol)j(( ii\ es. (onsidered as re- 
(piired iiuomini; behavior.s for the preseiii 
(onrse. have been adn'eved. I'urilier. ihe leacher 
has heloie him ilie j^oals oi iliis parii( niar sul)- 
s\siom-a pariicidar s(.»i of icrmiiial behaviors or 
ouicomes lo be achieved l)\ ihe learneis. While 
liiese aie ofien (lescril)e(l en oloho as "leadiint; 
ihe conieni of lorn ihjL^rade ariihmeii(" or 
'"leadiint; ihe ihiid semester of algebra," we 
shall midersiand ihese phrases lo mean niiuh 
moie ilian ilie rapid and ihorongh covering by 
ihe teacher of ilie conieni of ilie le.xtbook as- 
.sijL^ned lo iliis course. We \iew iheni as a slioit- 
hand (lescri])iion o( the man) specilic bclia\ionil 
objet,i\es lo be adiieved by sludcnis in ilie 
course in (piesiion, wiih siudeni su((ess mea- 
sured not by completion of the "work lo be 



(ovcicd"' l)iu l)\ s:ilisl:i(U)i \ ac (|uislU()ii of llic 
ioial ()hjc(U\fs ol Hii> panic niar sct»iii('iii 
of ilic (unicnluni. Oui assuiiipuons. iliciK art- 
lliai llic siudcnls in lliis (ouibc lia\c lu'cii acic 
(|iiaicly prcparccL wiili. ol (onrM\ sonic \aria- 
lion in ihf (MUcrini; behaviors: that the icarhcr 
has a (arclnl specification in behavioral icinis 
of the objectives ol the present sei;nient ol t!ic 
cnrricnUnii: and that these are leasonahle out- 
comes to expect in the time allotted lor the 
paiticidar class in cpie.stion. 

l atc'd witli tilts new c lass, the c hissrooin teac It- 
er l)ci»ins to iinution as a .s\ stems manager on 
iwo levels. In the !avt»e. he mnsL conceive of and 
plan ihe entire year.s work. This is principally 
a desi;>n task. Theu. at any particular point with- 
in the jear. he must eni»a<;e in the acii\e m ni- 
ai^enient ol the system at a parlicniar point in 
time and space. He has to he eni^a^ed in induc- 
ing learning of a specific^ hit of mathematics. 

Thr Tcachcr-Managcd Inshuctional 
System in I he Large 

"The classroom teac her has a special clesi^i;n and 
mana«»emeiii role to play with respect to his ini- 
tial plainiini^ of the entire year's work. It is 
here that he nnist view the hehaxioral objectives 
for the entire coinse, plan the secpience in which 
these are to he attained, and make .some rough 
time allotments to specific objectives (iMgnre 
ll.Ji). He must pay particular attention to the 
secpience in which the attainment of c>l)jecti\es 
is pursued because some objectives are not ter- 
minal objectives but arv. rather, preiecpiisitc be- 
haviois lor the atlaiinnent ol others. Secpien^ 
cin<> will depend on both the content itsell and 
the particular teaching strategy he intends to 
use. lie unist make at least a rough estimate of 
satisfactory levels of performance for various 
goals. These levels ma) differ, depending on the 
j>ariicular objective. 

Tliis first nppioKiination of his detailed plan 
for the cntiie jear must include decisions con- 
cerning resource materials so that those that arc 
not immediately available can be ordered to 
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0£TERMINC DIAGNOSTIC 
AND REMCOIAL PROCC 
OURES TOBC USED: 
OBTAIN NCCCSSARY 
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DETERMINE GENERAL 
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I'loi'Ri-. I L:<. I-hfiV (hail of a elayMoom nsiem 
ihe large" 

ensure their ariival foi use at the appropriate 
time. I le should carefully analyze his classroom 
-the arrangement and design of the rooi'j itsell 
and the possible permanent accpiisition and 
platenient of an overhead projector, logethei 
with other auxiliary materials such as those 
described in previous cliapteis of this year- 
book. Does he uncoiisciousK tend to arrange his 
classroom for this particular class jnst as he did 
when he was teaching an ei:tiiel\ different sub- 
ject at an eiitirelj different level to an entirel) 
different type of student? If so, this is decision 
!)y inertia, lie should seriously consider whether 
there is anything in the nature of the new course 
that would suggest changes in classroom ar- 
rangement. Is theie anything about the abilitv 
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IcvcK or m'/c oI iUls davs ihai would make ihc 
iiNC o\ (lillcicnt paitnn.s of dabMooni oii^aiii/a 
tion iiiou' l('asil)lc. that would make easier the 
use ol eniidimeiu inateiiaK. .iiul so iortli? 

CUissYoom Syslons 'riiinhint!; in ihc Small 

liiipouant as the leacher'.s role is in planning; 

(oiiLse in the lai<>c. a major la.sk of teachiiii* 
lies in eniciin,i; the chissrooin dav !)y day lo a.ssi.si 
the students and niana<;e die da.ss a.s they at- 
tempt to leain .some spec ilu mathematics. This 
is the place where the leacher is (onstanUy en- 
i*a<»e<l in a deci.sion'makini; lole that vitally af- 
led.s the dei'iee to which his cla.ss achieves the 
desired c)I)jec tives. 

Now onr settin*!; heconies even more clelinite. 
riie class is somewhere in ihe middle of the 
\ ear's work. The teacher has inchicecl aclecpiate 
achie\ement ol the behavioral <>c)als ol the 
conrse np to this point and is ahoni to tackle 
a new hit of material— a new set ol hchavioral 
ohjeetives to he ac hieved hy learners. 

As the -systems manager, the teadier*s atten- 
tion Inst tnins to the objectives of the new 
nnit, These objectives are sMlIiciently spelled out 
in behavioral terms. Stilh it is important for 
the teacher to be acntely aivarr of the behavioral 
specilications ol this new nnit, \\\ havinj^ com- 
pleted work on factoiino in elementary algebra, 
lor example, stndenis are abont lo embark cm 
the sohition of cpiadralic ecpiaiions, the teacher 
nnisi be sharply and specilicnily aware of the 
types of problems he will expect the students to 
be able to work on the completion of this nnit, 
the varions conceptnal cpiestions he will expect 
the students to be able to answer, the varions 
procechnes that he will expect the stnclcnts to 
have masteied, and the varions distinctions he 
will expect the stnclents to he nble to make. 

Besides makinj^ himself aware of the specific 
behavioral objectives to be achieved in the new 
nnit. the teacher mnst review* the mathematics 
involved and be snie (hat he is thoronghly fa- 
miliar with it and the way it is presented by the 
materials to be used. Next he looks at the mathe- 



matics stnictnie again and cletei mines which 
past behaviors aie necessaty entering behaviois 
for learning the new" inateiial. 

J)t(*ifn(Ksiy, lla\in;^ ie\iowecl these factois— ex- 
pected oiucomes. the content to be taught, need- 
ed initial l)elia\ic)rs-he thinks ol diese with 
regard to his own panic tdar class. I lis Inst 
managerial decision is diagnostic. 11 he is aboin 
to engage in sohing cpiaclratic ecpiations i)\ 
lactoiing. he will certainlx need to know the 
ccHr.petence of this panic tdar class in the lactor- 
ing of cpiaclratics and iheir nnderstanding of 
the real impon of ihe following lact: Foi real 
mnnbeis a and ah ^ U if and onh if a () 
or h ^ 0. 

If he has taught these topics to his class earlier 
in the year he ma) lely on his own judgment 
and recollection of the past to decide that they 
are snllicienth well giasped by the class to move 
ahead into the new materia}, with onh passinj^ 
relerence to the lact above and with no real 
need lo review laetoring. If he is less sure of 
their skill in lacion'ng. he might piesent a lew* 
problems at the boanl. asking students to work 
them and respond immediately. This is an ex- 
ample of an essential component of a systems ap- 
proach—a process of leeclback whereby ihrongh- 
oiu the instructional process information from 
the ongoing sitnation is read as frecpiently as 
possible and decisions aic made and plans are 
changed in the light of this information. iliij» 
feedback. 

•Several choices are possible at this point (see 
I'igiiie I I. I). If ihe teacher reads ihe classroom 
lesponse to these few problems in factoring as 
highly positive, he may proceed with the intro- 
duction of the new material. If the response is 
somewhat disappoimiiig. he immcdiateh makes 
the decision, well within his scope, to .stop ;nul 
rcteach or reexplain the points of difficnlty w*ith 
the factoring' process, ccmfinning^ sncccss by some 
additional problems. 

If the results of this informal diagnosis are 
tndy bad, the new topic should be postponed 
until remedial materials have been used. Al- 
though the teacher should be ready for this 
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c\cmii:ilit\, it is to be hoped ih.it ii would not 
o< tin -th.it the te.uhei wotild not nn^j^ul^e the 
|)ur|):n.ition of the MiuIentN to this extent. II he 
li;id been dubions .ibont their l;i<iorin,i; NkillN, 
he .should ha\e made .ni cailiei deci.Nion to <on 
duM .1 lot nud dia<;noNiN wiih .in in*de|)th test 
on the iiind.nnental l.ictoiini; txpes that nuiNt 
be usfil l.iiei in the new ni.iieii.d. "I hiN di.i<;noNiN 
would K\c.il the line .state oi the (actoiing .skills 
ol his students :ind wonld lead him to additional 
<le<isioMs a> to what kind ol remedial work 
would li.i\r lo be done at this point, how inn< h 
would l>e needed, ap.d l)\ whom. One de(i>ion 
nn'<>ln had lo u-medi.il woik loi the entire (I.lsn. 
Anodier de< ision nn<;ht be thai it is indicated 
2or onl\ .1 lew- .students :ind <onld be a(<om< 
l>lished l>\ |>.iiiin<; them with inoie < .i|>abU Mil 
denis. b\ diienin*; them into |>io<>i.imed iii.itC' 
lials lo ))e done .it .i .>e|>arate time, .tnd m> lorth. 

I'he learher. a.s :i lar.sii»hied manai^er. mii;ln 
ha\e anan<»ed lo lia\e ie:idy an o\eriiead pro- 
je< lor :iiid sev'Cial iranspai enries wiih ex:nn|)le> 
and problems on la< torin<; tiiat <oiild be ii.sed 
casilx an<l elli(ientl\ in the thissioom lor both 
di.'i,i;nosti( pnipose.s and. il the rcine<;iati'>n indi- 
cated is ielativcl\ li^hi. lor lemcdiation wiih 
ihe entile j^ronp. 

So I'ar we ha\e .seen ihai il": teacher :is .sj.stenrv 
inan.ii;er nnisi make a nmnber of dec isions iiiid 
ina\ l»in<* to beai .i v.nictx of materials .ind 
media in ihe a.sse.ssmeni and reallnmation of the 
iniiial beh.i\iois ih.ii aie prerevpiisite to leain- 
ini* the new material. The tearher also has 
.several de< ision.s to make :ibont the terminal 
l)eh.i\iors expected of ihls particnlai cla^^ wilb 
re.spect to the new maieri.il. While the sjMem 
has already specilied the minimal behaviors ex- 
peciecl of everyone in the class, the tcaehcr may 
feel thai thi.s paiiicnlar class is .somewhat better 
than aNera<»e or seems to h:i\e a j;rcater facility 
w*ith tliis pariicniar kind of material and that 
it would be cpiite appropriate and feasible to 
sci and pursue some bchavioial o!)jectives w*ith 
I he entire cl.iss that aie beyond the nn'nimal 
objectives set by the overall .system. He may 
have found from his teaching of this course in 



the past th.it liieie .iie some beh.u ioi.il obje< 
tixes not piesent in die blueprin. he w.is i»i\Ln 
th.ii .lie neces>.ii\ .it .i latei p(nnt in the <oinse 
hii liis panic 111. n wax ol te.i(hin«> oihei new 
m.iieii.il. i'his is .in espe< ia!l\ < i u< i.il kind ol .i 
<le<isioii loi a te.ic her— what tliinj»>. pioperl) 
emp!i.iM/ecl .in<l .u hieve<l now, will m.ike the 
i;<Mn«> iiiiuli e.isici laiei <mr Wh.ii tlitn«>s. ii noi 
piopeilx aupiiie<l now. will <aii>e^ic.it <liliunll\ 
latei? 

rradiiiti*^ A < <r dmtcnt, lla\ini» m.icle a caie* 
lid iii\entoi\ oi ne< ess.u \ c nteiini* beh.i\ ioi> .inci 
h.ixini* piovided an\ remedial iiiMiiiciion tliai 
W.IS ne( ess.u \. the te.iclier is now ie.icl\ to l)ei;in 
I lie new unit ol iusiiuction. Mere he is laced 
Willi M)iue ol his major cle< isioiis. lie aheacb 
h.'.s cleieimine<l tlie lenninal I)eh.t\io)s lie will 
expect iioin ihis p.niifiii.ir class. Now lie must 
select \\U oNei.ill -iisii iic tion.d .stiatej^y loi iiicliK- 
ill"; tlie attainment of these ol)jeetivcs. 

'I'lie teacliiiii; of a new topic can l)e viewed as 
pioceedini; in tinec sia<>cs. or pliases. 

I'iisi tlieie is ihc introdnciorj . or overview. 
plia>e. 11 done siucessluiix. iliis produces in 
\ol\ement ol the leaineis witli what is to l)e 
learned. It is the most clramatic, pan of the 
teacliiiii* piocess. designed to provide inipacl. 
motivation, interest, and ellcct. 

Many .ilternate Mratc\i»ies are possible licie. 
l\se ol some kind oi discovery meiliod is cpiiie 
common. For scnne topics a formal. :ilnic)Si 
leciuie type of pi csentatioiu skillfiill\ paced so 
tliat stucleius can anticipate earli step *n a loi»i- 
<al developiiieiiu piovidcs impact. (Jarendly 
selected e.\aiiiples leacliiii* to stucleiit'Coiisii ncted 
<;eneMli/aiioiis. a pioblem .sol\iiig appio.uh ab- 
sii action Ironi applications, and :i "How would 
\<m define . . . r" appioac li arc other possil)iliiies. 

Tliis innocluctor; phase nia\ l)e cpiite short, 
but it is very iiiiporiant. If it establishes interest 
ill the topic and makes tlie learning of it seem 
personally important to each stiicleiii, the re> 
in;uiiclei of ilie teaching and learning to l)e 
clone will he made much easier. 

Once tlic strategy to he used lias been selected, 
a decision must be made as to the type of in- 



418 



ciiiAi^riCR i:i.i-vi'.\ 



>lHicii()ii (lull gi(>ii|), Mil. (II gn)ii|), iii(li\ idii.ili/cd) 
tli.it i)CNl ilic >tr;iici;\ and iiinIiik lioii.d mode. 
Of ((Mii>e. <;ciicr:il dc(J>i<)iis on iiiaiciials have 
been made as pari of the o\erall (oiir>e plan; hin 
ilie>e mn>i he lehiied. and olicii modilied. when 
the actual instruction of a iniit hei^iiis. 

.Viler ilie r.nhei diain.nl( eiin\ inio ihe unit 
|)i()vi(led i>\ ilie inirodiu loi \ \)\i:\^v (onio ilu- 
>e("ond, or developiiiental. |ilia.se of die iii.siriic- 
tion. The Iii.nI phaNC wa.s a lons^ii >kei(h. TliiN 
one is a carefully (on.Miiictecl de.Mt;ii. lleie the 
osential points of the topic aie proeiited in 
an ordeii) >e(pience: le.Milt.s made lea.sonahlc 
by the introduction are e>ial)li>lied. The learn- 
er becomes aware of the full .scope of die hehav- 
ioi.s he i.s to ac(p'iie from the in.strnciion. 

The teacher i> attain confronted uiih decisions 
re<;ardini; .stiatei>ii.s, i la.sNiooin oi^ani/aiion, and 
inaleiial.s. A.s a .sysienis inaiiaj;er he will (crtaiiih 
plan to obtain adecpiate feedback .so that initial 
decision.s (an be modilied. lie will make choices 
among available materials, .sometimes choosing 
a le.ssihan-peifeci niedium of presentation to 
lake advantage of a particularly good piece of 
.Nofiwaie (a gooc; liluisirip may be I)eiier than 
.1 inedicxie film, although his knowledge ol 
media tells liiiii fdm is the .siiperioi mcdiinn foi 
pie.sentatiou of a particular topic) . 

Within this plia.se the teacher makes another 
key decision, of a .somewhat dilfeieut i>pe. No 
one but the teacher can decide die degree of 
precision of language and the level of niatlic- 
uiaiical forinali.sui (rigor) that are appropriate 
for his class. Of coiir.se. correct ii.se of certain 
language and ability to reproduce or con.struci 
certain formal arginnents ma} be i)eliavioral 
objectives ol the course. Beyond this, however, 
is the general level of forma li.siu to be u.sed in 
the devclopincul itself. Between the lote leain- 
ing of facts and technic pies and the logical de- 
vclopuieni of completely rigcimns mathematics 
is a broad spectrum of matheinaiically and f)ed- 
agogically defensible positions. No one but the 
teacher himself can decide the optiintiui posi- 
tion for his particular da.ss. 

Following this orderly development of iIk: 



lopic comes phaM' iliiec. ili.U <>1 accpii.sitioiial 
acliviiies. with cadi Icaiiier ciigagiiig in tlic)sc 
.iciixiiies thai will produce lii> achievement ol 
the objeciives expected of liiiii. 1 leie the 
icMc hei-iiiaiiagei 's c hief dec i>ic)ii> aic in icgaicl 
lo appiopriaie work inateriaK and acliviiies— 
pioblems. eNeici>e.>. piojecis. ieacliug>. and .so 
forth. These, in tiiiu. lun.st be paired with ap* 
piopriate iiisii iic tional modes. 

Dec isioiiN c one eriiing aN>igiiuieiiis aie perliaps 
I he uioNi iinpoiiaiiL ihe leac hei makes. Of (oiii>e. 
.isNiginuents ii'iii>t be rea.sonable in terms of 
iinmbei of exeiciNCs .nid expected lengili of 
woik time. However, this is not snllicieut. The 
cas\ dec:isic)ii. "Do the lii.st lifteen problcins."' 
is seldom the besL one. The work to be done 
must be spec ilie ali\ chosen to contribute lo 
Niiicieiit acliieNeiuent ol ilie lull laiige of objec 
lixcs with lespect lo the inatcaial in the a.ssigu- 
nieni. .SnieK the a.ssignineiii uiiinI I)e lailored lo 
I he needs of the da.ss and. it is hoped, to the 
needs of iudivichials in the c la.ss. .Again, only 
kiit)w ledge gained fioni a .sensitive feedback 
Nirnciiiie makes this poNNible. 

\oi ouK may ii be necessary lo make dilleieni 
a.ssignments for diffeient students, perhaps n.siug 
dilleieni siiaiegie> and media, in oidei lo obtain 
achieveiueiu ol basic objec lixeN. biii it may also 
be necessary to modify lenuiual objeciives for 
Noiue siiidents. accepting ac liieveineui of a iiiiui- 
lu.al .set ol goals by .sonic, adding em ic lnnent ob- 
jectives (ill breadth or in depth) for others. Only 
careful plauuiug will either reveal these needs 
or provide le.Nonrces lo .satisfy them. A sy.steins 
.ipproacli to iusii itction is designed to produce 
in the iiiosi eiricieui niamiei. maNiuuim pos.sible 
goal achieveineui /^>' rarJi xlmlaiL Lack of pro- 
vision of the uece.ssary llexibility in all aspects 
of in.strnciion near the end of llie accpii.sitioiial 
phase can nullify the elfects of a pie\iou.sly well- 
c.\ec iited plan. Pro\iding this lle.\ibilii\ will be 
a stern test for the best .systems manager, li is 
lieie thai materials .selection is most vital, for 
it is here that iudivichial dilfeienccs unisl be 
taken tliorotighly i'-Uo acconnt. The teacher who 
believes sttidents learn only what, and when, he: 
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IN hill!; will find lii.N uisk ,i( (IiLn m,i,i>c diHi* 
(uli. il not iin|)(»M'l)lc. The icaclicr-uiau:i,i»cr 
u'lio iin(lcr.N(:iii(K the full ninge of po.Nsihih'iic.s 
lor iiisinu (ion In other ( oiiipoiieni.N ol (he 
>}Meiii. h.iN i.ikeii (he >[c\y> (o .ic(|(i(ie (he nece.s* 
v;iiie() oi in.Ken'alN. ciii operiKe .s(icces.srnlh 
in .seveia! (ypc.s oi cht.NMooin organi/adoiial 
.NliiK (nie.N— |>ei h.i|).N .NiiiiiihaiieodsK— and has de^ 
vch)|)ed (he feed hark .sdaicKne (hat (ells him 
what is needed. I>y whom and when, will reeeive 
nl (his time (he |>a)(>ir lor all of his haid work. 
I'he |)ayoir is knowinj^ eaeh sdideni has heen 
<;i\en an o|>(innnn learnini^ o|)|>or(nni(y. 

'rhr(»ni;hon( (he ahove diMaission emphasis 
has heen placed on (he many deeisions involved 
in .in\ inNirn(iion;d pnxesN. These derisions do 
no( .nise hntiiisr of a .s\.s(ems approach. They 
aie inheienil) presen(. A s\siems analv>is ol 
insiiiudon is in(ended onK to poin( ont their 
e.KiNli-nre .iiid to piovide a fianiewoik within 
wlii( Il oiderl} dec i.sion makini^ c an take place. 
It seems that three alternatives exist. One is to 
ii^noie the iiecessit) foi .stic h decision making;, 
that is. to allow deci.sions lo ocrnr l>\ defanlt 
(c c)nsc ioiisK or niicoiisc ionsly decidiii<>^ not to 
decide is :\ decision when the icsponsihilit} of 
makini; decisions i.s yoins!). .V second is to he 
awaie of the need to make decisions hut to 
neglect lo ohtain the inroimation. accpiiie the 
materi.d.s. oi ,i;enetate a plan that will produce 
■'hest appro.\itiiaiion> of hest derisions.'" The 
thiicl is the >\stemai ic approach 10 decision m.ik- 
in{^ encomiK'issed by the teim .\y.\tcin.\ nppronih. 

Evnlutifwn, The major ev:d nation oT .student 
lierlormance ai (he end of tfie instruction on a 
unit is onfy a Miiaif part of the overall evalua- 
tion procedure, l-Voni the hei^^innint^ of tfie intro- 
cfnctor) phase of ihe instruction the teacher, as 
c'lassiooni manager, niusi he acauely aware of 
what he intend.s to achieve witli each instruc- 
tional activity and of the decree of achieve- 
ment he attains. ;\fany teacheis rely entirely 
on informal oh.servation of student reactions 
for this evaluation. Mowever, student reactions 
are not always good inclicator.s. (Students ate 
sometimes not aware that they have misc-onccf)- 



tions.) A moie reliable pioceduie is to include 
hriel diagnostic cpiestion.s or exeic ises of a 
single-concept n.ituie legtd.nK tinoughout the 
teaching pioce.ss. inlormal pie.semation of the.se 
on the hoaicl. a nnnute or two for thought, aiul 
.t discn.ssion of the le.sults aie all that is neces- 
sary. For example, alter the topic ol al)M)hite 
\alue has heen introduced, the definition ex- 
plained, and .some hasic piopei ties iliscussecl. the 
entile class ndght he asked to write an answer 
to the cpiestion "11 .v i.s less than zero. wInVh ol 
the- lollowing is the ahsohue value of .v: \ 01 
— .V?"' The cli.sti ihmion of le.sponses and ,1 Ik- 
cussion of the cpiestion can he very inloiinatue 
to hoih teacher and students. 

Of <c)tuse. one ol the innnediate henehts of 
stkfi ,ui e\aluatic)n 01 cli.ignostic cpiestion is that 
the .students hegin to know what they do not 
know. Then, instead of listening complaceinl) 
foi ihiee or lour more cla\.s of development onl) 
to lincf out at (fie encf ttiat ttie\ ate coinpfetefy 
lost when the} thought the> weie doing well, 
the) immediateK aie forced to rec:ogni/e their 
clelicienc ies and focats clearly on the hasic defini- 
tions hefoie too much complex structure has 
heen huilt on top of them. They ate much more 
alert to the suhtle difficufties ancf tfie types of 
lesponses tfiey inns? f)e af)le to give. 

All through the nit rod net ion and develop- 
ment .stages of the material, the teacher should 
use a variety of data lor evaluation—from facial 
e.\pie.s.sioiis. to the cpiestions of the students, to 
their tespoii.ses to such diagnostic cpiestions as 
jiisi illustiated. Each hit of information causes 
him to slightly modify his approach: to lepeat 
or dwell longer on cei'taitt c:oticepts or types 
of exercises, and .so foitli. The more effective 
this ongoing diagnosis and remediation is, the 
less of a prohletii tlieie will he with the laiger 
evaluation at the end of the niiii or topic. 

The evaluation at the end of the unit must 
be ciiiefidly designed to tiieasure the degiee of 
attainment l)y the students of oU ol)jectives ex- 
pected of litem. These tests .should he designed 
not only to rate thcstiidenls and piovide grades. 
Tliey .should al.so l)e diagnostic in iiatuic If 
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sonic .>HKleiUs ha\c not .i(hic\C(l ()l)jccii\c.s ih;a 
.nc nctos.M } loi their |)r<)t;ic.s> in ihc next nnii. 
Uic.so (ldi( icn( ic\s nniM l)r icnn)\C(l hcioiv i»()ino 
on. riic otiKonie ot (he c\ahnnion .should incli- 
cue ihc need. de,t;ree. and .scope oi nece.ss:n y 
hnihrr in.sirndion on ihc nnii i>eini; tested, 
(lood d:i\ l>\-(l:iy evahKition slionld pieclnde a 
riasswide disastei at this posttest st.i,t;e. How- 
ever, it is possible thai some students have 
u-.Nponded well to hit.s ot the unit hut c.\'liil>it 
on!) (onlusion when the hits aie put t(\i;cther. 
As a .s\stenis niainii;er. a teadier nnist be pie- 
paied lor a wide ranj^e ol results. Some or all ol 
the technicpies described lor preinstrnction 
remediation of deiitiencies in enieiint;; behavior 
ai e appiopriate here. .Vt»ain, many decisions are 
necessary. Surely "'"rhey haven't achie\'C(l the 
objectives, but we'll i»^o on anyway" is among 
the least accepial>le. 

77/6' TcacJicr-Manugcr and Ihc 
Mol'wnlional Co}tij)0}unils of Ihc SysUnti 
As the ne.\t .section will illustrate, there are 
ways in which a computer-managed instruc- 
(ional s)steni can be superior to a teacher-man- 
aged one. I""or example, the computer's abilit\ 
to keep complete, instantaneously available lec- 
ords of the progress ot each siudein— his ac- 
romphslnnents. his diiriculties— anr lo present 
rapidly to him a selection oi* wt * ^.ivj^en special 
iicnis that might icmedy particular (leHciencies 
cannot be matched in a teachei -managed class- 
loom. 

However, the human teacher has many uui(pie 
abilities. One in particular deserves comment. 
This is his ability to interact with the student 
on a nonmathematical plane l>ni in relationship 
to the learning situation. In other words, the 
leadier has motivational resources that the 
computer lacks. Motivation l)eing what it is 
(the geneiatoi oi startei ioi the sell-ac ti\ it\ that 
is the essence of learning), this is :i iiemendous 
advantage. 

Such nonmathemniical things as the teacher's 
personality, his iineiesi in the students and re- 
spect Tor them, his sense of Iniinor, his willingness 
to help, his seirsitivity to nuames. his ability to 



lecogni/e not onb diilcreiKes .miong students 
but diilerences among the s.une stndents on 
diiicicnt da\s. .nid his .ibilit} to gi\c iiiglib 
spe(ifi( eiuoui.igement to the pooi student who 
does smprisingly well or to teasingly elicit a 
better lespouse hom a good student who has 
gooled are priceless advantages, riic an ol 
leaching extends lai be\ond the iein e ol te.uli- 
iiig. and it is heie that the Innn.m te.uliei is 
it lephn cable. 

In the aiea ol moti\Mtion. one ot tlie gie.itest 
elements is imiin>i(: it lies in .1 siudem's sen>e 
ol a( In'evement. his teeling th.it he has siucess- 
tnll\ .iccomplished things up to this point and 
is well prepared and cap.ible ot accomplish- 
ments to come. ( !"() the extent that the (om- 
putei helps to individualize instrmtion and 
helps diagnose and bring specific lemedie.s to 
the learning needs ot each ot tlie students, it 
also helps to nn)tivate the student to (ontinue 
on in an ellective piogram.) 

Nevertheless, the Inmian condition being what 
ii is. tlie extrinsic ititeiactioiis ol the tinman 
teacher wiili tlie human personalities ol tiis 
students oiler many opportunities lor the Innnan 
teachei' to optimize the (hnaniic situation thai 
is the classioom instructional system. The teach- 
er (an make various decisions about tiis intei- 
actions with the (lass that will deiinitely ailed 
tlie learning process— decisions based on instinct 
and insight, the gestalt of tlie given inonietit, a 
teeling Tor aesthetic principles, and leacttons 
to indefinable elements of the classioom atmo- 
splieie. These aie the essential human elements 
of an otherwise highly stnutural systems ap- 
proach to classioom instruction. 

// Resume 

In brief, a classioom teacher who desires to 
act consciously and effectively in the role in 
wln( I1 he is iiie\ital>ly cast— that of the inaii.igei 
ol a (lassi 00111 instructional system— must know, 
do, and l)e many things. 

{. lie must know well the mathemalics he is 
to teach. 

2. lie iini.Nt l)e well aware of the specific be- 
havioral objectives for the instruction. 
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.*). lie inii^t i)c well :K(|uaiiuc(l widi (he pni- 
(idilai group ol .sliidcius he has in (his 
( hiss. 

I. He iiniM decide on (eaching .s(ra(cgie,s lor 
(he iiiooducd'on of (he new nia(criaK it.s 
devolopnieni, and i(.s arcini.sidon. 

T). Me nuis( decide on die nio.s( a])])ro|)ria((' 
]>ai(ern ol dassiooin oigani/a(ion cone- 
.s]>ondini> (o (lie.se .s(ra(cgie.s. 
lie nuist select and plan (he use of the 
\ai'ions media (hat will prove niosi elFeo 
live lor (lie topic in (piestion and lor (his 
]>ar(i(iilar ( lass. 

7. lie iniisi make a lurdier .sel oi diflicnh 
decisions legaidint; (he sperifu soliwarc 
lot each iiiedimii thai i>est promotes stu- 
dent learning. 

S. lie must make iminedia(e decisions of 
diagnosi.s aiul o\aliia(ioii. iec\(ling. and 
engaging in loinedial work (o assure (he 
atliievemeiit oF the object i;es pursued. He 
nnist cliooso the diagnostic materials and 
(he lemedial materials. 

J), lie must .select complementary and en- 
riclimeiK materials lor the iiidividiiali/a- 
(ion of iiis(riic(ioii. 

10. lie miKsl make decisions nmcli less easily 
arrived a(. much moie elusive. al>ou( lac- 
(oi\s ol nuxivatiou and cla.ssrooiii atiiio- 
sphere thai (end uhimately to promoie a 
psychological climate in which attention 
(o and pui.snit ol the dcsiied objectives 
will be eagerly engaged in i)y the students. 

11. lie iim.st evaluate (lie extent to which (he 
ol)jec(ives have been attained and make a 
value judgment as to the need for re- 
teaching and the extent to which this 
should i)e done. 

The (pialitics that these reqniieinents demand 
of the teacher include the following: (1) an 
adequate knowledge of mathematics, (2) an 
understanding of and rapport with his students, 
(3) a great deal of flexibility and adaptability, 
and (4) an al)ility to come to a decision with 
some degree of rapidity as opposed to vacilla- 
tion. He must I;e cfncient in the n.se of time 



and re.souKcs. lor imtli are limi(e(l; he must be 
sensitive and open .so a.s to be leccptive to die 
feedback provided him from (he learning .siiua- 
tion. 

The role of a teacher as manager of a cla.ss- 
rooiii instructional .sy.stem i.s one of (he nios( 
clialleiigiug and uio.s( luiiuan ol lolcs. A teacher 
who learns to use a .systeni.s approach as he 
view.s lii.s teaching a.ssignment can make a great 
iiiauy decision.s diaf will impiove the learning 
.situation for .students and by (hat very fact 
increase the pleasuies of teaching and (he joy^ 
ol acconipli.sliment lor die teacher himself. The 
world of work and occupation can become an 
art foini and each day a scries of episodes ol 
challenge and exciteinein— epi.sode^ not without 
their diflicuhies and adveiituies but far removed 
iVoiii (he feelings of aimless drifting or mechani- 
cal pacing that .so frecpiently tend to creep into 
our teaching il we are not alert to the potential 
at our disposal-iiot ii.scd to sy.steius thinking. 
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COAFPUTKK-MANAGKD 
INS TRrCTFONAF. SYSTEMS 

When one begins lo wiiic on ilic n.scs ol com- 
|)uicis in ilic ni;uia^cincni of insMuciional .s\v 
icnis. he is ininic(li:ncl\ aware ol ihe linieline.ss 
ol eoninieni.s in the heUI. A conipleic, (leiaile<l 
<les( ri|)iion oi ihe stale ol things at the lime 
ol writing would he merely a liisiorical account 
ai ihe lime ol pnhlicaiion. The field is devcloj)- 
ini; loo lapidl) lor liniel) icporiino in hook 
lonn. However, an acronni ol whai has heen 
and is l)ein,i» done indiraics direciions Uie held 
is lakini; wiih rcsperi lo hoih ihe role ol ihe 
conipnier in ihe nianai»enient of insirnciion and 
the |)lans ol niannlacuners lor inakinj» coni- 
|)uteiwnanaged .sysienis or suhsy.stein.s availahic 
lo schools. Thus it is possihie lo present a coni- 
|)o;,ile picture of whai was. is, and most prohahly 
is lo come. 

It should he eniphasi/ed that our discussion 
deals ouly with ihe ronipuicr as manager of the 
iKtnal insiruction of .studenis. lis classroom use 
as a sophisiicaied calculaiin^ machine, as well 
as iis oilier uses as a component ol a system, 
was <liscussed earliei* in ihis cliapier. lis other 
uses in schools— the usual business-machine I unc- 
tions, recoid .sioraj^e, construction of schedules, 
arid so forth— arc relevant to our discussion only 
as they increase the prohahility ol liie avail- 
al)iliiy ol computer facilities lor use in the 
mana^i>;ement of instruction. 

Evalualion Maudgemcnl 
The Use of computers lor test scoring is a com- 
ponent role that has hecome widely accepted, 
even expected. Now this almost traditional 
evaluation role is being extended in a number 
of ways. Several variations in the mode of re- 
sponse exist. Multiple-choice testing can be 
Used with lesi consoles. With these, the student, 
aflei liaving ''signed on" lor identification pui- 
poses, coinmimicaies his answei diieciK to the 
computer by pressing appropriate buttons oi 
insetting a stylus in appropriate holes. He may 
mcive the results practically as .soon as he com- 
pletes the test. The printoiu may include his 



s(oie. his lank in (lass, the class a\eiagc. a list 
of (piestions answered iiuoire<il\ together with 
<orie<t ausw<*is lor tin^m. his cumnlati\e <omse 
a\erage. an<l so lorth. In a<l<lition. extensi\<* 
anahscs of test <lata ma\ be printe<l out lor the 
teacher. The perlormance of each student may 
become part ot his course record, stoied in the 
computers memory lor later use. i^he use oi 
telet\pewriteis allows the puxedure above to 
be adapted to coustriuted-i espouse examina- 
tions ol a short-answer t\pe. Klectionic pencils 
idlc^w the computei to deteiminc what position 
on a television screen is being Indicated and 
hence to lecoicl i espouses to a wide variety ol 
visually pieseiuecl cpiestions. At present, the 
evaluation of neither oral responses nor lengthy, 
constiuctecl responses is possible. The accept* 
ance of handwritten, rather than merely typed, 
construction seems desirable. Computer people 
say that these possibilities preseiu dilhcult. but 
not iusohible. problems. 

just a.s a \ariety of respon.se modes is pc)ssii)le. 
.so is a wide variety of mocle.s of presentation of 
cpiestions in addition to the traditional printed 
tests and the u.se ol teacher-controlled oral, trans- 
parenc). or slide pic.sentation.s of cpiestions. The.se 
inchide the u.se of audiotape, alone or in con- 
junction with visual presentations by means oi 
television, and the use ol filmed or videotaped 
presentations of cpiestions tliat include a dynamic 
element. 

It is with the use of the computer to present 
cpiestions as well as to reccjid lesponses that the 
shilt iroin its u.se as an evaluation < omponeni 
to at least some degiee of e\aluation nianairr- 
mctil takes place. Its simplest management func- 
tion is time control of stimulus presentation 
when \u){ only coiiectness but also iespon.se time 
constitute the beiiavior being measured. 

I^ir moie coinplicatecl evalualion manage- 
meni functions can be carried out. liy using* the 
decision-making capacity of the computer the 
secpience of cpiestions to be presented to the 
student c<ui he determined as ha iakcs ihc Icsl, 
with his response lo a .single cpiesc on or his 
ies|)on.se pattern on a block of cpiestions u.scd 
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lo (Icienninc wliai he- i.s a.sLcd lo do ncxi. This 
(.ni |>i()\i(lc mukIi inoic c\.ilna(i\c infot inalioii 
(hail .siiiiph (he nmnix-r oi ;HiMvcrs (ha( aic 
rij»h( ()(■ \\T()iii». I'oi' exainplc. it (an show iha( a 
.>(iuh'ii( kiiowN hi.s add i( ion la( (.s when (Ik'\ air 
|)U\sC'n(cd in ihc normal (add i( ion (able) sc- 
(|ucn(c I)n( no( when (hey are prebeiued in 
random oidei*. I( makes posM'hle (he |)resen(a- 
(ion of a "hard" addition |M'obleni: hori/oiual 
lorni. wi(h carryini*. If (his is done (orreedy, 
(he s(iulen( is i^ood a( ad(h(ion. If it is done 
hicorre('(l\. the same piohlem (or a comparable 
one) nia\ be piesented in vertical form, then 
one involving' odier add i( ion ra((s. (hen one 
wi(h no (arryini», and so Ibrdi. The lesponse 
pattern on siich a secpience i»ives a dear picture 
of exactly what (he .s(iiden( knows and does not 
know about addition. This ad(!s an impor(ant 
dimeniion to both a(hie\emen( and dia^nos(ic 
(es(inj»\ 

The (lecision-makini> lnnc(ion of (he com- 
pu(er (an be used (o make indi\'i(hiali/ed assii^n- 
ments lor siudems on the basis of their response 
patterns on tests. On nudiiple-choice tests not 
only (he identifica(ion of cpiestions answered 
tnconecdy bn( (he par(icidar iiicorrec( answers 
selec(cd can be used (o branch s(iiden(s to vari- 
ous review or remedial topics. Patterns of 
responses to a series of const riicied -response (pics* 
tions (an ionn (be basis for comparable assii>n- 
nicnt decisions. In dieon. even l)e((ei decisions 
could be made b) ha\ini» the computer c ompare 
the secpience of actual consdiieted lesponscs 
with man\ stich possible sec|ueiices stoiecl in i(s 
menu)r\. The piac(icali() of (his is limited by 
the lari^e numbei of leasonablc responses, which 
leads to a iela(i\ely lonj* i espouse time by the 
coinpiuei. When the niuuber of accep(ablc re- 
sponses is limited so that the c:oinparison prob- 
lem is manageable, decision making is based on 
little more information (ban (hat available from 
rij»ht-wronj» patterns or from iniiltiplechoice 
cjuestions. (Six acceptable ans\vers (o each of 
(wen(\ c|ues(ions i»i\es possible i espouse pa(- 
terns. Theie are 'OidN ' 2-" possible right-wrong 
patterns.) 



I'^Neit moie sophisticated coiupiuer roles in 
e\.ilu«i(ic)n and e\ ahuuion-assiii'nmeiK manaue- 
ineni appear cei (ain. 

Ma)iag(:}}u')il of Drill 

Cx)mpu(ei inanageiueiu ol drill and prac(ice 
includes all ol (he inanageiueiu lunc(ic)ns de- 
scribed foi evalua(ic)n. (ogediei wi(h scNCial odier 
importaiu leatuies. The means of conununica- 
(ion f)etween .studeiu and compu(er are (hose 
clcscrif)ecl above. 

In a computer prc\giam for drill management 
(he compiuer iua\ make e\alua(ic)n decisions 
to determine luxh (he (ype of problem (o be 
preseiuecl and the appropria(e level of dilliculty 
within a type. Some .such decisions are; 

"Me is performing al)o\'e grade level in 
subtrac(ion but poorly in uudti plication. 
Clive him more mult iplica( ion. less sub(rac> 
(ion drill." 

"lie misses mul(iplica(ic)n pic)l)leins in 
which nine appears as a fae(or. Give him 
chill on nnil(iplica(ic)n fac(.s involving nine." 

"lie does :iclcli(ion prol^lems of this level 
of clifliculty well when they are piescntedjn 
ver(ical loim. poorly in hori/oiual fbi in. 
Lower tlie level of difficulty and bring him 
back (li rough die lower levels using liori- 
■/oiual foim." 

Such piogianis stoie a lecoicl of each stucleui's 
pel f'oi mane e so (lia( (heie is coiuiniiity to .suc- 
cessi\e drill sessions, aldiougli (hey may be 
sCN'eral cla\s apar(. The\ make decisions af)ou( 
loweiing. sta\ing. oi raising (he diHicult} le\cl 
on (he l)asis of sdideiU performance. They ma) 
allow (he student two or more atteiupts at the 
same problem. I'liey may lef use to accept incor- 
ict( answers by locking all biu die correct type- 
writer key. Tliey may accept "Mclp'* or "Show 
me" rccpicsts from students. Such lecpiests may 
lead the computer to do (he next step of a 
pioblein or to work in detail one or more 
comparaf)le problems. They may provide an- 
sweis to nioie (om plica ted cpiestions from stu- 
dents. If answers to stud en is' Cjuestions arc not 
in (he computer's memory, it may record the 
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FiGUiu-: 11.5. T/ir selling and ilic slndcul in a cowj^nl- 
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a number of srhooh linked hy lelelyj;e lo (he conijniler 
facililies al Slanford in {jrojccl of ronijjuier'assisled 
inslniclion genera led hy Pal rich Snljjjes) 



(jucMioiis aiuL ill uirn. iisk ilu' (onipmci pio* 
.uranicr U) add ihv aiisuriN to lis sUyvivjs^v, 

Such |)m<^!anih jna\ acccpi >iu(U'in.s' mpitMN 
lor (cnain kiiui> ol drill aiul nia\ cwn author 
Muli (hill l)\ iiiscriino dillcrciu lunnhcus in 
|)rc|)roi»ianicd drill paiU'rn.s. 'V\\c\ ina\ put a 
lime control on u^^j)()n^(^^ i)\ rolnsin<^ to accept 
the answer altei a certain Mine or l)\ t^ivino ii 
thai. The respond' time ol the j>tii(leiit. as well 
as lii.s irspoiiNc. iua\ huoinc a part ol the ^t^- 
(leiit's lecoid foi iiso in liuiiic decision niakini;, 
Ml (oiiipntei student interaction iiia\ he 
primed out lor use h\ teadiei.s and l)\ (oin- 
piiter pro<^raiiK"Ks to improve the .s}>teiii. 

Helbie (oiuiiniini» with devriptions t)[ what 
(oiiipntei.s tan tlo. it i.s iiiipoitani that ue .stop 
to a^sCM diat the\ (<ni do nothing odiei than 
what tlie\ aic told to do l)\ the pro<^raiii tlic\ 
iire rumiiM<5. The) can piesem no material 
except that uhidi thc\ hasc heeii pio^iaiiied 
to piescnt. When the\ picseiit an easiei pioh 
leiii. it is a pioblem the pioi^Jani wiiter deter- 
iiiined to he easier. W hen the\ "make deci.sioiis" 
ha.sed on .student perroriiiaiue. they merely aet 
on the deri.sion made a pritni hy the prot^raniei. 

It i.s not the purpose ol this iiiterjeetioii to 
eoiiifort the leader by ' pmtini; the computer 
ill its phue." It is rather to emphasize tlie e.\- 
trenie importance ol' the software in any com- 
piner-maiiat>ed system. Tiiis soltware inehides 
hoth the computer soltware (tlie computer pro< 
<;ram (hat determines all ol the eomputer's deci- 
sions and actions) and the instructional soft- 
ware (the actual instructional material presented 
to the stiideiit). Weaknesses in either of these 
soltuaie (omponent.s will produce weaknesses 
ill iiistriictioii. To (piole a sayint^ of computer 
people: "Garhat^e in. t^arhat'e out! ' I1ie (piality 
of instruction from a eomputer-iiiana<»ed system 
cannot exceed tlie (piality of the system's soft- 
ware—no matter how lari»e» impressive^ or ex- 
pensive the computer. 

A Comf)lclc Conil)nlcr-Ma)uigcd Sysleni 
It is possible to extend the computer's man- 
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a<»cnioiu iiMKiioii (o incliKlc noi oiih cv^'lun- 
(ion. :Ksi<;innciu. and drill Un\ .d.so uioM oilier 
.ispcci.s ol [he iiisiriu lionai puxt^s. Siuli a (oiii- 
|)ii(ci-nianai;c(I .sv.siciii niii;li( opciaic a.s rollo\\>: 
Wlicii A Mudciu ciucr.s the .sy.siciii lie i.s cNtcii- 
si\cl\ icsied. This icMiiii^ will c.siahli.sh a (oui- 
|)lcic prolilc ol the .siiidciH. "This will (criainly 
incUido a |»e( isc aiialy.sis of his cn(ciiii<» iiiaihc- 
inaiical l)cha\ioi. nia\ he done h\ e.siahli.sh 
in<> his position on .se\eial paiallel K-12 .strands 
lepresentini* the *'hii> ideas' ol .school inathe 
iua(i(s. It will include i)olh concept cle\elc)|)- 
nient and skill development lc>i e.ich .strand. 

Fart ol this |>relinn'nar\ e\ahiation will pro- 
\ide data lot the computer to n.se in niakin<i; its 
initial decision as to the optinitnn insti nc (ional 
siraiei;\ (discover), tell-recon.sinic i. etc.) to he 
n.seci with diat stndeni. IVrhap.s data will he 
collected as the basis lor dcTidini* how his learn- 
ini>* is best mediated (verbal I y. pic:tc>rially. al>> 
Niracily. concreiclv. elc). Xo donbl. inlornia- 
(ion will be eollecied for use in clec'isic)ns on 
w'hal media should I>e nsed in presentations. 
Some measme ol inatheniatical ability will be 
made as the basis lor decidini^ on step si/e» pae- 
in«»\ and reasonable terniinal objectives for the 
s(nclen(. 

This .stndein prolile will be stored in the 
(onipnter's memorj. As he proceeds thron<>h the 
initial secptence selected by the computer, it will 
coiislantly monitor his pro<>ress and use the in- 
formal ion it obtain.s lo uiodiry hi.s lecord in its 
uienioiy. These iiioclilic:ations may lead to 
c'h anises in its initial decisions on how be.st to 
iiKsirnci iiini. 

Pie.sentation to the learner will be l)y means 
of typewriter, television, and audiotape, and 
possibly by conipnlcr-constrncted oral lanj>;uai*c, 
u.sin<^ el ec 1 iconic ciuuits to simnlate Inniian vocal 
sounds. The leainer will cominnnieatc with the 
compntei by tvpewriter and electronic pencib 
nsiiiii; (lie penci! to point to symbols on a tele- 
vision SCI ecu Ol 10 move iheiii. Ilventuallv he will 
probablv use oidinaiv ii.iiidwi itin<^ and voice. 
Xoi all deci.sioiis conceriiini* instruction will be 
made bv the computer. The leaniei v^a'll be able 



to recpiest repeats and reviews, to a.sk cpies- 
tions. and to select .some of his own topics of 
in.strnciioM. lie will instruct the coiiipnter (o 
ji>ive him certain information oi to do certain 
cc)ni|>nta(ic)iis foi him. lie will use (he compuiei 
lo .siniulaie e.\perinien(.s and real world siiu.i- 
tions Ironi which discoveiies can be made. 

Xoi all ol a .stiideiu's learninj; will be diiecdv 
moniiored bv the computer. He v\'ill be instruct- 
ed to do certain things with traditional compo- 
nents of iusii nclion— ni.inipnhuive clev ices, books, 
teaclier.s, fellow .s( udeiKs'-and (hen (o redirn (o 
(he computer for a 'Misc u.ssion" of the.se act iv itie.s. 

lie v^'ilk no doubt, be scolded, compliiiiented. 
coaNcd, encoiirai*ecl— perhaps even "loved"— by 
his complicated electronic tutor. Me will cer- 
tainly, computer people claim, he tau<>lit nuicli 
more, with much j^reater elliciency than has ever 
before been pos.siblc. They wm'II. they say, have 
built both a better lc)i» and a better Mark Mop* 
kills and will have made both available (o all 
learners. 

Pla)is for Mah'mg CMI Available 

riiree pioblenis of die availabiliiy (o schools of 
cc)inpu(er>maiiagecl iiis(ruc(ioii (CM I) recpiire 
coiisiclera(ion. Tlic;se are: 

1. The availability of the htmlwaic (conipiu- 
ers. I espouse siadons. e(c.) (o individual 
.schools 

2. The availability of <»ood computer soft- 
ware (compuier progrniiis that iiianai»e (he 
ius(ruc(ion) 

.1 The availabili(y of Ji;ood instructional soft- 
ware (the instructional material to I)e 
presented to the student). 

riie Iir.st of the:>e is an economic problem. 
Tliiee possible solutions aie often pioposcd. 
One is that of sliaied time systems. In such a 
.system a school or school district leiits response 
stations and buys time on a large coinpuicr 
owned and operated by the computer iiianufac- 
tiuer oi other organ i/ation separate from the 
school itself. Such a computer installation can 
manage a wide variety of instruction for mail) 
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.Nindcnt.N in iiKiiiy *»coi;r.i|)hiGil lociiiion.s. The 
(oM lo c:i(h m IiooI dcpciuLs on ihc .icin.il .nnonni 
of compnicr linic il uses lor in.sirnc lional :in(l 
oihri |)in|)()s(s (l)()okk('(|)iii«i», s( !K(lnlin,<». va.). 
Anoihcr possibility is ihc rcnuil or purch.Ksc of 
;i (onipuicr of niodcraic si/c by :i l:nj»c school 
(lisiiid or scvcinl Mn:ill ones for ihcir cNdn.sivc 
use. Also. ,s()inc ni.nnif.u lurrr.s produce .sinnll bni 
sopliisiicMod (t)inpiii('Ks. \ \ believe llieii (oni- 
pmcr.s :ind the .uconip:niyin<; rcspon.se .sv.sicm.s 
io be priced uilinn llie bncl^ei ol .ni individu.d 
.school bnildin**. Such .sv.sicnis <»cncr;dly icl\ 
hc:ivily on oni-of'C onipuicr .sionij^e ol both 
computer .nicl instrtinionni soliw.nc. tisint* the 
iiiicrn.'d conipntci incinorv ntiiinly loi .student 
profiles ;incl .i;ener;d ni:ni:ii>enient pioi^nnns. 

The prochietion of conipnter softu'.ne (toni- 
poier programs to manage instruciion) has pre 
seiuecl an interesting piobleni. It has recpiiied 
the developincMi within the toinputer indn.strv 
and other research c.sUiblishnsonts of people with 
knowledge of both what computers can do and 
how .students le:irn. 

Similarly, the development ol instructional 
soliware (mateiials loi student use) ha.s lecjuiied 
Uie involvement of people with knowledge ol 
computers, theories of Icnrning. and the eContent 
lo be presented. 

Furthcnnore. both .softwaie problems have 
been confronted in an almost paradoxical situa- 
lioiK Computer facilities will not be geneialb 
available until .software exists, btit their general 
availal)ility is necessary in order lor large num- 
bers of people lo become involved in .sofiware 
development. 

The necessity for the availability of a com- 
puter facility lor softwaie development means 
that jnost of this material is l;eing produced "in 
hotisc ' by comptiter nianufacimer.s and t elated 
companies or by le.search projects a.ssocinted with 
large school .sv.siems or tiniver.sltie.s. Some hard- 
ware niannfacuneis have pmcha.scd traditional 
textbook pul)lishing companies, intending to 
"put their books on the comptiter." This ap- 
proach has not. in general, been successful. It 
seems certain that development of sofiware will 



(oniinue to be slow until c^iiough ol it is avail 
able to waiiant signihcant in-sdiool utili/alion. 
M'lien the increasing availabililv ol coniptitei 
lacilities and the involveinent witli coniputei' 
iiianagecl sv.stcm.s ol .ui inciea.sing ntniibei c^l 
people in the educational coinnmnitv will pto- 
citice .1 .stead}, adecpiaie .stipplv of .soltwaie. At 
fiist. both computer softw.ne and institutional 
soltwaie will l)e rcMitecl or botight with (he com- 
pntei. Kveiitnallv. no clc)ui>t. in.sinic tioiial .soh^ 
w.ne (especial!}) will be developed by indiviclnal 
te.uhers or gioups ol teachers lor tise in tlieii 
own classes and for pttblication by comptiter 
iiiaiiufaclinci.s and .soltwaie publishing compa- 
nies, as textbooks and otiiei tiaditioiial compo- 
nents ol instnution aie now clevelo|)ecI and 
pitblished. 

.V.S with anv new in.st i uc tioiial took the cpialit} 
ol mateiial is likelv lo be tnieveu loi some time 
It is inipoitaiit that potential coiisiiuiei.s ol (.Ml 
material be aware of this. They must look be- 
yond the inipiessive liaiclwaie. The} should ask 
cpiesiioiis such ;is the following; 

"Is the content that \s presented coriect and 
accurate?'" 

"What are the objectives of this in.st met ion? 
Aie these adecpiate for our Muclent.s?'" 

"Aie data available to show that this in-^ 
siniction does produce acliicjvement of these 
objectives with .students such as our.s?" 

"What i.s the pei-stiiclent cost of this in* 
stniction?' Is this cost jti.stiliecl !;y improved 
leaiiiiiig or inc leased ellicieiicv or otiiei' 
factors?" 

Compiitei-managecl instruction is iiotliing 
more than :i w:i} ol managing iiistiiiction. The 
cpiality and value of the instruction can bedeK'i ' 
mined only i)y the auswei.s to cjuestions such as 
(liese. 

A SYSTKMS ANALYSIS 
Ol- AN ITK M OF INSTllUCmON 

In this section we shall illu.siraie the various 
aspects of a .sy.stems appioadi to instruction by 
applviiig this lechnicpie to a .specific content 
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iicm. iincisanon ol sets. \Vv wUm 
.iiiioitiiLs lo Uif iiiiu':il s\.slcni-|)l:iiiiiiiijr phnsc of 
ilic insdudion icl.ucd U) (his U)|)i(. iiicludiiio; 

1. .S|)C(ili(;ni<)n ol ciucrinj; l)ch:ivioi> 

2. S|)C( ilicauoii oi icrniin.il l)ch;ivioi.s 

*). !i\ilial sNNicin (Icmoii. iiu Imlin^Mlcici iniii:i- 
lion ol iiisirutn()n:il sniiicoics :iii(l ;iNM"i>n' 
iiKiu ol iuiKUoiis to ,s|)C(ili( (oinpouciHs 
ol (he .sx.sicm. 
rh:u is. wc ^ll:lll .show wh.u ini<>h( |,(^. ciihci ilic 
lir.sl (inili ol :in ouMiiic |)rc|);MC(l hy cdiioi.s or 
auilior.s lor u (oiniKiny produriiii; .sv.sU'nis mate- 
lials or ihc lii.si .sicp in classroom sKbicwi phin- 
nin^i* l)y :i ica( her w hose .general i^oal is U) icacli 
iiiici.sctiioii oi .sets lo his cla.ss. !i i.s not our |)iir- 
|)<)M- (o dclnid ihc .spccifK hchaviors wc assimic 
or cxpcd. nor do wc claim our decisions on 
siraici;y or media aie die only-or even (he l)e.s( 
-ones. Wc in(eiid only (o ilhii>(ra(e hy a .s|)cnli( 
example (he ideas discussed earlier in (his 
clia|)(er. 

/IsMintrd i'jfirriiig Behaviors 

Sin(len(s emerin;^ (his ins(rnc(i()i> miis( !)e ahle 

lo do the lollowin^ (hin<i;s: 

L K\!iil)i( (he al>ili(\ (o (hink ol a (<)lle((ion 
ol ()l)jec(.s as a .sin<;le en(i(y hy n.sin*,^ (ol- 
leciive nomis and siiionlar verhs (o de- 

.scrihe ( olleciions. ('I he (eam is , 

I'he ( lass is . _ ) 

2. (:ons(rn(i .seniences inchidinj^ ;he (eim 
\ri and ;i .snfncien( (inalilyini^ descri|)(i<)i! 
(o iiulica(e (ha( rer(ain |i;iven ol)jec(s aie 
lo he (honoln ol as |)ar(s of a single rol- 
leciion. (The .set ol boy.s in (his room. 
The .se( < oniainin^ i\fars. yonr pencil. :iii(| 
my doo.) 

:l. I(leniil\ (he (eiius clanvnt of :ind mem- 
her of hy i es|)oiidini» eonecdy (o (|nes' 
(ions .snch a.s diesc: Is John a meniher 
(elemen() of (he .sc( ol hov.s in (his clas.s? 
Is Trance a meinl)er (elenien() ol die se( 
ol* (()un(ric\s in Xordi America? 

\. Given objec(s and a verhal descri|)(ion ol 
a sei. tonccdy .sor( die ol)jec(s (o sei)aia(e 
incnihcis of (he sc( from nonnienihcrs. 



T). C<)n.smu( seiKeiues indudino; die (ernis 
rl iiu nl (ff A\n\ mriiibn of. names of oh- 
jed.s, and verhal destriplioiis of (he .se(s 
(o indiraie (lia( die named <)I)jec(s nie or 
aie noi iiieiiiher.s ol (he dcM iihed seis, 

<i. Read .svmhols mk h a.s { . . 

■ • -I :is "(he .sc( whose eleiiicn(s aie 
• ^ - . . . and as "die .se( 

ol _ " Thri is. ie(<)i»ni/e (he use of 

braces eiiclosin<5 '♦'^nihols (o indi(a(e a .set 
whose clemeiK.s are lepreseiiied h\ (he en- 
closed svinhols, 

7. C:<)iisini(( a l)ra(evno(a(ioii .svnihol lor a 
.se(. t^ivcii a verhal de.srri|)(ion (le(eniiin. 
in,i!^ i(. 

S. Re(omii/e .svinhols eiwl >ed l)\ a simple 
( loscd cnr\e as ;i name for die .se( whose 
eleineiKs are repie.seiued hy (he eiirlo.sed 
sviiihols. Ci\e a verhal des(rip(ion or 
l)ra(e.s no(a(i()n for die .sei .so lepie.seiKed. 
and coiiver.sely. 

'X Read // ^ {l.2j as "Sei A is (he .se( 
whose eleineiKs are I. 2." 'rha( i.s. reeoo- 
ni/e (he use of capi(al leiiers as names for 
.seis and die use of die e(piali(y .syinhol (o 
(()iinec( names for die .same mm. 
U). Respond "The es ,p(y .se(" or "The mill 
sei" (o (|nes(ions such as (his: \VIia( se( 
ha.s as i(s elemeins all people more (han 
(liir(y fee( (all? Consdiiei verl)al descrip- 
lions of die empiy .se(. 

1 1. W'liie 0or | | in le^pon.se (o a re(pie.s( lo 
wriie a .symbol iIkk represeiKs die enipiy 
se(. Read 0 as •'.Se( // is (he emp(y 
.se(.'" 

12. Ciiven (wo .se(.s. idemify eieli as a siil).se( 
or no( a siibse( of die other. 

\X C'lvcu a set. de(criiiiiie .some or all sub- 
.se(s of i(. inciudinir iden(ifica(ioii of hodi 
(he eiiip(y se( and die eiuire .sC( as subse(s. 

bL Given a .sci. cons(ruc( one or more sets of 
u'liieli it is a subset. 

15. U.se die symbols C and D with either 
!)races notation or letter names for two 
sets to (oirecily identify one as a subset 
of (he odicr. 
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hi. Mcmih ihc hm* oI - *\\u\ - uiih niiinci.iN 
i,\s in (i ■ :l. r> • h ('\|M CNNioiis loi I he 
Mini ;in(l pitKlnd ol ihc nunil)ds k'|)K'- 
M'Micd. R('s|)(ni(l (oii(-(il\ io Uicii use :is 
iiisMiK lions i(> (IcR'niiinc .simpler NVinhols 
lor iho MUM nnd |n*o<liiri ((5 • - ? 
I ^ r An.sweis: \). IfO). 

17. Cionsiiiiti ie:il niiinhcr iiisUiiucs ol c:irli 
ol ih(* field |HO|>eriies ((oMnniiiaii'.c |)io|)' 
eriie> ol iiddilion :ind innhi|)li<:tiioM. :isn 
sO(i;nivc propcnics. ci(.). Si ale which 
|>io|>ert\ is illii.siraic'd l)\ :i <^i\cn inscnxc. 

Expeclcd Trrniinol Behaviors 

As a ic.snh ol iho insiiiK lion, ,smdcniN air cn* 
|)cciod lo l)e nhle lo do the rollowin^; 

I. Gi\cM I wo mMs ic|»e.seiucd l)\ enrlo.sinc 
Moian'oii. idcniilN the sci ol (Oinnion 
ineinhcr.s as ihe hitcr.scciiou ol' the sets. 
DeMril^e the inicr.scnion of ihc iwo m'Is 
as "the sci whoNC incinhcr.s arc 



2. ke(oi;ni/e and (OiKsinid ical-woih! ex- 
amples lo jnsiifv the use ol the lenn inh'v- 
M'ctum in inaihemaii(s. 

Clivon I wo scis icprcsemed hy enclosure 
notation, iisc hraecs noiaiion lo repicseni 
I heir in lei seel ion. 

"I. (iivcn I wo sets leprcscnicd hy hraecs noia- 
iion. lonsiriici cnclosnre-noJaiion icpre- 
scntaiions ol ihcin. showin<> appropriate 
cicinenis in their intersection. Const nict 
a hiaccs-iiotaiion reprcscmation of this 
intersection. 

5. Ile(*oi;ni/e // fl II as a syinhol loi* the in- 
tcrse( tion ol* set // and set II. When the 
elements of // and /{ arc <>ivcii. rceoi»niye 
// fi /> = ? as an instrnction to eonsirnct 
a representation for this intciscc tion— for 
example. A ^ [\. 2. W). H = {2. X T)}, 
A n B = {2. '^). Similarly. ic(ooni/e 
h) n {a, (\ (I) as a symhol for ihe 
intcrscrtion of the icprcscntcd sets and 
[a, b) n (\ d) = ? as an instruction 
to piodncc fa). 



(i. Idemih \\\\\ dii.d iise nl sMnh<ds .in .iimIo* 
i;otis lo (he uses ol * and - in .iiiiliiiieti(. 

7. keN()<)nd ""I Ik set ol all elements in hoih 
sei and set when asked UMl(*line the 
lenn ////' nitn si t tani of ></ J tnttl st ( It 

[<h A n /;). 

8. Respond (OMcdlv to exainplcs of any of 
ihe spec iai cases n /; C), O /; /{. 
// n It with ihe i^ixeii .sets lepie 
.sen ted i^y hraies or (^ikIoviim noiaiion. 

i). Ideniily.-/n /* -.r /> as e<pii\a!cnt lo /* C ./ 
and J> It. identify // fl /* - A as e<puv- 
akni to C /* and It D A. C'oiiccily re- 
spond lo and (oiistriKi examples ol these. 

10. Identilv "// and /{ aie di.sjoint >ei.s" as 
C(pii\aleni to // fl /* (). Clonedly ic- 
.spond lo and (onsirnci examples of thi.s. 

11. "rranslaie xerhal des<iiptions o! ihe iniei- 
.sC( t!on ol two .sets thai indiidc ihe term 
inin\uriio}i into a description not <on- 
laiiiini; ihis term and vi(e versa, as in the 
followiii<; examples: The intci sect ion of 
ihe .set of all »irls and ihe.sciof all rc<l- 
headed people i.s the .sei ol all redheaded 
i^irls*. The .set of all men over forty years 
of ai*e is the intersection of the sci of all 
men and ihe .set of all people over forty 
years of a^e. 

12. l)istiii«»iiish vcihally hetween -/ H /* and 
/* HA. G'lW a hcniisli< alignment to show 
that for all sets // and /i, A H It ^ It H //. 
Identify this ua the (oinmniativc property 
of .set intersection. Rccoi»ni/c and con- 
struct instances ol tiiis piopcriy. 

\j. Id en t if \ the n.sc of parentheses l)\ dis- 
tin<»nishin<» (\erhally) hctwccn 

(// n It) n (1 and n (// n C). 

Clive a hcnristi(^ ai^mncni to show that 
lor all sets //, /*. and 

(A n //) no - A n (// n C). 

Idcniily this as the a.ssociative property 
of set inierseciion. Reco^ni/c and con- 
struct instances of this piopcrty. 
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Ihr Prsign of a System 

In iIk' <l<'si««ii IoIIown wv \\a\v IImhI Iii> 

MiiKiioiial .i<M\ilics in the- okIci oI ihrii 
|)()sr<l Use-. Wiihin c:i< h \\\' 

< oniiihiiiion ol ihai :i<ii\i(\ «> oi)j<*<it\r 
.!< Inc\rnirni. ni.iu I i.ils lo hv nsc-<l in ilic .i< ii\ il\. 
.iihI .1 |>l.in loi ihr iiiMUKiion ihclf. I)ci:iilc<l 
<lc'M n'|)iions aic i;i\cn of some* nniUTials lo pro- 
\i<l<' .) i.iMon.ilr loi ihrii srlrnion. \\ Ink* no 
.iticinpi h.is l)ron ni.nlc lo >dc< i c>coli< <oni|)()- 
iK-niN. iR'iihcr Ini.s ihc o\crall <o>i of ihc sysicin 
Ix cn < onsi<leir<L In l.iin K'Nisionsol iliis pic- 
liiniiiai) (lc'>ii;ii. iradcolLs ol < om ajL^ainsi in- 
stiiKiional c(ii(irn(\ wonid lu' < on>.i<lcrr(L 

TIk- in>nnriion |>io\i<lc<l i.s sniirinir<l ac- 
<oj<lini; (o (hr ilufC|)hasc prorrilirc <lcMrilKNl 
in ilif NC< lion hr.i<lnl " I cm< liriM;sn.ij;c'<l Iiism n< • 
lioiial S\McinN." Wc lia\c a<lo|)i(Ml a ):;ni<lnl <liv 
<o\<'ry .sn:iici»y with minimal M-rhal mc<lian'on 
ol Icaniiiii^. Ii is asMininl ihai iliis svMt'Ui will 
he iiNc<l wiihiii a i;ron|)'|)n)i»Jv.ss a<lniinisiiaiivt' 
Nh'iK line. 

Acnvrrv onk; 
PRKixs'nuKrrioN orikntatiox 

Purfyosc 

To |)ro\i<lc an iiilonnal inn o<ln< lion lo ihc 
i<)|)i< an<l a inoiivaiioii lor ihc m:iihcinaii< al iisc 
of ihc icnn ininwrciion 
Matnidls 

Wiuis (|)osicis) showing ic.il woiM .siiiian'oiis 
ilhiNiranni; ihc cvciytlay use of ihc icrin inter- 
strtioii: inici.scc (ions of sheets, roads, walls at 
ihc < orncr of a room: ihc "area of |)OsNil)le con- 
flin"* of two <lo<»s lied to dillcieiU posts so (hat 
their < ircidar ran.i;es overlap: and so forth 
I*i<tincs of inicKsenions of sets of points— two 
intervals on a line, two ray.s on the same line, 
two h'ncs in a plane, and so forth-and of sets 
of ohjecis represented hy enrloMne notation 

in all pictnie.s ihe interseciions slionh! he 
.shown in the .same tlistini»iiishini» color to focus 
nitention on the .s:imeness in otherwise difrcrcni 
siiiian'on.s. 

Use 

These pictures should he posted several days 



hcloic loniuil iiiviiiuiion h<\i;inN. rii<*i) <*\cmiial 
use in loinial insnntiion iN<l<*Mrihcd later. 

Ac;ri\'i'i ^ rwo: i)iac;xc)si.s 

lo ohi.tin .01 inv<*nton ol the ahiliiics ol ihc 
Miidcnis wiih icspc<t lo the li>t.s ol cNpc<i< <l cn- 
iciiiii! hcha viols .iiid c.\pc< ic<l tcnninal hcli.i\i<n.s 

MiUeridts 

l)iat»nosti< test ine.iMnini; .dl c.\p<'<ic<l eiiiniiii; 
l)cli.i\iois .ind at least ihc ke\ teiniiii.il Ix'h.iviois 
cNpericd 

I*or Icnn loini.d r\aliiaiioii. <pic>lioiis <o\crini;* 
key clllelill,^ hcli:ivioi> may he pie>cnic<l on 
tiaiispaiciK ics lor Use in class di.s< iissioiiv. 

L\sr 

If this is an isol.iied lopit oil scix formal ev;ihia- 
lion i>f ciucriiii; sIikIciii hclia\iois is iccom- 
niemlc<l. If ii is pan of a unit on .sets, iiiloinial 
c\ahiaiioii may he siiffu ient. 

ACnvrrvrilRKK: ADJUSrMKN'n-OR A 

\'ARIK'IA' OK KXTKRINC; HKIIAViORS 
PurfxKsr 

To ensure dial tilt sliidenis hej»in iiisiriKiion on 
the topic with alt necessary emerin<»; heliaviois 
To prcphin niodifu aiioiis in the iiisiriiciioiKil 
sc<picmc for those mikIcihs (if :iiiy) who have 
ahc.id\ a(<piii e<l some expe< ie<l ierniiii:d he- 
haviors 
Mtitrridts 

One reel Ki inni film < o\ erino developiiieiit:il 
aspccis of all eiitcriii):; hehriviors 

The fihii medium is p:irticiilarly appiopri:iie 
for illnsir:iiino the d\naiiiits of ilie clianoe from 
thinkinor ahoiit iiidividii:il ohjects lo thinking 
of a sei with these ohjects :is inemhers. 
Primed work sheets for siiideiit aciivii\ in the 
:iMpiisitioiial phase of all enierinj* hehaviors 
Tninspaiencies containino the major points of 
the film to i)e used 
Use 

If the lesidis of the diagnostic test are a class- 
wide disaster, as mi<^ht he the case if this is the 
first instruction on .sets in a course, the imii on 
intei.scctioii shonid l)e deferred until a complete 
unit on l):isic set comepis has been tanolii. If 
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MK h (lisisiKuiN <)((iii (or Miiall >nl)N('i <>i 

the (kiss. |)ONsil)k' (k'(^^^<)ll^ iiir the (oilow iiit;: 

• [\v llic liliii ;in(l w'oik nIkvIn scH-iii- 
MiiK ti<)ii:il in:ii('n:il. Tiov idc <)|)|)<n iiiniticN 
foi w'oik 111 and oiiiNidf ol t I.inn. I'oNNibly 
liiiiil llic Nci oi ici luin.il ()l)jr( Uxcn Ioi 
llics<' Niudfiiis. 

• [\c I lie liliii and w'oik >IiccIn widi Micm* 
shidciiiN <PM A Ninall ;4i<)U|) ^n^nu(U<Hl 
<Mn>id(* ol ( hiNs or in (lass while (nlii'is 
w'oik <niiNid(' this nnii ol in>ii ik tion. 

• Csc ilic Mini Ol lianp.ncnt ii\N loi ( hisswidc 
ic\icw. l\c I he woik >lirfj.N (or in-ckiNs 
iiMiiKlion. w'idi iiioic able .Nindcni.s .M*r\- 
in;; aN i;n)ii|) Icadcis lor Miiall ;;ion|) woik. 

Il IS )o he liojX'd iliai siidi dihaNlci.s will iioi 
(a (III. Ilowvxci. I he dia<;n(»ii( icnI iiia\ u'vcal 
scxric. 1)111 iMihiicd. dcTu iciK ic'N anioii<; noiiio ol 
die nUkIciiIn. t \c' ol die lilin oi ii.iiiN|>au'ii( irs. 
(tasN (liMiiNsioii. and \\'<nk <ui a|>|>io|>i iaic woik 
slia*i> iiidi\ idiialK <n in Niiiall ,<;i(ni|>\ widi (Oiii- 
|)aial)lc wtMkllc•^^(^ shonld proxidc >nirKieii( if- 
iiicdiaiioii. 

Miiioi deli( iciK icN max he removed h\ use ol 
()iil\ tlie liliii i>\ II aiiN|):ii eiK ies and ( law disdi^ 
sioii. or ilie ienio\al ol (leli( ieiu ieN ina\ he a(- 
(oinplished l>\ iioiihloliooiiiii; ai appiopi iaio 
|)la(('N in ihe iii.siindioiial N('(|nen(e. 

11 (lia<>iiONii( iesiiii«> icveaK prior ac (inisilion 
oi some leiniiiial ol>jc( lives l)\ M>nie (H* all .sUi- 
(leiiLs. iiiodilu aiion ol die se(|iien(e iliai lolloxo 
will he ne(esNar\ lor them. Sncli modilK aiioii foi 
iiidixadiial sindenis (an take the loiiii eitlier of 
ad(lin;>» lin lliei (eni i( hincMil) leimiiial ()hje(ii\ON 
with iiidi\ idnali/ed iiisii ik lioiial acii\ iiie> to in* 
diKe ilieii aiiaiinneiii or ol woik oniside die 
iiiiil ol iiiNli U( tion. 

AC'I'IV I'l'V \\)V\l: STI'P I OV 
l?A.SI(: INSTRlKmON 

Purffosc 

To indn( e .!( Iiiexeiiieiii oi the lollouiii;* leiniinal 
ohjcrdves: 

1. IdentifK aiion of die iiiter.scction oi' i>iveii 

5C1.S 

2. katioiKile for the use of the term intrt' 
section 



l\. ( NC ol hiJd'N noiaiioii lo lepiesent die 
inieiNe( lion ol iwo ncIs 
MiitcrUih 

PiiiilN (posieis). as in V(li\ii\ One 
1 ians|)aieii( ies. wiili moie e\ani|»leN like di(he 
<:n ihe |MiiilN. eN|)Miall\ widi ncU ie|ueNeined h\ 
eiidoNine noiaii(Ui 

r(a(heide(l. (list o\ ( i \'<n ieiiicd diMiiNNion. iisin*^ 
di(^ ah (M(K laniiliai piiiiiN: 

"What i.N ilhiMiaicd l)\ all ol die.se? Wliai 
iiiii;lii we (all lliese '(Oinuion pans'? Why? Is 
in hoih N(*( J and sei IV: \s ii in the r///rr 
scttiou ol th(^e >etN?" SliideniN (oiiNtiiKt scii- 
leiKes Mi( h as "The inu*iN('( lion ol >el 
and Net iN the m*i wIionc iiieiiihciN aie 

. . . . ar.d " The inieiNe( lion 

ol llieN(» NciN ((unaiiiN ^ . „ . " 

'riaii>|)aieii( icv> arc* iiNed lor ieedi)a(k and lor 
a(l(liii<uial iiiNii ik lion, as needed. 

AC. nvn•^ I'lX'lv: S fKl' 2 OK 

iiAsic iNSTRncnox 

Vurpnsr 

To indiKe a( hiexenieiil ol the ne.xi on the list 
ol teiminal ohjeeiixe.s: 

1. Ciiven l>ia(eN notaiion loi uvo sets, (on- 
MiiKt endoMiie notation h)r theiii and 
l>£a(eN notation lor their iiiierse( don. 
MittnUils 

riiiee-iiiinine .S*niiii >ik-iit lilni 
Traiispai eiu ies 
Work .sheets 
{ \sr. 

The liliii. iiMvl lor die inirodiu lion, shows the 
h)ll()wiiii>: 

• *i\\'o sels represenied hy hraees notation 

• Ovei la|)|)inj; closed curves 

• Sxmhols lor elements thai "slide inio** 
closed Mirves. with eleinc^J!» of the inter- 
se( lion s!i(lin<» into sitperposition in the 
o\erK ;)piiii' part 

• liraces notation for the inteise^tion 

The lihii eontiiines. with .several e.\amples with 
nonempty in lei. sect ions and with neither .set a 
siihsei of the other, 'rraiispnreneies with com- 
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|>.ii.il)l(- KHiinu In- umuI (o icpl.Kc iIk^ lilin 
Jiul 1(M l(*( (llM(k ,111(1 .ui(liti<iii.H iiisti U( lion, il 
ii(v<lr<l. \\<*ik >h<rK <<Mn,tiii diilh 

"C.i\('ii l)i,i(c> iifii.;ii<M) ioi iwo scis. lon- 
slUKl riK loMiic iiouuioii loi ilicin .ind 
iioCitioil U>i iniriNCdioii .iikL 

Innu's iiohiiioii loi- iinn m'< lions wiilioiii ilic 
inirinicdijUc (cix Iomiic ii(>i;iii<in) sU'|)." 

A(.I \ SIN: M KP :) OI- 
PHASIC IN.S I lU'c riON 

Vo iiidiKc :i(hi('\nnc'in ol ihc iicxi ilncc on die 

lis! ol iniiiinal ol)jc( 

:k U('('<»i;in'/(' A n It ;in hodi ;i N\niliol (oi 
die ini( is('( lion ol // :iiid /; :iii(| iiisinu- 
lion lo (onsuiui .1 ">iiM|)k'" K*|)r(!>cn(:i« 
lion loi ihc'iinciscdion (J f\ /» r). .\l;ikc 
sinnhn iim- ol C i uiili I)i:i(cn iioi:iiion loi 

NClN. 

<). l<l<Muil\ iImn dn:d hnc :in an:dot;ons 10 iIic 

iiNCN ol \ :ni(l • in ai idnnciic . 
7. C;i\(» a loinial dcrnn'iion ol the iutmn- 

(ton of .\ri A and mu It, 
Mainiats 

riiKL- ininnu' ^ nnn .Nilcin hini 
Ti anNpaKMU ics 
Work .sIkcij) 

The (ihn iiiiiodnc Cs die (onrt'pis in ilu' follow- 
in <• .s('(|n('n( (»: 

• An cNainpIc mk h as 

// - {*L h. (\ (L It = {a, (\ c, //} 
a|)|)C'ai'.s. 

• Tlie followinj; >ciucnre appears: 

'riic inier.>e( lion of and l\ is {„ . . 

"finic is j^ivL'ii for ihc suidcnts 10 iX'Npond 
orally, du'ii ihesyinhols appear. 

• Innncdiaicly below this die followin^r :,|). 
pears: 

// n It ^ 

This secpiciKe of scnienccs is icpeaied it: :ino- 
ilier cxainple. widi time for studcm lespoiise 
allowed lor die lUiid -iiisciKC as well as die 
.second .seiih'nce. "T'leii examples are j^ivcn widi 
ilic second benienr'j oniiiied. 

TiaiKsp::ren(ies (or r!ialkI)oard picuncs) of 



lonip.iiahlc^ <\anipl< s piosidc ii:(« |i.im\ |,,| (jjs 

( nssi<in and !< < k\\)m V\ 

"Suppov,' we (loiTi lia\(' a h\i of ('IcnieiiK 
ol mUn.1 and (,aii we. ncNridieli'ss. lopicseiii 
ilieii ini( iM( lionr" Suidenis answer, 
A n riu' nx»s ol n n as an iiistindion 
and as a .sjnihul for a icsnli aic diMiisscd. 
'MIa\c \on seen siidi donhle nsai»c heloie"^" 
leads 10 analoj»y widi } I and 5-1) in 
aiiilnn<Mi<, "Can you dc-Miilx- A H H widioni 
kiiowiiio die rieineni.s ol // and IVr k-ads 10 
die .siaieinem ol ilic formal (leliiii:ioii of 
A n /; as die 0/ n\} rinuruis in both ,srt 
A nud set It, 

Woik Nliecls ie<piirino u'peaird exliihiiiou ol 
all behaviors above piovide die a( (pn'siiional 
pbasc ol iluS a( ii\ity. 

ACriVriA SKX'KK: KVAI.r ATlON 

I'nrfxfst* 

To (leieimiiie a( liir\ enieiu of lei niiiial objec 

ii\es I dironj^li 7 

MttinwL 

A( biexeineiii leM on iIk^c objedixes 

rse 

M1use objedixc's eiKoinpass die ideas and 

noiaiion related to tlie iinersec lion of scix Re« 
iiiainiii<^ objcdixes iii\ol\(» .special <asc's and in- 
terest iiit; ('oiiseipieiices of diis < oik epi. W'iib some 
(laNNes or some stiidcnis in a < hiss, die leiiiaiii- 
iiit; objedixes (csped'ally II. and III) nia\ be 
(oiiNideied cmidmieiii. In aii\ case, exalnaiion 
and necessary addiiioiial iiisiiiK lion lor aii\ sin- 
dems neediii*; ii should precede (or possioly le- 
place) further new iiisiruriioii. 

AcriviTV Kicnrr: step -i of 

liASIC hVSI'RUCTION 

Purpose 

To iiidnec acliieveiiieni of the (bllow'injr objec- 
tives: 

8. Respojul toriertly to examples of: 

// n It - 0. A n /; a n /; = //. 

1). Identily ./ H It it as ecpiivaleiii to 
n C A and // D It. and identify 

A n Ii=iA 
as ccpiivalent to A C /i and Ii D A. 
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10, lilctnil\ "A ;iik1 /> arc diNjoiiu ncIn" ;in 
c<jiiiv;ilciu to /i n /; ™ C). 

l'i:iiiNj).iirii< ir.N will I ()\rrl:i\N 
Work sliccl.s 

The ihrcrc: cases in objective S aie illiistiau-<l 
iisiiii; li:iiiN|)airiiricN o\erla\s. Toi eNaiiiplr. 
A n /; ^ 0 In illiisiraicd hy sliowini; .set A, 
repreM.'iiled hy enclosure notation, with a set B 
Midi that A n /* = 0 shown on an overhiy. The 
overlay contains the <|ucstion 'VI H = 

The cases A Ci A and W PI /i = 11 are 
< oinparahly ilhislrated. Alter these have been 
.shown without connnent and the (jucstions an- 
swcied l>y stndents. a tcacher-lcd discnssion 
tenters on these (jnestions: "Mow 'big' can the 
iniei section of two sets be? Mow 'small' can it 
her " I Ir-nc lead (o ihe ol>Nei\aii(>n> in objedive 
1) an<l the ol>ser\aiion and ierniiiioloi;\ in objei^ 
tive 10. 

Woik sheets ilhistraie all special cases, as well 
as nonspecial cases lor discrimination. Sets are 
icpresented by enclosnre notation and braces 
notation and aie deiennincd by verbal descrip- 
tions. Si idents deteinn'ne intersections, lespond 
■'/I D /// 'ii D A,'' or "/I and B are disjoint 
sets * when sets and intersections are ijiven. and 
con St n Id sets A and ,i;iveii dial A Ci B -zz A, 
B. or 0. 

ACmVITY NINE: STl-P OF 
H.ASIC INSTRUCTION 

To iiidtice achieveiiieiit of the roIlowin«( ter- 

iniiial objective: 

I I. rraiislaiion of \-erI)al desrripiions con- 
taining the term iniarscciion into other 
verbal descriptions, and coiiver.scly. 

Ma I a id Is 

Transparencies 

Audiotapes 

Work sheets 

Use 

A '"resiateineiil game" provides the basic insi ruc- 
tion. The teacher |)re.sents on transparencies (or 



( lialkboaKi) veibal deM liptioiiN ol two sets and 
asks lor a \erl)al <lc><iiptioii ol their iiit<*r>ertion 
whi(li <h)eN not <«)iitaiii the leiin Inicrsrclltfn, 
Altet iIii.N <les(riptioii lia.s l)eeii given, the inter- 
section ol this iiiter.M-< tion an<l a .liiid ^iveii set 
is <oiiNiiii(ted. riie example Ik-Iuw ilhistiaieN the 
i<lea. 

(;i\rn two sets: 

The set oi :ill >tn<lents in tliisMliool 
The M't ol all re<lhe:i<led people 

liiteisectioii ol the two gi\en set.s: 

riir Net «)1 all u-dlie.ided stiHieniN in this 
sdiool 

(>ivcii :i tliiid set: 

The set ol all looiball pia\ei> 

liiteiNCf lion ol the iiiteiNet tion ol the liiNt two 
sets and the tliiid set: 

The >et ol all ie<lliea(k-<! [ootball ))la\eiN in 

this .N<*liool 

*riies:nne eNaiiiple is lepeaied by .starting with 
the set Olid and tliii<l .sets and then intro<lii< iiig 
the liiM >et. aii<l Iiiialiv l)\ stalling with ilie lii.st 
and tliiid set.s .md then inirodiRiiig the seioinl 
set. Students are aske<l if the lasl set obtained is 
the same in .dl (j.ses. The aiiswei \r.\ is an iiiloi 
iiial iiitrodiuiion to the linal two objectives. 

Now the piore.ss is le versed. A sei whose ele- 
ments are desuibed b\ sevei.il < liaraclei i,sti<s is 
given, and the .students con.strtici sets whose 
ititeiseciion is die given set. Oiscn.ssion of the 
range of possible answers for e:irli example is iti- 
slriK ti\e--and it's liml This game < aii be ex- 
tended by having one Mtideni or a team of stn- 
dents (Oil. struct descriptions for odicis to trans- 
late- Atidiotapes with lime dehtys for sitident 
responses, or work sheets, can |)rovide challeng- 
ing examples for all stndents and easier drill for 
^Mose less able. 

ACITlVrrV TKN: STIvP G OF B.VSIC 
INSTRUCTION 

To iiKliice the achievcnieni of the final terminal 
objectives: 

12. Oistingtiish between A fl B and B O A, 



\ ^^M !;Ms ai»i»R()\(:ii lo M \ nii-Ai \ rics ixsi Rccnox 



Ai.i;uc that A CX II ^ li 1 ./. OI)^L•| vc siiiii- 
Inriiy with n >h /; — /> 4. ti * h zz 0 * a 
lor iiuiuIh'in. Name iin\ ilit- t ommuUitivr 
l>rolfrity. iM()ii\aiL-(l hv analogy with iiuiii- 
l>t-r |)i()|)L-rtiL'>. 

IdLMiiily u>c of |)a^aIllIL^^L^^ and argue that 

(.■/ o /;> o c . A n (/; n C). 

Name iliiN |)roj)LTiy by aiialo^^y with 

yii : h) ^ t // i. (/; / ^ 
and (// •/;)•/ ^ ti • [If • / j lor inind)cr.s. 
Mtih-ritiis 

Fonr- to .>i:\'iiinnitc' S nnii .silent lilni 
TraiiNpaieiit it-N. w ith oxcrlax.s 
Work .sheets 
Use 

The Izhti provides the imuxhictioii: 

• KnrloMiie notation for a .set (hd)eled .set //) 
a|>|>ear.s. 

• Knch)sure notation lor a non(h\joint .sei /** 
ladeN ill. Labels lor /; and // O /; appear. 

• Pievions limine ino\e.s lo lefi of the pictnie. 
-Same .set P> appears at the rii^ht. Then .set 

rade.s ill and label l» d A appears. Tinal- 
ly ./n lizz liCiA appears. 

Xexi a comparable secpienre lor (.•/ H //) H C 
and // n (/; n C) is .shown, "^l eachei-led di.srns- 
.sion. n.siuj; tran.spaieiuies ;Wth overlay.s, reeoii- 
.stiuns the .secpienee from the film and provides 
other example.s for di.sciission. Traiispaiencies 
or rhalkboaid ie\iew ol piopertie.s of operations 
on niimbeiN h ad.s to rompaii.son and nann'iii^ of 
the.st propcriirs of .set intersection. Work .sheet 
drill piovides die anpu'sitioiial pha.se. 



ACTIVITY KI.KVKN: KVAM\\TlO\ 

To determine .stndem perhuniaiicc with re.spcri 
10 all ienninal objective.s 

To dcieiiiiiiie what retearhing. il an\. is ncicssarv 
Mtitcrinh 
Achievement test 
Use 

The tf.st i.s Used both a.s a meai>me of aehie\e- 
ment and as an indicator of possible need for 
leniedia! iiisiruc tioii. Whether .such in.striictiou 
i.s th^ne at this time or later is detennined by the 
posiiion ami role of thi.s unit in ihc overall 
(onrse .stiucture. 

Co)ili)nii)iir Toivard a "lirsl Design" 

It .should be leempliasiml thai tlii.s is a pre- 
linnnary desi^^n for a j>y.steni. The- next phase 
would he piodiiction (or ar(|uisitiou) of iudi- 
vidnal componein.s. testing of the.se in i.solation 
and in i>e(pience. and revision of either individ- 
ual components or of the entire design until 
the recpiiied behaviors are iiuhi(Cd with the in- 
tended audience. TInoughout this process both 
iii.shuctional and ecoiiounc lanors arc consid- 
eied. A .sx.slenis approach to iii.struciioii includes 
both the preplannincr illustrated by our prelimi- 
nary design and the detenuination to accept and 
act upon feedback until a "best design" is 
achieved that will, withii. given restraints, pro- 
duce optimum instruction for all students \vho 
are to learn within the sx-sieni. 
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pRonrci-Ks AM) nis runu' roRs of ins TRrc: i ionai. aids 



A - 

\IU. Sdnool Supply. Iiu. 
1:57 Xiinoiir CjkIc. KA\. 

.\< .ulciuu huhisii irs iiu. 
17:) 1 W'aUou A\c. 

r,i(>u\. x.v. i(h:>:{ 

Vddisoii-W'cslcy 

I'lihiislnni* Co.. Inc. 

S<Iiool l)i\isi(>n H(':i(I(|ii;iU(ms 

Sand Hill \U\. 

Monio Tiiik. Calil. !M02.v 
I'hc A(l\.m(('nu-ni riiKcint'iu 
Insiiuuc 

liiookiMi. 11211 

Veto KdiK .iiioiKil PiodiKis 

Si. Chiirlcs. Ml. r>OI71 
Xcsilu'oincii \. 1 IK . 

H)0:5 C:i:ivi(>n \\e. 

\U('si:i. N..Mc.\. 88210 
MM liidtisii ICS. liK. 

25:; ShHc Si. 

Sl P:ud, Miim, :>'>I07 
\il('(plipL IlK , 

20 )(>nrs St. 

NVu- Kodirllc. N.V. 10802 
Anient :m l)(>()k Co. 

.SOO Pike Sl 

C:lnciiiiKui, Ohio ^15202 
\iiu'r!(aii CIr:iyon Co. 
i)iv. of joscpli Dixon Ciucible C!o. 

P.O. ]\o\ 2007 

Sandusky. ()lii*> '1-1870 
\(^ Inshrniicnt ('o. 

.S( icn I ifu 1 nstnuncin DIv. 

Hidralo. N.V. M2ir> 
Applied S( inucs', Inr. 

12:Mr) Kiidi'd Ave. 

C'Jnvland. Ohio MlOf) 
\ilihnuMir Clinic 

'1502 Siaidord Si. 

Cihasc, Md. 21027 
\riduncn(al Prinriplcs Assn. 

r>8'18 K.K. -12(1 Ave. 

Ponhind. Oic. <)721H 
\rkay Iiiiernanonal Oiv. 

2:572 Linden r.lvd. 

Brooklyn. N\V. 11208 
ANSoeiau*d School Disn ihiuors. Inc. 

220 W. .Nfadison Ave. 

C:hi<ni;o. III. 00000 



.\ss(>( i.nioii I'llnis. \in . 

000 .Madi.son A\e. 

Xew Voik. X.V, 10022 
Andio-Masier Corp. 

17 1'.. l.'xii Sl. 

Xeu- Voik. X.V.- 10017 
\udi()'\'isuai S\ stems 

121<) K, nil A\e, 

Deiuer. Colo. 80218 
\\alon Hill Co. 

i:>i7 llaHoid U(l. 

iV.diiiiiore. .Md, 2121 1 
A\is I'iliiiN 

2I0S \\\ Olive A\e. 

r.uihank. Calif, in'm 

r>ail(*\ l-lhns, hn . 

(>r>0<) He l.oiii»pie \v(r. 

lloIKwood. Calil. 1)0028 
M. C. r.allard Co. 

28 S. V St. 

la\eniioie, C^alil. i)ir)'>0 
]>aus(h and l.oinh Optical Cio. 

o:jr) .St. Paul St. 

Uodiesicr. X.V. I 1002 
l>e( kk-\-C!aidy Co. 

1000 K. iXarra<»aiiseti Avo. 

Chi<a«»o. 111. 000:51) 
P.ell and Howell Co. 

7100 .M(C:onnirk Rd. 

Cln(a,<;o. 111. r>00'ir> 
l>(*n-(M'i(.(lu(is. Iiu. 

102 Sai»ain(>u' .Ave. 

Williston Park. X.V. 11500 
I>ei i;er S( ientiiic 

:i7 Williams Sl. 

P.oston. Mass. 021 19 
Piei kele\ I'jiterpriscs. 1 lu . 

815 W'ashini^ton St. 

Xewtonville' Mass. 02100 
Charles Iieseler Co. 

2H) S, 18th St. 

Kast Oran<^e, N.j, 07018 
Clhannini; I.. Ucte Co.. Inc. 

•15 Fed'eial Si. 

Clrcenfield. .Mass. 01301 
I>()(>k-I.al) Inc. 

l-HD :^7th St. 

Uiooklyn, N.V. 11218 
Stanley l)0\vniar Co.. Inc. 

A l>ioa<l\vav 

Valhalla. N.V. 10595 



Mihon l»i,ulle\ (.0. 

^plinJ^h(■ld. Mass. ()| 101 
r>i<-iiniei Multiplu .nion 
Kcioids. Iiu. 

101 Cie<-n i;.i\ Ud. 

W'ihiieiie. ill. 000!) I 
IWooks .Manul.K tm'ini> Co. 

P.O. r,<>\ H 195 

CiiK iniiaii, Ohio 1.^)21 1 
l>iiiml)ni»er Co.. Inc. 

19 18 I louiniaii St. 

i;iookl\ii. XA". I12:{7 
lUihl Opti(al Co. 

1000 P,ce<li \\c. 

Pitishmj^h, Pa, 152:5:; 
l>us( h Kilin and l-cpiipment Co. 

21 I S. Hamilton St. 

Sauinau'. Mich. '18()02 

Cathuo. liu. 

:5I0 \V. Polk St. 

Chita^^o. III. (')0r)07 
Cadd\ Iniler Cieaiions. Inc. 

P.O. r.o.^c .5097 

lno|e\voo<I, Calil. 90310 
I'niveisiiy ol Calilornia 
I'vtension .Media Center 
I'^ilm nisirihution 

222:5 Fulton Si. 

IWkeley. Calif. 9-1720 
Catr Plastic^. Iiu. 

129 W, Supeiior Si. 

Chi(aj»o M. mhi) 
CCM: C:aih .os( o. Inc. 

:5I2 Western .\ve. 

P.oston. .Mass*. 021:^5 
Cen(o Kdiicaiional Aids 

.SV^' Central Scieniific Co. 
C:entral S( ientifu Co. 
C:eii<o Center 

2000 S. Kostner Ave. 

Chi<aj»f), 111. 0002.S 
Champion Publishing Co. 

012 X. 2d St. 

Sl. l.onis. .Mo. 0:;i()2 
Char\oACais(;n C:{>rp. 

5 Daniel \U\. 

l-airfield. X.I. 07000 
C:hemtroni.\" Co, 

175 \'ei^a Dr. 

Coleta.' Calif. 9:5017 



Ohilddall l'(]iiii>iiuMi( Co,. Iiu. 

IT).') K. 2:5(1 St. 

Ncu Voil. N\V. lOOIO 
(ilain;i.i;c I'nuipn^t^s. Ltd. 

llOji S. W'ooMcr St. 

Los \ni;cirs. caiii. \nm:> 

I'lodiuts and i-.(pii{>nu'nt 

r.O. l*.ox [)]{) 

Harrison. Ml. 7l!()0! 
John (.olhurii Assoo'aics. Inc. 

1213 Washlni^ion .\v<'. 

U'ilincitc. III! nO(M)| 
(Colonial I'ilnis. hi(. 

lyi Sprino Si.. 

Atlanta. Cr,K :50:5()8 
(.Vnnpass InsiinnKMii 
and ()|>ti(al Co.. iiu, 

101 I'. 2:>di Si. 

New Voik, \.V. 10010 
('onis|>.i((' (^>i]>. 

:\M) Cicat N('(k Rd. 

1-anninndalc. L. I.. .\'.V. \\7:\:} 
(,oo|><.'r liiotlu'is Ok 

21) NcK Voik Ave. 

UVsthun, .\.Y. lir)!)0 
Coojx-iaihc Rf( i(*ati(>u Service- 
Radnor Rd. 

Dclauaic. Ohio I.SOIT) 
Corhctt r.hukhoaid Su'udls 

.'>hS ::i(l \vc. 

.\. iVlhain. .\A'. 
Coionct Insli lu lioii.il i'ilins 

(u K. South Water St. 

(:hi(aoo. 111. (iOOOl 
Clcoi<;c l'\ (a am Co. 

:50i S. I. a Salic St. 

Indianapolis. Ind. ^ir)20n 
(a.iwloid Mni>ineerin«> K(|ui)>niL'Mt 

1200 Cohniihia Rd. 

Joanna. S.C. 2!).V>I 
Creative riaytln"ni»> 

K(l!nl>in<; Rd, 

Cianhniv. .\.|. OB,') 12 
(!ie.'itive Pul)li( atioiis 

P.O. r.os .S28 

l»alo Alto. Calif. ()I.S02 
Thomas V. Ciowell Co. 

201 P:nk Ave. South 

.Xeu" Voik. N.V. 1000.3 
The C-Thri! Ruler Co. 

(> Krition !)r, 

rdooinfield. Coim. 00002 
(iin'senaire (!o. of \merica. Inc. 

12 Chnw h Sl 

Neu- Rodielle. N\V. lOBOf) 
Cuni(uluni Materials Corp. 

l.SIO Vine St. 

Philadelphia. Pa. 10107 



I lie Cin ta Co. 

P.O. P.ON :M1.| 

\'an \u\s. Calif. 0110.5 
(airiis \n<h'o A'isual Materials 

1 ndepei:den( e S(piare 

Philadelphia. Pa. lOIOf) 
(.usiom l'"al)ri( aiors 1 nc. 

S702 liesscmei* .\vc. 

Cleveland. Ohio. -1-1127 

Daintee Toks. Iiu. 
'roled<i St. 

\\. lai'inin^dale. .\A\ 117.^5 
Dana and Co. Iiu. 

P.os 201 

liarrin.mon, R.I. 0280(; 
The John Day C'o,. liu. 

r)2 W. •L'ith'st. 

\ew Voik. .\'.V. lOO.SO 
l)enn\ Pi(*s<; 

:?020 S.W. lOth St. 

Dcs .Moines. Iowa r)0:?2l 
I)cnoyer'Cep|)ei t Co. 

:)2l\:) Ra\ens\\*()od ,\ve. 

Chi(a<;o. III. OOH^IO 
Design Center. Inc. 

S< c Pla\all. Inc. 
I'ait;ene I)iei/i;en Co. 

212.') N\ Sheliield 

Chi<aj>o. III. (iOOM 
Ralph I), Doner 
.Maiheinatical Pn//les 

*2:m c;iii .st.. sk 

IluiUsville. Ala. 
Douhlcday and Co.. Inc. 
S(hooI and I.ihr.ny Div. 

Gaiden City. 1..L. X.V. 1 1530 
Dover Pul)li( aiions. Inc. 

180 \"ari(k St. 

New York. X.V. lOOM 
DuKane Coi-p. 
Audio V'isu.'d Div. 

an \. llth Ave. 

St. Charle>. Ill, 0017-1 
Dnia-Slide Co. 

.V<'<' S( ieiKC Related .MateiiaU 

I'.astman Kodak Co. 

:n:5 siate st. 

Rodiester. N.V. IMkA) 
K(kel*and l>allaid 

2;") I'lhuwood Ave. 

La Oran^i^e Paik. 111. n052r) 
Hdnnmd S( ientific Co. 

100 HdMorp lUd^. 

Uarringion. .N.J. ()8 007 



Hdu( ational \id Puhlishers 

:57I r. ynh St. 

P.iookhn. N.V. 1 120.S 
Kdu( .iti'onal \ndio \ isual. Iiu. 

2!' .\iarl)|< > 

Pleasain\ille. NA . 10370 
Kdiu ational De\(*lopmeiu 
1 ahoiMiories 

llnnniit>ton. N.V. 1 1 7'M 
l*du(ationaI l-un (>anu\s 

P.O. P,o\ 30 

Winnetka. III. OOOO.S 
luhuaiional Pla\ things 

I70n lla\es \\e. 

Sandusky. Ohio '11870 
I'du( ational Pioje(tions. Iiu. 

327 S. CounneKe St. 

|a<ks<m. .Miss. :U)201 
I'Miuaiional Reading; Aids Corp. 

Clen Co\e and \"oi<e Rds. 

Carle Place, N.V. 1 1311 
I'diK ational Supply Co.. Iiu. 

282.V23 I-. Ca.i-e A\e. 

lluniin^ton Park. Calif. 0023.5 
luhu.uional readiinj^ Aids 
.\. I)aii;.i>er and C"o. 

130 K. Kiu/ie Si. 

Chi(a.<;o. 111. OOOlO 
luhiK.'iid o( Ri(li»e\\'<)od 

1230 E. Ridi;<-wood .\ve. 

Ridt;<-wood. N,|. 07'130 
l-!l<o Coip. 

.\l<)nit;oineiyviIle. Pa. 18930 
lleil>ert .\I. KIkiiKs Co. 

100.*)I Connnerce Ave. 

Tnjuusa. Calif. 91012 
I'ju \( lopaedia Hi'iiainii( a 
luliu ational Coi |)()ra(ioii 

123 N. .Midiijran .\ve. 

Chi(a<;o. 111. 000 1 1 
I{n^ineei'ini» Inst rumen ts% Inc. 

101 .\laut;ans Rd. 

Peru, Ind, 
I':.S,R. Iiu. 

.Main St. 

Oian,^re. N.f. 07030 
Kxdnsiu' PIa\in<; C^ard Co. 

711 S. Deai l)oi n Si. 

Chi(aj;o. III. 00003 
I'A'ton-Aids 

R.F.D. 

Dover Plains. N.V. 12322 
I\\e Cate I louse. Inc. 
MO.OI An her Ave. 
Jamaita. N.V. 1 11.33 

I'ahri-Tc-k Inc. 
.3901 S. County Rd. 18 
.Minneapolis, Minn. 33'1.30 
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.111(1 [iis(uinu-in (lorp. 
Mali Dr. 

( oiiuu.Kk, X.V. 1 171^5 
I'.iiqiili.n I i.nis|):n(-ni (Mohcs 

')()()/ W.nrnij^ioii 

Phii.KlHphhi. 

2Ur> I'aik i;lv(i. 

r.ilo \li<». Calif. i)VM)0 
\'t\ui \s\tnt.m's ol (^aliloniia 

1 1 y>[) Sam a Moiiita IWvd. 

1 OS \ni»Ol('s. Calil. [Hmh 
l*ilinsn'i{> llotisc 

I::L> Paik Souih 
Voik. N.V. lOOK) 
Mo I or C"o. 
I'ii^t»iiu'('riii.i» *Si:i(l 
riic \iii('ri(an Rd. 

Dcaihoiii. Midi. 18121 
]*'oiinaniin 

Srr jolt riastus Co. 
Kornin<' (Janus 

ir>17 l.c\cc Si. 

Dallas 'IV\. 7:)()07 
Kianklin rubliiaiions. I nr. 

( o \'ioiiian's 

:{(i7 S. Tasadciia Ave. 

hisadnia. Calil. 1)1 lO:) 
W. 1 1. I''i(*('iiian and Co. 

(>()() Maikct Si. 

San Kian(is((>. C:aliK !)11()1 
1 laiK K. l"u'y(M*. \ in . 

P.O. i;ox 215 

W'cMwood. Mass 020i)() 
l-'ridcn Div. 
The Sinj»(M- Co. 

2.'ir>0 W'aslHii.mon Ave. 

San I.candu). Calif. 1)1577 
l*'idl('iion Sales C^o. 

SI i .MiKoid St. 

Clk-ndale. Calif. 9l2():i 

C.W Ci>v\y. 

1-10 W. r>Ui Si. 

Neu- Vork. N.Y. I()()2() 
C>auuo Indtisirics. Inc. 

Uox :m 

r»ij> Sprinj^. 'IVx. 71)720 
The Caijoler-Cemiy Co. 

Ii;^ r»ii(hwo()(l Rd. 

r»aliinioK-. Md. 21228 
Ciariaid iMe.ss 

12:5 \V. Park Ave. 

C:iian)|)ai»h. III. ()I820 
Gel-Sien Snpply Co.. Inc. 

oii-i:5 s. mil si. 

I. OS Ani>ele.s, Calif. 90015 



CU nins Sn|)j>I\ Co. 

.Milwaukee, Wis. :):^200 
(ieodesiiv 

I'.O. i;o\ :>I71) 

S|)okan<% Wash. <)<)20"i 
(Je\er Insh iu lional \ids ('o. 

1221) Ma\ine Dr. 

I'L \\'.i\ne. Ind. 1(;S()7 
CWnn and Co. 

150 W. \li»on<nn'n Rd. 

\rlino|on lleiohis. III. (iOOO'i 
(ionld S(ienli(i( 

r»o\ (>7h*» 

Waslnnou)!!. D.C, 20020 
(iia(le\. hu. 

.*J750 Monioe A\e, 

Rodu sU'i. .\'.V. I lOo:^ 
CliaphiCi.ifi 

P.O. i;o\ 501) 

We,si|)()U. C"oini. 00880 
Cu^i^on M.inneiie Indu^iries. In<, 
SAV, 5ih Si. 

Ponipano licuh. I-'la. .S.SO(>0 
\uhur |. CiuU\ 8id 

S15 Dtulley Si. 

I.akew'ood/ Colo. 80215 
if. \\\ School Snpph S|)e(i;disis 

P.O. P>o\ I-l 

I'H'sno. Calif. I):i707 



llidl and M(Cieai\ (-o, 

Chicago. 111. OOdOO 
|. I.. I lannnell Co. 

ilanniieli PI. 

P.rainiiee. .Mass, 02ISI 
|ani I landv Oi<>:iMi/aiion 

2S2I I-:. Ciand P.Ivd, 

Deiioii. .\li(h. -1S2II 
ilarionii !»ra(e Jovanovich. Iiu. 

757 IU\ Ave. 

New Vork. N.V. I00I7 
I larper and Row. Pnblishers 

51 K. :5:id Si, 

New Voik. N.V. lOOlO 
Miles C:. Ilanley 

cm CW-neva PI. 

Tampa. Kla. Xm)C> 
I lai wald C'o. 

12-15 Chicago Ave. 

Kvansion. ill. 00202 
I laves S( hooi Pnhlisliinj^ C!(>.. Inr. 

;52I PiMiwood Ave. 

Wilkinshui-. Pa. 15221 
Karl Ih'il/. Ine, 

1)71) :U\ Ave. 

New ^^)l•k. NA'. 10022 



I h li)( it( I' MK'i p) is( s 
rjT I aw nd.de 
skokie. IIL oOI)70 
I h I l)a( h .ukI Radenian. ln( . 

mi I . I'lM' 

Phi!ad( Iphi.i. Pa. IDLW 
1 1( id( { and I leid'T 

2r»2 Mvidison \\e, 

\< w ^olk. N ^. lOOKi 
(»uniei I lenniaiin 
I lol«4< isni.u* 

Ilohici Wei; 27 

(•enn,ni\ 
llisiei .ind \sso<iaUN 

II 122 llan\ Mines lUvd. 

P.O. P,o\ 20812 

Dallas, lex, 75220 
lloh. Rineh.nl .tnd Winsion. In<. 

;>8;> M.idison \\e, 

N<-u ^olk. NA\ 10017 
i lon<4h|on \i ill lin Co. 

V5 W. i;UI Si. 

New Voik. NA\ I()0:50 
I Ione\well Pholoi»raphi( 

5501 S. liioadw.i) 

I illleion. Colo. \S0I20 
llnbhanl S(i('iili(i( Co. 

P.O. Kox 105 

Noiihhiook. 111. 00002 
I iudson Piodu( Is 

Pinehnisl Sla. 

P\eieii, Wash. <)S20I 

hie.il S( hool Supply (>>. 

1 1000 S. Laveioiir Ave. 

Oaklawn. 111. 00.!5:5 
Inioni 

70(> Williamson Pddj;^. 

Cleveland. Ohio illM 
Indiana Cni\eisiiy 
\ndio \'isuai Cenier 

Pd<)oniin<;lon. Ind. '17101 
indnsii'i.il and Reseaxh Associates 
I leinpsu>ad 

1 x-\ inown, XA', 
Invii n( licniul \i(Is. Inc. 

P.O. P»o>c 11)1 

Mankaio. Minn. 50001 
Insinutional Materials Co. 

M0:M Pinno(k 

I lonsion. Tex. 7702-1 
The Insinuio C'oip. 

Cedar I lollow and Matthews Rd. 

Paoli. Pa. ID.'^OI 
The Insiructor Pnhlications, Inc. 

7 liank Si. 

Daiisville. NA'. W?;7 
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I (M(hint!; I.i\<'s ( oi)uliii;uor 

inlrnKilioii.ii I'iini i*»nic.in. \\n. 

(.In<.r4<). III. r>0(^()i 

r>iii(«inof \ii(lio \'Ku:il li^n iution 
loua Ciu. lou.i ')2LM() 



);i(ion(i:i \l.iiuii;i< Un hi^ (lo. 

Ml!) I lunur m. 

I%'l.u]d{)lii:i. Pa. WVM 
\r\i\ \rhhiiuMi< (^iiius 

L'DOO S.W. 7Ki \v(-. 

Miann. I*la. IVMX* 
|oli ]'his(i(.s 

r»()\ :I(HMi 

loii.iiKr. CjIiL <i()r>()() 
.\(ai<;«ii(M )<>N('|>h 

l.'iOl X. l»i<>N|>c(i Ave. 

Miluankre. Wis. :>:{200 
1 lie |iul\ (.'<>. 

:}I0 X. LM Si. 

MiiiiKMpolis. Minn. r>.'>l01 

- 

K a Kill (.\nn<* Co. 

L>7 Maple \\(\ 

llolbiook. Mass. 02:M.1 
The kalau ('<>.. Iiu. 

I liilleniiiN St. 
riainville. (."(nin. 00002 

rile Kendiey .\lanula( luring Co. 

207 2(1 Ave. 

P.O. r,o\ 02!) 

.San .\la;e(>. Calif. IM IOI 
Kcnner Picxhu ts ()<>. 

Chuinnali. Oiuo 'l.'>202 
Kenu<nih\ l-(In( an'onal Service 

P.O. P»(>\' :{o:{i 

liuflalo. X.V. I'I20:) 
Kenliel and I'^ser (.*<>. 

500 Ceniral Ave. 

NonlWield. 111. 000<):{ 
I\e\>i()n(* X'iew Co. 

.Meadville. Pa. 
.Miles Kimball (!<>. 

II W. Sih \vo. 
OshkoNh. Wis:. r)l<)01 

Kindiev Mannfa( (urint^ Co. 
P.O. Uox MOOO 
Palo \ho. Call!. fM.SOO 

Knowledge llnildeis 
:U Union Sq. Wesi 
Xew Voik. X.^'. 10003 



kohnei P»io(lie)\. Iiu . 
I iMie (•anie Diu 
P.O. P»()\ 2<M 

1 .isi Paieison. X\|, 07107 
Kmci; CaineN 

S!)S.S XLuuhesler \ve. 
I ouis. Mo. ■)*) 1 1 7 
I\i\|>lo Coi|>. 

2 Pine M. 

S.ni Kian(iN(<K C.ilil. <) 11 M 

laid Pioduds. hu. 
;n Ccnna! Ave. 
Xeuaik. X.|. 07102 
I .in(<» 

i;o\ SO! 

Snnei' (ae<»k. Calif. 
|;nneN \\\ Lang 

P.O. Wok 221 

Monnd. Miini. 
I .ano ( >o. 

1711 \V. Libeny 

\nn \ibor. Mi<h. ISKK" 
I ,aPine S( ieniifi( C*o. 

0001 S. Knox Ave. 

Chicago. III. 0002!) 
The I ,eannng (*enier 
Islenieniau I )e[>t. 

Piinceion. X.^ 08510 
I', l.(*ii/. In(. 

Ro<klei-;h. X.j. 07017 
\. I.iet/ Co. 

I0|.'> Del Anio lilvd. 

CaiNon. Calif. !)()7 I0 
I aide Red Sdiool I [onso 

:{8 Miiin Si. 

.Manas(|uan. X.j. 0S7:$r> 
I'.. S. I. owe (io.. I IK. 

27 W. 2:)th Sl 

Xew Voik. X.V. 10010 
laiikin 

1 )i\ . of Coopci* Indnsirics 

P.O. lioK 728 

Vpex. X.C. 27502 
\AV Phoio. IiK. 

\:Ar>:\ cabwio Rd. 

Van Xn\s. Calif. 91 100 

Macalestei' l>i( knell Co. 

1811 lenry Si, 

Xew 1 laven. Conn. 00r)07 
Macalejjter ScierUific Co. 
Div. ol Ra\(heon I-aluraiion Co. 

Rome 111 and Mvereit Tpk. 

Xashna, X.IL O.SOOO 
The Madiiillan Co. 
S( hool n('{>l. 

8()0 :U\ Ave. 

Xew Voik. a\.V. 10022 



M.niKo ^( hool ^nppl\ (>o. 

( anion. Nbtsv 02(»2I 
Maih \ide 

Snnbndge OIIkc ( einc i 

Mnibn(Ii»(. \I.isn, (M'>0() 
Maihaids (ionip.nu 

l\:\u Kiik \\e. 

Svr.KUse. X.V. I:{20.'» 
MaiIianoni< N of Peiins\ b.niia lin. 

2 1 1 CieM em Si. 

Walihani. Mass-. 02i:»l 
Maiheni.ni(.d Pie I e, idling Nids 
«ind CodnIUu lion Kils 

700 P>niinan Road 

Shirle\. Solihidl. Wai uic kshiie 

1' iigl.ind 
Maih MaNiei L.tbs 

P.O. P,o\ 11)11 

Hi;; Spring. Pes', 79720 
Maih Media l)i\. 

1 1 K \l \sNO( i.lK s 

P.O. i;o\ 1 107 
Oanbnn. iUnuu <)0SIO 
.\laih.rMaii<. liu. 

:;oi7 X. siiies 

Oklahoma Ciiv. Okla. 7:nO.-> 
.M((ilnie Piojedois. Inr. 

121.5 W'aNhingioii Ave. 

W'ilinelie. Ili. 00091 
.\l(Craw.|lill Uook Co. 
Kdniaiional Games and Aids 

:{:{() W. 'I2d St. 

Xew Vork. NA', lOO.SO 
.\iedia*(fraphi( s, I n( . 

I 1918 Minnetonka lilvd. 

Minnetonka. .Minn. 
.Meredith (a)ip. 
Kdn( ation Div. 

MO Park Ave. 

Xew Voik. X.V. lOOlO 
Meridi.m Co. 

1970 Innes 

San I'laixisro. Clalif. 91124 
Midwest Publications, Inc. 
P.O. liox .S07 

liiiiniiigham. Midi. 18012 
Minnesoia Mining and 
.Mainifac luring C^ompany 

:{.\f Center 

St. Paul. Minn. 5.5I0I 
M<)d<*K of Indusiiv. Tne. 

2100 r)th Si. 

lierkeley. Clalif. 9(710 
Modern l.cai ning .\ids 
Div. of .Modem Talking Picime 
.Serviee, Inc. 

1212 Avenue of ihe .Americas 

Xcw Vork. XA'. lOO.SG 
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i'i'lKlniii:il 

(Jii(.io(). 111. (>o(;oi 

1 1(10 riii\rtsii\ \\e. 

Si. I'.inl. Mitiii'. .VilOl 
I .iim! I' Wowc 

112 W. l ake Kd. 

iN im Van, l ir)27 

S\<)\ Iv "Sllw (Un |). 

1001 K. IcilciM)!! \vi\ 

\hU()U. Midi. IS2()7 

\"il;iN lll(lll^^i(^ l.ul. 
2j Mihan Dr. 
W'rsloii. Oni. 

( Canada 
MnndiiN C'o. 

P.O. IJ(>\ :r.r) 

ki\cidalc. Md. 20810 



X- 

<>01 lanrsvlllo Ave. 

I'l. Alkhison. Wis. 
Xaiional ('oimtil ol IVadicis of 

Ma(lu'inaii(N 

1201 lOih Si.. X.W. 

WaNliinuion. O.C. 200.50 
Xan'onal Mint ISoaid of (Canada 

P.O. Wok ()|00 

.Xhniiical .'5. (hic. 

('an.ida 

Naiioiial Insiriu lional l-'ilnK 
S. Main Si. 

Spiino Valley. K.V. 10977 
Naiional Sdiool Sn|>|>l\ and 
I (]ui|>niciu 

71) W. .Monroe Si. 

(;hi(a<;o. Ml. mm 

Nili\ Div. 

Si. Uci^is Paper ('o. 

:\:m Pinson \'allr\ Pk\a. 

P*iMnin<»liani. \la. .*)r>2l7 
Xoiilicrn Si<;nal (!o. 

Sauk\ill('. Wis. r):{0RO 
Xo\anon. Inr. 

2.V; Siaic Si. 

Si. Panl. Minn. :)r)l07 
Xnniher l-*ihns 

17.'r)0 Ore.sliani Si. 

Xorihridj>e. Calif. l)i:$2'l 
\. |. X\Niioni and Co. 
KIsion .\vo. 

C:in\aoo. 111. 00018 



-.() - 
( )|>iiNoni( N (Nm [>. 

Moni.:*(Mn<*i\\ illo Indnsirial 
Onier 

MoMij;onKM\\ ille. Pa. lS<>.SlJ 
I', \. Owen Pni>iiNhin.!* ( o. 

Dansville. X.V. I I i;57 
( )\loid I 'ni\eiNii\ Pk'ns 

117 :mIi \\e. 

Xew ^'ork. ^^^^ iook; 

O/alid l)i\. 

(^enei.d \niline .nid hilni Coip. 
lolniNon Oii\. X.V. I:i7!l0 

Pac i(i< Ooasi PuhliNlierN 

-IDS') Cnnpbell \\e. 

Menio Paik. Calif. !)1025 
PailKnd. Inc. 

PJOO I ouer Rd. 

I inden. X.j. 070;;() 
Palhe\'s I'dn<aiional Aids 

771.') Iv. Cajvev Ave. 

k(M'niead. C;ilif. 1)1770 
Panilieon Itooks. Inc. 

22 K. :>Im Si. 

Xew Vork. XA". 10022 
PaMcni l\()ui|>ineni and Supply 

7'!0I S. Pula^ki Rd. 

Chitaoo. 111. (i002i) 
Peniaj>on Devices Corp, 

21 llarriei Or. 

.SvoNsei. X.V. I17!)l 
P|iilo<;iapli Pnl>li( aiions l.id. 

I'ullKnn llii>hSncet CO-79 

l.ond<Mi. SAV. i\ 

l-j]<;land 
Pli\si( s ReNcjK li l.al>oraiories 

P.O. liox j.o 

llenip^lead. L.I.. X.V. WTkA 
Pickeii IndnNiries 

l.'UJ \\. Chnierre/ 

Sania Kaihaia. Calif. !):$l()2 
"I he Pla\va\ Canics 

C. N. MeRae 

Cnadilla. X.V. i:i!7'l 
Plaxall. In(. 

r)2() ir)iii \\e. 

Lonji Island C;iiy. X.V. 
Pla\ skool Mannhu iurin;> Co. 

:i720 X. Ked/ie A\c. 

Chicago. 111. (iOOlS 
Plentnn Pnl>lislnng Coi p. 

227 W. 17ili Si.' 

Xeu" Vork. X.V. 1001 1 
The Phnionili Vvcs^ 

I2:J2 W. 79ih Si. 

C:hirai;o. Ml. G0020 



Popnlai S(ieii(( Pnhh^lun^ ( u. 
Vndio X'lNn.d Div . 

:\yt l,e\in:>l<ni \\e. 

Xew V(nk. X.^ . I0(M7 
l'iedeii( k Vnw ( o. 

:»:»:» sjhiev Si. 

Si. Panl. Minn. :»M(M 
Po|iei\ Pho|o<>rapIn( 
\ppli( alioiiN Co. 

IjO lleiiicks Rd. 

.Mine<da. XA\ ll.SOl 
I he Chailes 'P. Powner Co. 

P.O. i;o\ 79(i 

Clii(a<>o. 111. r)0()<)0 
Pienii(( Hall 
l'dn( .ui(nial l»ook Diw 

Puiilew'ood CliiK. X,I. 07(>:J2 
Piindle. Weher .nul S<lnnidi, hu. 
Si:ne Si. 

Plosion. Mass, 02109 
Piodnt \s ol ihe lieliav iorat 
S< ien< e> 

I I 10 Dell \\e. 

Campbell. Calil. 9:)0(KS 
Pioje< lion Opii< s Co,. ln< . 

271 Ihli \\e. 

I'. Oiani^e. X.j. 070IS 
Pn\< liol<>^i< al Sei \ i( e 

1 102 Sianlotd Si. 

Chase, Manland 21027 
^() 

(.)iianiuni p. 
"iSS:^ .Maishall \\e. 
Si. Paul. Minn. .')5I0! 

R- 

RaMheon Le.nnint; S\Menis Co. 
r.S. Iliohwav 12 KaM 
.Mi<lno:,n Ciiv. Ind. iO.'UiO 

R.C. \. 

('onnneK iai lilvt iionit 
S\sienis Di\. 
Pddo. hVf) 

{''^loni and Cooper Sis. 

Camden. X.j. 08102 
Renewal Piodnd^. hie. 

Old Connny Rd. 

Mineola. Xew Voik 1 ir)OI 
Responsive hjiviionnieni^ C'oip. 
Peai ninj; Maierials Div. 

200 Syl\an Ave. 

Kn.^lew'ood Clills. X.J. 07():52 
Rolaia|>e. hu . 

l:U)l Olvmpic Pdvd. 

Santa Monica. California 00100 

St. Paul Hook and Slaiionery Co. 

i2;j:; w. coumy Rd. -k- 

Si. I^nd. Minn! :V)I12 
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XtUU PiiiNOii i'k\\\. 
I»n initr^li.iin. :\y2\'J 

in W rl( h < 
iMn) N. l.liKlcr \\(, 
skoku. Hi. (iO(>7(> 
Sdi.MliI \nno(liu>n, Iik. 

n7'» 1 . r^Jiii Si. 
\.v. 10171 

Xf.innl.K Itii ii:'^ (.n. 
2:JS IN)lk M. 
I llMllill'^loll. Iiul. Uil'ti) 

ISO I \ \li(hio:in \\(\ 

(Jiic Ilk (io(;i(; 

Sdiool iNoduds Cm. Iiu, 

New V<i:k. .\.\. loom 
S< liool Sci \ Uc iUi. 
017 S. L.I \Uc.\ 

Los \nnfi(s. c.iiii. oo(»:{(; 

I he S< Inn ( o. 
I LillciNdll IM. 
r.osKMi. Mass. 0L>1I I 

S( inn (- PiodiK lions 
\U>\ 11.5 

< )( oiioniowot , Wis. .^.'UHK) 
S<irn(c Iscl.ucd M:n('ri:i!s 

IM). um 

L\jnsion. 111. (iOL>01 
S( inn (■ Rcsc.nc h \sMui:ues. liu. 

2yj \\ I Tic Si. 

(.in'<n<><K 111. (')0(>II 
Sdcinc S(Minn;ns. \in\ 

P.O. l;o\ :>Oli) 

Poi knuL Oici*. 97L>i:5 
S(iVn<cs Ahnciirils Oinor 

yj iih \\(\ 

New- Vork. N.V. 1000.^ 
S( i('nii(i( lMlu(.nion:il 
Piodnds (.oi|). 
K. 12d Si. 

\c\\- Voik. .\.V. 10017 
S(<>ii. I'VncNiiian nnd C!o. 

lOOO K. Lake Ave. 

CUiuicw. 111. ()OOL>r) 

.Scn'uhncld ALniufadurinj^ Co. 
17.S:{ I oj^an A\c. 
San niVi»o. Calif. 0L>1 LS 

Seai>, Koclnuk and Co. 
C^oiisniiuT Infonnaiion .Services-. 
l)q)L 70:) 
7101 .Skokic r,lv(l. 

skokio. III. (;oo7r) 



S(*l<(ii\(* I'diKaiional l.ipnpincin 
<sl I K lin. 
S r»ii<l«;e Si. 

Mass. OLMOj 

S( 11 1 ( .M hini» 1' l.i^hci s 
1 101* s. Mdi Si. 
I iiKoln. .\cl)r, (;S')0() 

S( i\i< (" and Sn.ilcs 
DisiiilMnots Lid. 

0 \la\Lni Mews 

I oioin<' 1S!I. < )ni. 
( ..niada 

I'. II. sli(d<!on lM|iii|niuni Co. 
Mnskr^nii. Midi. VJ\\:\ 

si(<» < onipan\ 

s:U \. 7di SK 

MiiiiK .ipolis.^ \linn. y) \ 1 1 
si;,;ina hninpiisc hu. 

IJo\ I MSa 

Denver. ( olo. S02k"» 
Simon ,111(1 Sdinstcr. Iik. 

1 W*. Si. 

New \oik. N.V, 1 00 IS 

The L. W. Singer ("o.. Iin. 
201 I'. *>(Hh Si. 
New Vork. X.V. 10022 

Skool \ids Col p. 
S702 lU-sscnier 
Cleveland Ohio MI27 

Smith ('oioiia .Maidi.nii 
110 I'aik \\c. 
New Voik. X.V. 10022 

Siniili S\siein Maiuiladiiriii.^ Co. 
S.I'. I*ineral(l 
.Minneapolis. Minn. :k) 1 1 1 

So<iei\ for \"isnal Mdneaiion, Iik. 

LS If) I)i\ei5ey l*k\\*v. 

Ciiicai^o. 111. 00(;i I 
Soma l)lo(ks 
Parker P>ios.. Lk. 

P.O. P.ON 1)00 

Salem. .Mass. 01070 

Speed-Cp Ceomeiiy Knier Co. 
I I Oshoriie 

P>aliimore. Maiylainl 21228 

Spindler and Sanppo 

\:V2i) C:i.nul C:cmral \\e. 
Clemlale. Calif. 91201 

S(pn'l)l)-"ravlor. Iiu. 
P.O. P.ox' 20158 
I0S07 llanv 1 lines Kl\d. 
Hallas. \\k. 75220 

Siandaid Ixhu at.<»>'i Son'ciy, Inc 
i:U) N. Wells Si. 
Clii<a<>o. 111. OOGOG 



si.iiKknd Pt<»)((i<u .ind 
I cpiipmein < o. 

I<M I pKkwnk \\e. 

(d<n\K\\. ML (>002:> 
I Ik I , s. si.nieii (.o. 

I M)5 ( lestcin SI reel 

XiIk.I. M.ks. ollii 
si \s liisLudion.d M.ileii.ils. Iik 

122'. Sih SI. 

P.(lkele\. ( alii. iM7lO 
Sie( k \'.in«ilin Cak 

IM). Imi\ 202S 

\nsiin. I (»\, 7S7(i7 
Sleilinu Plasiics Cn. 

SiKiiield SI. 

Moninainside. N.|. 07002 
Siipes Pnhlisln'iK» Co. 

10 ( liesKT Si. 

Cli.mipat^n. HI. olS20 
Snimiiit lixlnsntes 

P.O. P.o\ ii:» 

lli.^ldand Paik. 111. <;00:{() 
I lowaid sniion (>ompany. hn. 

17 Waiien Si. 

New ^olk. N.V. 10007 
S\s(ems \i}r l^dnt.ilion. Inc. 

<il2 N. Middnan \\e. 

(>ln(a;;o. Ilk CMW 

l aK ap Uu. 

s:;i N. 7ih Si. 

Minneapolis. Minn. 55 1 1 I 
'I V.t< her's \ids 

l()S:; Sonih 700 WVm 

Woods Closs. Ciah SI0S7 
l eac heis Pnhlishini* Coi poi.iiion 
(Pnl)Iislieis ol (hadr Tcmhtn 
.Mai»a/inc) 

2!^ Lero\ A\e. 

Daiien. Ccmn. 00820 
'rea< hini* \'hU 

150 W. Kin/ieSi. 

Cln(ai;o. III. OOCdO 
MV( lnn((dor liu. 

CommeH i.d and I'dnc alioiial I)i\. 

21)0 Kalmns Or. 

C:osia Mesa. Calil. 02027 
'IVdiifav Coi|). 

11)5 Xpplenm Si. 

lloLoke. Ma^^s. 01010 
IJn .\la<>na Cliaph Corp; 

P>o>c 201 

Park Ridj-e. 111. 000G8 
M'oiK h. hu. 

P.O. HcK 1711 

Albany, N.V. 12201 
Pcin Tripp 

niiniha. Calif. 



\n'i\i)ix 



I \<\ r\\ 

o( Kcldi (.01 1). 
r»fll W. M<<moi» K<L 
M(<|n(>n. Wis. 'kWYI 

I n- rs/v \\.iioii Mill ( iK\ 

C:ir.irl( > K, Tuulc Co.. Inc. 
S. Miiln Si. 
kiiihtnd. V(. orwOl 
I weedy rr.'ms|>:ircii( ics 
1.MKS flollywood .\v<\ 
Oniij-f. N.J. O/OIS 

rnhcd (.heuiicd :in(I School 

Suj)pl\ Co. 
2115 Coiuo SK 
MhiMCMjxdis. Minn. .'>r)'ll-I 

rni\cis:i| I'.diiciiion 

;ind MmkM \m> 

221 V'Avl Ave. .Soiidi 
New York. N.V. l()0():t 

X'idor .\ii:ni:i(o<>r:i|>h Cor[>. 
Div. ol K:d;in X'idor Coip. 

I Snhenius S(. 

Phtinville. Conn, 0(;0(;2 
X'iewleK. ln<. 

I Broiidwiiy \ve. 

Ilolbrook. N.V. I17M 
X'ikin;; C.i>. 

1 1:^ ,S. K(l<>enion( Sl 

l.<» An>;elcN. Calil. IK)()()I 
X'isjon hnorponned 

1501 N. I)inn:ni Ave, 

I.os \n>;cles. Cidil. OOOG:? 
\''isu:d Piodiicis Division 
Minnesoci Mining; and 
.\lanuracunin<4 Co. 

.SM C:cnier 

.Si. P:iid. Minn. .55101 



I he X (.o. 

\U)\ n 107 
Los \n<>eles. Cidil. <l()On 



\\'.d>.ish Insirniueni iUti\>, 

S(M> M:in(he.sicr Ave. 

W.dMsh. Ind. mm 
|. Wesson \\':d<h Pid>li>her 

\)o\ 1075. Miiiii Posi OIlue 

INniland. Maine OIIOI 
VWdker I'Mu<anoiKd liook Cioip. 

720 'nh \ve. 

New ^^nk. N.V. lOOU) 
Walker Piodn( (s 

I5:U) C:ain|)ns Dr. 

ISeikdev. Calif. i)l70S 
\\'an*> l.ahoiaioricN. hu. 

S;irt Kouh S(. 

l eukshnry. Mass. 01 870 
Weher (."osiello Co. 

li)0O N. Nau.ij»aiiseH 

Cln<ai;o. 111. 00(>;ti) 
W'ehsier Div. 

M((ira\v*l lill Kook ('oinpanv 

Man( iiesier Rd. 

Man(hesier. Mo. 0:tOI I 
Wel>^ier Paper and .Snj>plyCo. 

\!l)any, N.V. 12201 
W'eeins and Plaih. hu . 

IS Marvlaud ,\ve. 
Xnnapoh's. Md. 2I'!0I 
W'ehh S< ieneific C"o. 

Sro ,Saij»ent-\\'ehh Seieuiific ("o. 
Western Puhlishint* Co. Inc, 
Sdiool l.ihraiy Dept. 

850 :td Ave.' 

New York. N.V. 1022 



Wesiein PnhhshiMt> l*(hi<aM(Mi 

1220 Mound \\e. 

K.K in<% \Vis<onNin 5S 10 1 
Wri- "X PKOOI- 

\\o\ 71 

New h.uen. Conn. 00501 
\\\ II. M. Co. 

P.O. llox 2012 

SiouN CUw low.i 5 1 10 1 
john Wile\ and >Sons. hu. 

005 :«d Ave, 

New Voik. N.V. 10010 
1 1. Wilson Coip. 

555 W. Ian Dr. 

S. Ihdiand.lll. 00I7.S 
WtMld Wide Canu'.s 

Delawaie. Ohio KiOlj 
L. WYv^ln Co. 

\\ Maiiposa St. 

Mr.idena. CahT. OlOOl 
Wvie l.ahor.noiies 

I2S .Maiyland Si. 

Kl Se;»inido. Cahl, 1)0215 

X«- 

.Xero.K Corpoianoii 
Cnri'i( uhnn Piot'ian^ 

000 .Madison Ave. 

New Vork. N,V. 10022 

Voder Insnaniicnts 
H. PaU'siino. Ohio I IWA 

Xiiini l{dn(a(ional Maiciials 
1715 Chc.sMiut .St. 
Philadelphia. Pa. 1910.^ 



